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THE ASYMPTOTIC BEHAVIOR OF A SYSTEM OF LINEAR 
DIFFERENTIAL EQUATIONS.* 


By Norman LEVINSON. 
1. We shall prove the following result. 


THEOREM I, Let the linear system of differential equations with constant 
coefficients 


(1) y(t) = È ayn (t) (j = I, Ds TIO n), 


have all of its solutions bounded as t—> + œ. If the coeficients f(t) of the 
linear system i 


(2) vilt) = È fa (t) tr (t), O G= a) 


are cortinuous and satisfy 


co a 
(3) f | Fa (t) — ag, | dt < OO» (J; k = 1,2, ` A), 
then corresponding to any solution s(t), (J3 = 1,2,: +, n), of (2) there ts 
a solution y;(t), (7 = 1,: -+ n), of the simple system (1) containing sinu- 


soidal terms only, such that «;(t) —y;(t) — 0 as t>-+ œ. 


Theorem I generalizes a recent result of Wintner [4]. Wintner’s result 
contains the added restriction that all the characteristic numbers of (1) must 
be purely imaginary, i.e. that the general solution of (1) consists of sums of 
pure sinusoids. | 


Here the general solution of (1) is of the form y; == 5 Cro where the 
k=l 


Č, are arbitrary constants. Moreover there is an integer m, 0 S mn, 
such that ; 
(4) dix = Age, (k = 1,2, " ",m; j= 1,2,- ` eee 


where the A; are real and the Aj, are constants. The terms of (4) are all 
sinusoids. The remaining terms in the solution of (1) are of the form 


(5) pis = Pip (t) ec Burint, (k=m 4-1, n; J=1,2,; ++, 0), 
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Pe NORMAN LEVINSON. 
where 6, > 0, and the P(t) are polynomials in #. 
2. We-shall assnme in what follows that 
(6) he, (km 1,2,:++,m). 


This is no real restriction. For if (6) is not satisfied the transformations 
Y;(t) = y(t) and X,(t) == 2;(¢) e+! with real A =Æ àr, (k = 1,2,:--+,m), 
will transform (1). and (2) into new systems satisfying the hypothesis of . 
Theorem I and such that for the new system (6) is satisfied. Proving Theorem 
I for the new systems will obviously yield the a for the original systems 
immediately. 

We shall require 


Lemma 1. The general solution of the system 
y’ ;(t) = È anye (t) + F;(t), (;=1, a i 5%), . 
can be written as | 
Yj = > p(t) S ether Š Bink Pk dr. 
~- 2 (Gal — 7?) Fa(r)dr -+ È Osdal) 


where ihe Byn are constants, the Cr are ii constants, oa the Galt) 
satisfy 
(7) | Ga (t) | < Mett, 7 = 0), 


— 


where B>0 and M are constants indepéndent of j and h. 


The proof of Lemma 1 will be given at the end of this paper. 
Using the notation fj.(¢) — aj. = g(t), (2) can be written as 


(8). v(t) = Ý ante + F; 
where 
(9) F= 2 ga (t) ty,(t). 


Moreover from (3) we have 


(10) | i g(t) | dt < œ. 
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~ 


D 


d 


we have from (12) | 


(4) X(t) SM f HOZ +B. 


» To (€) we can apply Lemma 1 obtaining by also making use of (9), 
.  % n t o. 
(11) al) =S balt) È Bur fe" gn0(r)0(r) dr 
"ist h 8=1 to , 


+È f’ aat —rgu()ze(r)dr + È Orb e(). 


hy3=2 ts 


- By proper choice of C; any solution of (2) can be made to satisfy (11). 


= 8. We shall now prove that the z;(t) are bounded as t—> -+ ©. For the 
case where an n-th order linear differential equation with constants: replaces 
(1) and an n-th order linear differential equation replaces (2) with a con- 
dition of the type (3) satisfied, Cesari [2] showed that the boundedness of the 
solutions of the simple‘system as t—> + œ implied that of the solutions ož 
the: perturbed system. A simplified proof of this has been given by Bellman 


' [1]. That (3) is a “best possible” condition even if only boundedness is 
' desired for the perturbed system follows from [3]. 


. - Using (4) and (7) we have from (11) that there exist an absolute con- 


“stant M, and a constant B > 0 depending on the arbitrary constants Ow 


such that 
n t 
(12) (aS È f |g) (r)] dr + B. 
13> 6 
Setting l 
(13). È | gas(r)| = H(z) 
: =l 
and `> . i 


max | 2,(¢)| = X(t) 
-t re | 


We also note that (10) implies 


E f ar< S 


Clearly then we can choose to so large ‘that 


(15) : M, {A (r)dr< 3, 
er to 


(Of course the choice of to may affect the magnitude of B but not of M,.) 


Now suppose that for some t = to, X(t) 2B. Then taking the smalles; 
value of tÆ to for which this is true we have from (14) and (15) 
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2B < 4 (2B) + B = 2B | . 

which is impossible. Thus X (i) S 2B and therefore 

(16) l | a(t)! S 2B, t= bo. 


4. We now return to (11) and write 


t 00 w% i 
i Í es Ons (T) Ee (T) dr = ( f i f Jes ang (7) Le(r)dr. 
o to 


The first integral on the right is a constant. Modifying Cr, (x =1,2,:--,m), 
to include the constants arising from these definite integrals we can write 
(11) as | 


(17) z(t) = 2 Car OOGO + By(t) ER 


where 
> m n a8) 
Q(t) =— F ba(t) Ù Ba J, eito (7) a5(7) dr, 
k=1 Rs a=1 t 
n at 
R(t) = È J Gin (t — 7) gus (7) 2 (7) dr 
Ry 8=1 to 


S;(t) = > Cudjn(t). 


Using (4), (13) and (16) it follows that there exists a constant M, such that 


| QE) | S MB f ETA 


Thus Q;(t) converges to zero as t—> -+ œ. 
Again, using (7) we have 


t at t 
| R,(t) |< 2BM Í oB- H (7) dr £ IBM etet f H(-)dr + 2BM f (+) de. 
to to t 


Thus £;(t) converges to zero as t —> -} ©. 
Finally by (5), S;(¢) approaches zero as t—> -+ œ. Thus (17) yields 
Theorem I. i 


5. We turn now to the proof of Lemma 1. This lemma results from 
representing the solution of 


(18) . yi (#) = È Onde (t) + F(t), G= n); 


by what in operational calculus is called the superposition theorem. 


Í 
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We consider first the system 


(19) Wa(t) = È Aspen (t) + Sin, Gj mee ee n), 


. where h is an integer, 1 SAS n, and dj is 1 if 7} = h and is zero otherwise. 


A particular solution of (19) is given by yj = dm where the dj, are constants 
satisfying the equations 


i . 
-2 Ajnden + Ssh, (J = I, 2, 7 eg n). 
=1 : 


The possibility of satisfying these equations results immediately from the fact 
that the Ceterminant of (aj) 40 which, in turn, is a consequense of (6). 
The general solution of (19) is given by 


(20) a(t) = È bugs (t) + dn G =1,2, +n), 


where the bn are constants. We choose the by, so that the ya(t) :atisfy the ` 
initial conditions 
(21) Yya(0) = 0, (=i, 2 n). 


We shall now show that a solution of the system (18) is giver by 


(22) | | => Walt — r) Pals) dr 


h=1 


We have, on using (19) in (22), 


j= San f Yan(t—1)Fa(s)de + f P,(r) dr. 


hki 


Differentiating and using (21) we have 


= È ljr S. Valt — e) Falta + E(t). 
Using (22) this becomes 
Yi = D On + F(t) 
ka 


which is (18). Thus (22) is a particular solution of (18). 
Using (20) and (4) we see that 
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y m= D rbr p(t) + D bap mlt) 
k=1 kametl 
Recalling (5) and setting 8 = 4 min 8y we see that 
kom ‘ 


n 
2 dyad’ (t) = p(t) 
k=m+i j 
where Gja(t) satisfies (7). Setting iàzbzn == Byn we now have 
Win = > Bengi (t) + Gyn(t). 
ead : 
Using this in (22) we have, as the general solution of (18), 
m n t 
y= > D Ba È pje (t — 7) Fa (7) dr 
k=1 h=1 to 
% t : n 
+ 2 , On — 7) Pale) de + X Capat). 
E a i> 


Using (4) this yields the result of Lemma 1. 3 
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COMMENT ON THE PRECEDING PAPER.* 


- By HERMANN WEYL. | 


The tollowing lines, though adding little to the substance cf Professor 
Levinson’s paper, may help to shed some light on his interesting result. Ths 
result is not limited to linear equations; it holds for such perturbatz=ons as ar2 


“majorized by linear perturbations. Levinson passes from a given solution g 


of the complete equation to a corresponding one 3 of the approximate equatior, 
r—> 3. We add the inverse process 3->z: transition from the uxperturbel 
to the perturbed phenomenon. 

A system of differential equations for n functions q(t) of the real variable 
t may be looked upon as a single differential equation for the vector (column) 
t with the components z, and assuming the right member to consis: of a linear 


part Ay with a constant coefficient matrix A = | ai, || and a perturbation t, 
we may write the equation in the form 
G) © de fdt = AE d, v(t) = F(t, r(t)), 


f(t r) being a given vector function of ¢ and a variable vector g. Forn 
U(t) = e4#, the one-parameter group of linear transformations generated by 
the infinitesimal A : 


dU/dit = AU == UA, (0) = unit matrix E; U(t—7r) =U()U (rs), 
and define the absolute values |x ll, || A |] of vectors and matrices: by 
[eP— lal 14—13 fan? 
The equation (1) may be written 


(d/dt) (Uz) = U~» 


(“variation of constants”), whence follows 


z 
(2) r(t) =a(é) +U (t) Í, T(r) 0(+) dr, 


(3) a(t) =U(t)a (a= const.) 


* Received December 5, 1945. 
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being a solution of 
(4) da/dt = Az. 


It can also be verified directly that if x is a solution of (1), then the 3 defined 
by (2) or 


(5) a(t) =r(i)— U(t) f-02()e()ar— r(t) — (°U(t—1)0(x)ar 


is a solution of d4/dt = A3. This is, in general form, the lemma from which 
Mr. Levinson’s investigation starts. 


Let us now assume that 


(I) RCE) Seg @). 


If the perturbation is linear, f(t, x) —G(t)z, then (I) holds with g(t) 
=| G(t) I. 7 


LEMMA. Suppose 


la()|<a, UHLE for StSt 
and set 


t 
of glr)dr = h(t). 
0 
Then the equation (5) implies 
Lel Sa et (OS FS t). 


Proof. For z(t) = || r(¢)|| one obtains, as a consequence of assumption 
(I), the integral inequality 


x(t) Safe f egia f el) eye 
hence for y(t) = s(t) —a- eè the inequality 
y(t) = f yC) dhf): 


Choose a constant b such that y(t) Sb for OS¢t=#,. The inequalities 
y(t) Sb- (h(t))*/n! (n=—0,1,2,---5; OS €S7,) 


then follow one after the other by induction. In the limit for n— œ one 
gets y(t) S0. | 
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Let us now introduce Levinson’s two hypotheses: 


| (II) convergence of q = f “g(r)dr; 
0 
(III) boundedness of U(t) for t—> œ, | U(t)| Se for t= 0. 


Then of course every solution 3, (8), of (4) is bounded, | 3(t) | Sa cla |. 
Our lemma yields at once 


(6) Ir Sa*=a-e% (for +20), 
and hence the ` 


Turorem. Under the hypotheses (I), (II), (III) every solution of (1) 
is bounded fort =0. ` 


Instead of (6) Levinson uses.the rougher estimate 


Isl Sa/(1—@) OSSh: Gasht) 


\ 


which he establishes in a more indirect way. Its validity is limited z0 intervals 
Ot, for which 0 < 1. Nonetheless, the theorem can be derived from it: one 
simply replaces the lower limit of integration 0 by a fọ so chosen that 


a s PE 


In a suitable coordinate system T) breaks up into blocks (elementary 
divisors) af the form 


e^t . tos 0, e e a 0 
Ateh, t-t, 


[ h = (1⁄1)6 ] 
ght . Pax Ot tno 0 0 * ert - t, i 


Hence hypothesis (II) ' implies that either RA < 0 or RA = 0; but in the 
latter case the block must consist of one row only (m = 1). After uniting 


i all elementary divisors of the first and second kind into V,, V2 respectively, 


yı 0 


in which V,(t)—-0 for i> œ 
0 -Va 


one gets a decomposition U = 














, and F(t) is bounded not only for £— -+ œ, but also for t—>— œ. Using 


the corresponding decomposition of the unit matrix 


-fe oto z 
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into two complementary idempotents J,, J., one can write 
U = UI, + Ul, = Ui, + Ua 


The idempotents J, and J, commute with A (and hence with U). In this 
form the description is indeperdent of the coordinate system. . 


U(t) —>0 for t> 0, | U(t) S co for t50. 


Every vector r may be split acccrding to Jit + I£ = gı + ta For a solution 
3 of (4) the first part 3ı is damped, the second 3. a pure sinusoidal oscillation. 

Let us now decompose U :n (5) into U, + Uz and in the second part 
replace the lower limit of integration 0 by a: 


M a(t) f Taiala [Ua(¢—1)0(r) dr = alt). 
0 t 
Since r(¢) is bounded for ¢ = 0, (6), and | 


I oC) = TF t(D) Seg) Sa*g(r), for += 0, 
|| Vo(t—7r)v(r)] S coa*g(r) for 7 = t= 0, es 


the integral extending to infinity converges by virtue of hypothesis (IIT). 
Observe that 


TE EEE PEC a) TEC EA mY ena A ee 


The fact that 3(t), (7), satisfies (4) provided x is a solution of (1) is not 
affected by the shift of the limit of integration in the U~.-part, as one sees 
either by direct verification or (as Levinson does) by the simple transformation 


U(t) f a E S E E J Tod 


where az == f, “Us (—7)b(7)dr. Therefore formula (7) associates with every 
0 


solution y of (1) a unique solution 3 of (4), r— 3. Multiplication by 11, Ly 
splits (7) into the two equatioms 


s(t) — f T — ldr = alt), 
tlt) h f Talt —r)o()dr = i(t), 


and thus one arrives at 
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LEVINSON’s THEOREM. For every solution x of (1) the part ri(t) tends 
p tô 0 with t—> œ, and there exists a solution 3 of (4) such that 


(8) 4i(¢) —a.(t) =0 for t= 0, te(t) — g(t) 0 for t> œ. 


Only tae statement of the first santence remains to be proved: 


t 
Í, U, (t—r)b(-)dr—>0 for t> o. 
a 
t t/2 ipt > f ‘ae 
Split Í, into f -{- f and, « being a given positive number, assume that 
0 0 t/2 


) . | Us(#) || Se, for t= 0, fo odra; 
9 
| T(t) Se for t= z (20), MOLE 
te 
Then as soon as ¢ = 2t,, the absolute value of the first part is less than or 


t/2 
equal to e { | b(r)|| dr = a*qe, that of the second part less than or equal 
a” 0 


to 6; J Lal) l] dr £ ote. 
#/2 


In studying the inverse process, the transition 3 -—> g, we replace (I) by 
the stronger Lipschitz condition’ 


(I*) f(t, 0) =0, LF.) —T(Ee*) S le—z* | +9 (4), 


which again is fulfilled in the linear case f(t, r) = G(t)y. For a given 3 the 
integral equation (5) for y may then be solved by successive approximations 
just as in she classical case 4 == 0. Adding Levinson’s hypotheses (II) and 
(IIT) we surn at once to the more complicated integral equation (7) and 
show that it has a unique solution git) provided 


: (a 9) 
0 = (c + c2) f g(r)dr < 1. 
Proof. Define the successive approximations t, by to = 3; 
i t : oe) l 
(9) mid =a + [ Us(t—1) a(n) dr— f, U(t — +) dq (e) dr 
o , 
(n = 0,1,2,- > -) where ba(t) =f(7,te(7)). Since (I*) implies 


> | Da (t) — Da- (H) S I Ea (t) — En-a (E) gE) © 


j 
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< w, 


(even for n == Q if one sets g-ı(t) = 0), the enei [t= ii 1(¢) | 
= dn leads, by means of (9), to 


l tra (4) — fa (t) |= ban. 
Hence if || 4(¢) | Sa for t = 0, then 
l Enli) — tn- (E) || S a6, 


and the series Yo + (¥ı — Lo) + (te — %1) -:~.* converges at least as well 
as the geometric.series with the. quotient 0. Uniqueness is established by an 
argument of the same type. I like to arrange it as follows. Suppose a func- 
tion z(t) satisfying the equation (7) is given. Then one finds for the 
difference Ant == £ — Ya-1: | | 


i . : 
Anut(t) = f U(t — r): 40(r)dr— f Ua(t—7) -And{r) dr 
«/ G É i 
where Arb = D — Dr-e If | r(¢) | S a* the last equation yields by induction 
| Ant(t)|| Sater | (n= 0,1,2,° ) 


which proves the uniform Contergan of ga (t) toward the given g(t). We 
summarize: 


Pasi Under the hypotheses (I*), (II), (III) we effect the split- 
ting U = U, -+ Uz described above. Let . - 


IUDIS e for t=0 | Ue(t)| Soe for SO. 


If to be so near to infinity that 


pice echoes) fo oar < 1 


then we have established a one-to-one correspondence between the solutions 
t of (1) and 3 of (4) such that 


G) —a (t) =0 for tt,  t2(t) — z(t) 30 for to. 


INSTITUTE FOR ADVANCED STUDY.. 


6: ON THE CONVERGENCE OF SUCCESSIVE APPROXIMATIONS.* 


By AUREL WINTNER. 


Osgood’s criterion for the uniqueness of the initial problem oz ordinary 
differential equations ([8], pp. 344-845) has a dual ({5], p. 283) in which 
the local problem of uniqueness becomes replaced by a non-local problem of 
existence. In the sequel, another dual of Osgood’s thedrem will be exhibited, 
one which replaces the local problem of uniqueness of the soluticns by the 
local problem of the convergence of the process of successive approximations. 

Let f = f(x; t), where f, s denote the vectors (fa: - -,fm), (r° © +; 2m) 
with real components fi, z:, be a continuous function of ‘thé position (7; t) 
on.an (m + 1)-dimensional region = 


(1) | 0OStSa, lejl sb 


(the sign of the absolute value refers to Euclidean length). Then the system. 
of m differential equations represented by 2’ == f(s; t) has, on a sufficiently 
short, closel ¢-interval ending at t = 0, at least one solution «== v(t) satis- | 
fying the initial condition (0) = 0. On the other hand, the mere continuity 
of f(z; t) Joes not ensure that the sequence of successive approximations to 


(2) z = f(s;t), «#(0) =0, 


that is, the sequence of the functions 


4 


(3) Era, t) -= f f(%,(s);s)ds, where z(t) = 0, 


will converge on some (sufficiently short) interval 
(4) f 0OStse — {e>0). 


Along the lines of a counter-example of Picard [4] (which concerns a boundary 
value problem), this has first been shown by Miiller; cf. [2], pp. 35-36. And 
the only known estimate which does not contain ¢ explicitly and assures the 
convergence of the sequence (3) on some interval (4) seems to be Lipschitz’e 
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classical condition, requiring the existence of a constant C which satisfies the 
inequality ) | | 
(5) O [AED — Fes) SO | at ma | 


on the region (1). | | 

However, it turns out that, by arguments which, in every respect, are 
more sophisticated than the “ linear ” inequalities of Cauchy-Lipschitz-Picard- 
Lindelöf [1], the condition (5) can be improved so as to become something 
like a best restriction not containing t: 


For small, positive values of r, let o(r) be a non-negative, monotone, 
continuous function satisfying 


(6) (ar) /a(r) = 
(which implies that . | , 
(6 bis) E $(0) = 0, 


if &(0) is defined to be p(4+-9)). Let f(x;t) be a function which is given 
and continuous on a, region (1) and is subject there to the inequality 


(7) | F(a*; t) —f(a**; t) S o(| a —2** |). 


Then there exists an interval (4) on which the successive approximations (3) 
to a solution c= x(t) of (2) (esist and) are convergent (and converge, 
umformly, to a solution). 


Neither of the conditions of smoothness imposed on (r) before (6) will 
be fully used and, as will be seen at the end of the paper, the first of these 
conditions is made superfluous by the second: (r) need not be restricted to 
be monotone (if tt is, e.g., continuous). The parenthetical amplifications 
which follow (7) are trivialities, of a general nature, which have nothing to do 
‘ with the assumption (7). The function f and a can be vectors. 

Since (6) is satisfied when 


(8) $(r)/r = log 1/r, (log 1/r) (log log 1/r),- ` >, 


it follows from (7) that the constant C occurring in (5) can be relaxed to 
any of the functions contained in the set (8). But it is worth noting that 
ġ need not be an L-function. And it is just this circumstance that suggests 
(6) to be the ultimate condition of its kind. | 

Osgood’s theorem, referred to above, states that, on a sufficiently short 
interval (4), the assumptions (6), (7) prevent the existence of more than 
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one path «= z(t) satisfying (2) (even if ¢ is not enone: And chis time . 
it is trivial (cf. [5], p. 284) that (6) is the best condition of its kinc. Since 
the crucial.step in the proof of the italicized- theorem will involve (Jartly in 
a recondite connection, namely, via (17) below) applications of Osgood’s 
criterion for uniqueness, one might even expect that, whether (6) and (7) 
be satisfied or not, the mere uniqueness of the solution is suficien for the 
convergence of the successive approximations. However, this was refuted by 
Miiller’s example, quoted above, which he proved to belong to a poiat (2; 1) 
® = (0;0) cf uniqueness. That also the converse is false, is showa by the 
familiar example of the envelope «= 0 of the solutions æ = g(t) of s”? =z. 

The proof of the theorem proceeds as follows: 

Supose first only that f(x; t) is continuous on a region (1). “hen (3) 
defines a sequence 


(9) a(t), Ta(t), T(t), °° 


which need not converge on any interval (4). However, this sequenze: always 
is defined on an interval (4), is subject there to the inequalities | 2,_t)| Sb, | 
and every z(t) has there a continuous derivative satisfying | ex G) S M, 
where M is a constant. Accordingly, (9) is a uniformly bounded sequence 
of equicontinuous functions on an interval (4). Consequently, (9) contains 
a subsequence, say 


CONTONA ORAON | (h<i<j<:--), 


which is uniformly convergent on the interval (4). For the sake of brevity. 
let any such subsequence of (9) be called a selected sequence. In viaw of the 
compactness of uniformly bounded, equicontinuous functions, an application 

of the principle of the excluded middle proves that (9) is uniformly con- 
vergent if (and, of course, only if) 


(11) | y(t) Æ z(t) 


does not occur for any t, where y(t) and z(t) denote: the limit furctions of 
two unspecified selected sequences. . l 
TË (1C) is a selected sequence, then 


(12) Tns (E), Visa (E); Car (t) ° 


must be a selected sequence. In fact, since the functions (9) are aniformly 

bounded on the interval (8), it is clear from (3) that, if the funct.ons (10) 

tend to a Limit function, say y(t), then the functions Oy must tend to thc 
> functicn 
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(18) y(t) = f fly(s)ss)ds 


If the function represented by this integral is identical with the function y(t) 
occurring beneath the integral sign, then it is, of course, a solution s = q(t) 
of (2) (though not necessarily the only solution). But it can happen that 
this is not the case. In fact, this possibility is realized by the Picard-Miiller 
constructions, referred to above. 

It will be shown that this possibility cannot arise in the present case. In 
fact, it will be proved that the assumptions of. the theorem imply the existence 
of an interval (4) on which, without any selection, the difference between two 
consecutive terms of the sequence (9) tends to 0; that is, on which interval 
the function . 


(14) w(t) = lim sup | we(2)|, (k> æ), 
where l Toa 8 
(15) | - Wet) = Trn (t) — Tr (t), 


vanishes identically. And this will prove the theorem, since the situation is 
as follows: 

If it is known that (15) tends to 0, then, since y(t) and y*(¢) in 2 (13) 
denote the limit functions of two consecutwe selected sequences, (10) and (12), 
these two limit functions must be identical on the interval (4). In other 
words, (13) becomes ) 


v(t) = f f(y (s)58)ds, 


which means that z = y(t) is a solution of (2). But (2) cannot have more 
than one solution, since (6) is precisely Osgood’s criterion for uniqueness. 
Consequently, the limit functions of all selected sequences (10) are the same. 
In view of the observation made in connection with (11), this implies the 
convergence -of the sequence (9) on ‘the interval (4). | 

In order to prove the identical vanishing of the function (14), put 


Ag(t) = g(t + At) —g(t) 
where At > 0 and g = p, Wr,’ ++. Then it is. clear from (14) that 
| Au(t)| Slim sup | Aw (t)| | (k>a). 


But (3) and (15) imply that 
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t+At . 
| awal E f | f(aen(s) 58) — f (els) 58) | ds. 
t ` 
. Furthermore, 
- | F(a (8) 5 8) F (ae) 5 8)| S AC wels) |), 
by (7) and (15). And the last three formula lines show that 
| NR | 
° | | su(é)| Stim sup f (| wn(s)|)ds (b>). 
; 
Tf pi, Po’ ~ are non-negative, measurable functions, then . 
t+At . i+At 
f lim inf p;(s)ds S&S lim inf f px(s)ds (t-> œ) 
z t 


(Fatou). And, if C isa sufficiently large constant, this inequality is applicable 
to the functions 


pi = C— (| w |), pa =C — $(| ws |); ea 


In fact, the functions (9) are uniformly bounded; hence, the same is true 
of the functions (15), and so the continuity of the function ¢(1) assures the 
existence of a constant C satisfying (| ws(t)|) < C on (4). 
Clearly, the last three formula lines imply that 
t+At . 
| Au(t) | s f lim sup $(| wz(s)|)ds (k -> œ). 
t 


On the other hand, if t and-an e > 0 are fixed, the definition (14) shows that 
there exists an N having the property ‘that | w| < p +€ if k>N. Since 
(r) has been assumed to be a non-decreasing function, it follows -that 
¢(|we|) Sé(u+e) if & > WN and so, since (r) is continuous, 


‘lim sup 6(| we |) S ¢ (4) (k= 00). 
Consequent-y, by the preceding formula line, 


t+At 


(16) Er TOEN EON 


` The irequality (16) for the increments of the non-negative, bounded 
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function (14) implies that p(t) —>0 as t—> 0 and that, in the sense of a 
parametrised Lebesgue-Stieltjes integration, 


(17) | du |/$(u) Sat, 


since ¢ (t) = 0. If this differential inequality is integrated between t = e (> 0) 

and a fixed t= to (>), it is seen that, if the function a(t) did not vanish 

identically on an interval (4), the assumption (6) would lead to the following 
contradiction : 

(18) + œ == to — lime. 

However, this conclusion is legitimate only if the mapping of the measures. 
which is defined by the transformation t— pu is sufficiently smooth; for in- 
stance, if a(t) is continuous. In fact, if a(t) is continuous, it must attain 

every u-value contained between »(-+ 0) = 0 and p(to), and so the argument 
leading to the contradiction (18) becomes justified. But it turns out that 
p(t) is continuous. In order to see this, it is sufficient ‘to observe that, 
according to (3), (15) and (14), the function p(t) is the upper limit of a 
sequence of uniformly bounded, equicontinuous functions on-the interval (4). 
In fact, as verified by Montel in § 20-§ 21 of his Thése (1907), the upper 
limit of any such sequence is always continuous. 

This completes the proof of the theorem. 

That the restriction of monotony, imposed ‘on ¢(r) before (6), is super- 
fluous, follows if the consideration of the functions (15) themselves is replaced 
by that of their “ best monotone majorant sequence,” that is, of the functions 
Max | Tra (8) — ax (8) |. 


Os 


Corresponding to the circumstance that the above proof depends, via the 
criterion (11), on a “suppose the contrary” argument, there results no ex- 
plicit estimate of the deviation of the solution x(#) from the approximations 
(3). I do not know whether this is due to the unrestricted character of a 
(monotone) function ¢ allowed in (6), (7) or there can exist general theorems 
on (monotone) transformations, providing, as in the particular case (5), 
a direct approach. 
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A REMARK ON THE MAPPING OF ‘MULTIPLY-CONNECTED 
DOMAINS.* 


By STEFAN BERGMAN. 


1. Introduction. The fundamental theorem of the theory of conformal 
mapping states that the universal covering surface of a multiply-connected 
domain can be mapped by a ecnformal and one-to-one transformation on the 
unit circle. 

Using this result it is possible to prove that every multiply connected 
domain satisfying certain conditions can be mapped into characteristic domains 
of various types. | 

A characteristic domain is a domain which possesses certain geometric 
characterising properties, e. g. a ring domain with a number of slits along arcs 
of concentric circles. In the following, we shall refer to this domain as a 
characteristic domain ©. 

To every multiply connected domain there exist a finite number of char- 
acteristic domains ©. Thus knowing the mapping functions of two multiply 
connected domains, Br, £ == 1, 2, into the corresponding characteristic domains, 
we can decide whether the domains By; can be mapped into one another by a 
conformal and one-to-one trans-ormation. 

In the present note, using certain orthogonal functions, a formula for the 
function w(z), which maps a multiply connected domain into the characteristic 
domain © will be given. 

The interest of the expression derived below lies not merely in that it can 
be used as a tool for the actual computing of the required mapping function, 
and thus make it possible actually to determine when two multiply connected 
domains can be mapped into each other, but that these results admit the fol- 
lowing applications: 

Using the theory of orthogonal functions,’ introducing the kernel func- 


* Received May 4, 1946. 

1 Various types of characteristic domains were introduced by Courant [3], by 
Hilbert, by Koebe [5], and by Schottky [8]. Numbers in brackets refer to the 
bibliography. 

3 Using orthogonal functions of a complex variable the theory of multiply meed 
domains has been treated in a manner somewhat diferent from the classical approach. 
Instead of Poincaré’s metric being introduced on the universal covering surface, a new 
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tign an with its aid an invariant metric, it is possible to develop a method of 
attack whica, without using Riemann’s theorem, leads to various results in 
the case of simply connected domains, (e.g. in the theory of distortion). 
See [2], [12]. Certain of ‘these results can now be extended to the case of 
multiply connected domains. 

One of the advantages of this approach is that if can be: generalized to 
the case of mappings by n analytic functions of n complex variables. We do 
not discuss these generalizations in the present note. 


2. A representation of the mapping functions of the universal cover- 
ing surface into the unit circle. Let B be a bounded (p-+ 1)-connected 
domain whose boundary, b, consists of p+ 1 regular closed curves, by 
(v=0,1.° --,p; p=21); we may suppose bo to be the exterior curve. It 
will now be shown how to determine the function which maps the universal 
covering surface G of the domain B into the unit circle. Let ay (v==1,2,---, p) 
be exterior points of the domain such that ay lies in the “ hole” bounded by by. 
Introduce the auxiliary domain P which consists of the entire plane, out of 
‘which have been cut the points @,° > `, æ@p and the point at infinity. Let M 
be the universal covering surface of P; then each of the points a and œ% 
becomes a tranch point of infinite order of M. See e. 8: . [7]. Clearly the 

universal covering surface G is a part of M. 

It is well-known that there exists a function 2(A)—modular function— 
which maps the upper half of the A~plane on the universal covering surface M. 
The inverse of this transformation, A(z), maps any conveniently cut sheet of 
M on a fundamental domain F in the A-plane. The fundamental domain F 
is a simply-connected domain bounded by 2p semicircles in the upper half- 
plane waich are tangent to each other and orthogonal to the real axis of the 
A-plane. Thus, to each sheet of M there will correspond a fundamental domain 
F in the à-plane, and it is evident that the same transformation will map the 
sheets of G into simply-connected portions È of the corresponding fundamental 
domains F. The sheets of M, and therefore those of G, may be enumerated. 


„metric (which in general has a non-constant curvature) was defined for multiply con- 
nected domains, [1], [2], [9]. ~ Further another kind of characteristic domains (so 
called representative and minimal domains) has been considered. 

Zarankiewicz has studied the above metric in a detailed manner for the case of 
doubly connected domains [9], [10], and Kufareff has determined the geometric shape 
of minimal domains [6] in this ease. Greenstone [12] has established certain in- 
teresting properties of the above metric in the general case of multiply connected 
domains. The image in the domain B of the Cartesian coordinate frame of the repre- 
„sentative domain of B is termed the “ representative coordinate frame” of B. In [11] 
and papers cited there Fuchs has studied properties of representative coordinate systems, 
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Let G be the sheet of @ which.lies.on the-sheet My of M. Suppose that the sheets 
Gy have been so joined and enumerated that $ Gx is simply connected for 
hal 


every n: That this. may always be done-is. obvious.’ 

The function A(z) maps G, into the domain R, which lies in the upper 
half of the A-plane,, as already described. Let Ao be an interior point of FR, ; 
k let w:ı(A) be the function which maps. R, into the unit circle, taking Xo 


` into the origin. > Gy is a simply-connected domain which i is mapped by A(z) 
inte 3 Rx, ree is also a. simply-connected donei containing. Ay in its 
uin. Therefore there exists a function EN which maps > Er into the 
unit circle, taking ào into the origin. G = 5 Gy is the kernel ee (in the 
sense of Carathéodorv) of the sequence of EE = Gr, and therefore, by 
the theorem of Carathéodory [3], lim a Wn [A(z) ] ae: and maps G into the 
unit cirele. Thus, 

(2. 2) _ w(a) = lim wo[a(2) 


represents. the required mapping function which maps G into the unit circle. 
The function (2.1) can immediately be expressed in terms of orthogonal 
functions. a j 
Indeed, denote by 
(2.2) i {hi}, i (k = 1,2, 3, ae ‘) 


the set of orthogonal functions which we obtain by orthogonalizing the powers 
AE (k= 0,1, aaa 9 with respect to 2 Gn. Then the function wy{A) which 
maps Sa Tn into the unit circle can bes mitten in the form 
. n=l 
| "Ss Wy” (A) Yr (Ao) dà 
(2.3) wy(à) = ia 
o [lao 


The formulae (2.1), (2.3) yield the mapping of the universal covering 
surface into the unit circle in the-w-plane. The functions which map B into 
characteristic domains. can. be expressed in. a. well-known manner, in; the form 
of an infinite series in terms of w(z). See e. g..[5]* 


3 If any two.simply. connected. domains, say G, and. Gz, have.a simple cpen curve as 
their only common: boundary,, then the combined: domain G, + Gz is also. simply con- 
nected; This is exactly the case we have here, because G, and. G,.are joined. along one 
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, On the other hand the inverse of the modular function appears n (2.1), 
(2.8); further (2.1) is expressed not directly in terms of orthogonal func- 
tions, but as a limit of a series development of this kind. This fact offen causes 
certain difficulties, e. g. in actual computation of the mapping functien, in the 
distortion theory, etc. In the next section we shall derive an expression for 
the mapping function w (z) of B into the characteristic domain ©. Tha formula 
obtained avoids the above disadvantages; we express w(z) in terms ef certain 
functions which we obtain by orthogonalizing the powers z” (n= 0, L2, °°). 
(2— ay) (v—1,2,---,p, h= 1,2,: > -). Here ay are the points intro- 
duced above: On the other hand. in the formula certain unknown constante 
appear. ‘These constants can be determined by certain additional considera- 
tions, which are however not discussed in detail in the present paper 


3. The determination of an analytic function from bounda-y values 
of its real part. Let B be the domain introduced in 2, whose bcundary & 
consists of p -+- 1 regular closed curves by (v= 0,1,2,- -,p, p=). 

- In the following we shall denote by {¢’x(z)} (k = 1,2, 3,-- -), a com- 
plete system of orthogonal. functions, i.e. a system for which 


(3.1) ffs é/n(2)d'.(2)do = 1 for k—= 5, dom dxdy, 
. B F ‘ 
= for k 328, 


and such that for every analytic function g(z), f f | g(2) |?dw < >, 
| B 


(3.2) J SOE] f f Sdo l. 
B . B 


Let a be an interior point of B. We shall consider in the follewing the 
functions 


(8.3) be(2) = pelz y) Hile y), la) = 0. 


Remark. Since B is a multiply connected: domain the functions ¢;;(2"- 
are multivalued. See examples (3.10) and (3.11). In order to avoid an7 
ambiguity, we introduce the simply connected domain B obtained frem B by p 
conveniently chosen cuts. The functions ġs(z) are single valued in B. 


THEOREM 3.1. . Let f(z) = f(x,y) + ife(£,y) be a function which i 


regular in B, whose derwative F (z) as well as the real part fı are single valued 


of the simple curves along which B has been cut. By induction it follows mmmediatel7 
that this holds for any number of simply connected domains: 
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in B. f(z) is assumed to map B into a domain with a finite area, i.e. it is 
assumed that 


(3.4) Sf lP@Pdo<«. 
B 


Then f(z) can be represented in B in the form 


(3.5) POE ae) [AG d ELH) Hila), zÈ. 


Proof. By the theorem on the development in the serles of orthogonal 
functions, see [2] p. 47, we can write 


eo P(e) = Že) J JP QPDao, do—axay, 2X +67, 


an f f f (2) F(Z) d0 — J STC 


Ta RL [f ays, x -+ fo,x0x,x|dQ+% SJ he xn. — fix0%,x|dQ 
E f H [fuaye -H frye ]d0— i ii [fi.xO%,x + fi,vOx,y]dQ | 
© È 


= | a De ds +i oe ds] 


ĝ 00 
+3 f Ai- ha +i Stas], 
fix = (0f1/0X), Yr x = (Ox /0X) ete. 
where esv, sv- (V — 1, De, p), are the edges of crosscuts which dissect B 


into a simply connected domain B. dn and ds denote an element of the interior 
normal and the line element, respectively. Since fı, dy%/én and y/n are 
single valued in B, the integrals over e, vanish and we find that (3.7) equals 


(3.8) J Aldo. + itn] =i f Alen) doe. 


A system. of orthogonal functions satisfying the above conditions can be 
obtained by orthogonalizing the system 


(3. 6) 1, 2, (2 — ap), (u==1,° °° p, k = 1,2,° =) ° 
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where a ie a point which lies in the “hole” bounded by by. See [2], p. 57. 
In this casə the functions w are of the following form: - 


(3.10) = gr = Bio + Birt, . 
$2 = Bo,0 + Boa + Ba,22*, 
parn == Parp,o F Borma? T Berg? F È Bornas log (2 — ar), 
i i (w= 0,1,'--, 7), 
pip = Barpo + Bipa  Basp,22" + 2 Besos log (z — on) + Bags" 
dsipre == Psiprs,0 F Bsp, 12 F Bsrprs, 22 


P 
-+ 2 Bsspes,aeh log (z — Ar) + Bsipss,asp2 
T 2 Bsp, simg (z — ag)", (s =0,1,: p), 


Eramole. If B= EB[r<]|z| <1] then p= 1. We choose a, = 0. 


(3.11) ¢ = (e—a)/[e(1—r?)]#, 3 = (log z — log a) (— 2r log r)*, 
Pong = (2" — a”) [arn (1 — 1°) J2, (n = R, 8, ° "Jy 
ma = (a — ar) [r(1— n) (1 — 1 FP )) 4, (n =3, 4,- °°). 


4. The representation of integrals of the first kind in terms ol 
orthogona: functions. The domain B being given, and two boundary curves, 
bı and bo, being prescribed there exists a function w(z) which maps B into © 
i.e. the circular ring* Elexpa, < |z| <1] with (p— 1) slits along arcs 
Elon < arez < gv, !2|—expav] (v =2,: >, p), ti < d2Sa,- + Sa. 
<1. See [5]. Two prescribed components, bo and b, of the boundary b of E 
are trensformed into the interior and exterior circles, respectively. 

In this section we shall express the functions 


(4.1) s(z) = [log w(z)] 
in terms of functions ¢x(z), introduced in (3.9). 
The function s(z) possesses the following properties : 
I. (4.2) Re[s(z)] a on by, (v=0,1, - " P— 1, %=0). © 
II. The function s(z) maps the conveniently cut domain B into th> 
rectangle . 
Ela, <€<0,0<4< 2x] 


*Fy E [...] we denote a set of points whose coordinates satisfy the inequalities 
indicatad ir. brackets. - i . 
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with (p— 1) slits: along the straight lines é= ay (y==1,2,°- ae 
( These slits are not necessarily. connected.) 


ITI. The derivative s’(z) as well as Re[s(2) are single valued func- 
tions in B. : 


THEOREM 4.1. The functicn s(z) can be represented in B im the form 
g (e eg Pp PEA E 
(4. 3) s(2) =i X pi(2) 2 auAnde(z) -+ s(a) 
` =l i= 
where Aud; (2) denotes the increase of the function pr(z) as we move around by 
(p = 0, 1,2,°° E 1); 


Proof. Since s(z) satisfies all the hypotheses of Theorem 8.1, we can 
write it in the form (3.5). In the case under consideration we have 


_ p _ 2 S 
(4.4) f fider = 2, ap f dor == È, OpAndy 
b _ B9 bu wer 
from which (4.3) follows. (Ncte that a, = 0). 


Fzample. Suppose B= E[r<|z|<1] and @,=-0. According to 
(8.11) all Ad, = 0, except-for z == 3, for which. we have 


Ads == +—~ 2r log. r)4 + Bri, 
and therefore 
s(z) -r logr (— 2 v log r) - 2mi (log z — log. a) 4- log.a = log z: 
Remark.. Except log(z—¢,) all. expressions in (3..7) do not change if 
we move around by. tience 


(4. 5) Anos == [| Rat Br, uss 


where fy,» are the quantities introduced in (3.7). 


Remark. p unknown constants ad, appear in the expression (4.3). We 
note that the theory of orthogonal functions provides the means for de- 
termining them. The procedure is based on the fact that since Re[s{z) ] = au 


on bn (u==1,2,° i "s P) 
Re[lim fs (2) dz] = dp, —-Qy,. 


Here z, and 2. are points which li2 in B and are such that lim zx € by, (k == 1,2). 
We omit a more detailed determ nation of the constants here. 
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>. 5 An application: to the theory: of distortion. As is indicazed in mor? 
detail in [2] §9 the formulae expressing functions in terms of orthogonal 
functions often yield inequalities for the functions under consideration. As am. ` 
example of the. application of these methods, an inequality for s’(2: 
=— d[log w (z2) ]/dz will be derived in. this section. 


THEOREM 5.1. Let cv, cve B, be p closed simple curves with the followin, 
properties: . | 


1. The estas oF every point of cv from the boundary b of B is mere 
than 8,.' 


2. By a one-to-one baa continuous transformation each cy can be reduced 
to by without cutting the remaining bp, ps v. 


Let w(z) be the function which maps B into the characteristic domai? 


' © we. Elexp.a, < |z] = 1], with p—1 slits along arcs. situated on circles 


| z | = exp av (v = 2,3,---,p). 

Further let zbe a point of K whose distance from the boundary is larger 
than 8. Then 
(5.1) dogo (2) | 


; | Ay. | l(cv); 
dz = 


a pol 11 0y- 








where (cr), denotes the length Of Cy. 
eens According to (3..5), and. (4. 4) 


(5:2) penom zo =i Š pal) Èa f Set. ie 


From 2: -t follows that the OEA on curves: by can: be: ae by. the: s. 
Thus (5.2) equals ë 


r eR aA & i dosl) 

68) iS vst Sor f A a 
. £ Naaa pen ee 

Oy a f AOLA 
pol. Cy. k=1 : 
b 2 : — -a 

—=t Lid f, Kol C) dé. 


Here Kaz, g) denotes the kernel function of B. See [2], § 7. From hy- 
pothesis 1, the assumption concerning the location of z and (7.18) p. 47 of [2], 


oO ; l 
8 By the theorem on p. 47 of [2] the series ¥ | 0’, (2) ¢’,($)| converges uniformly 
zł : 
in every closed domain which lies in B. : 
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y S . 9 S ? 2 = = 
Ko(2,0) S [S Lpi È (OPES rare, 
y= pri , 
which yields the inequality (5.1). 


We note that using other inequalities for Kẹ (2, ) and for its derivatives 
(see [2] § 9) one can obtain other inequalities similar to (5.1). 


Brown UNIVERSITY. | 
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ON A PROBLEM OF RAMANUJAN.* 
By ARNOLD E. Ross. 


1. It was apparently known. to Diophantus and first proven by Lagrang> 
(8) that the form a? + y? + 2?-1 u? represents all positive integers. Examples 
of other irtegral forms | 
(1.1) P = ax’ + by’ + ca? + du? 


which represent all positive integers, were first obtained by Jacobi (5), 
Liouville (9), and Pepin (13). Ramanujan (14) proved that there are only 
54 sets of positive integers a, b, c, d such that (1.1) represents all positiv2 
integers. Dickson (2) called such forms universal. Universal quaternary 
quadretic forms with cross products were oie by Dickson (2) and Morrow 
(11). 

In the above mentioned paper Ramanujan proposed another problem, viz, 
the problem of determining the conditions under which positive quadrati2 
forms (1.1) represent-all except a finite number of integers. Kloosterman (7), 
employing the methods of Hardy-Littlewood succeeded, save for afinite numbe- 
of exceptions, in solving that problem. f 

It is natural to ask Ramanujan’s question concerning general positiv2 
quaternary quadratic forms. Should Tartakowsky’s theorem (19) concerning 
the representation of large integers by positive quadratic forms in n = 3 
variables hold also for n = 4,.then one would expect the answer to that ques- 
tion tc be found as an elementary corollary of this theorem and to be expressed 
, In terms of the generic characters of quadratic forms. It is of interest to nota 
that, elthcugh Tartakowsky’s theorem doeg.not carry over unconditionally to 
forms in four variables, still for forms of odd determinants and certain orders 
of even determinants, the answer to Ramanujan’s question may be obtained as 
an elementary extension of the results of Kloosterman and some other ele- 
mentary considerations, and that, moreover, save for a finite number (af 
classes) of exceptions the conditions are given in terms of the generic charac- 
ters. The results here obtained suggest conditions which the generic characters 
of a genus of quaternary forms should fulfil in order that all forms of that 
genus should represent the same large integers. . 

The method employed may be summarized as follows: Through the uss | 
of the canonical form of Section 3, the problem of the representation of ip- 






i Rasaived August 3, 1942 and June 14, 1945. 
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tegers by the original form is reduced to that of the representation of integers 
by a certain quadratic form without the -cross products (Section 4.1). 
Kloosterman’s conditions (7) applied to this last form (Section 5) yield a set 
of generic character conditions which assure the representation of all large 
integers by the original form. Upon closer examination of these conditions 
one notices (Sections 6 and 7) that some of these are necessary but that the 
failure of the remaining merely implies that a form represents all large integers 
.only if it represents all integers or all even integers. In view of the results 
in Section 2, the determinants of such forms do not exceed a fixed number. 
Thus, outside of forms in Section 5, there is only a finite number of classes of 
forms representing all large integers. A study of some of these classes (Sec- 
tion 8) yields ‘interesting examples of representation of integers by ‘positive 
quaternary forms in a fixed gerus. 


2. An upper bound for determinants of classic universal positive 
quaternary quadratic forms. Among the 54 universal forms of type (1.1), 
the form :2? + 2y? + 42? -+ 14u? has? the largest determinant 112. A simple 
extension of Ramanujan’s argument yields * the more general and quite useful 


THEOREM 2. The determinant of every classic universal positive quater- 
nary quadr atic form'is S112. 


We write l 
; 4 
Ae 01) l ; 8, (r) a= g Ag == ace, 
ETA ‘Aj aTe integers. If -@,(2) ens all positive integers, it represents 1 


properly, and hence is equivalent to a form of type (2. 01) with @ == 1 and 
ay = 0 for j= 2, 3, 4. oe 


@, (rz) ~ &, (2) F Y + $2(Ye; Ya Ys) = yi” r $ buy. 


In order that , and, Renee ®, should represent all positive integers, the 
minimum aof- must be = 2. For otherwise &., and therefore also ©,, would 
not represent 2. Since the minimum a is represented properly by z 

(2-02) ga~ by = 02? + Bag? + Cza? + Brata + PSiata + Berks, 

where ' 


(2. 03) OSs<ca and 0St <a, a=1 or 2, 
and hence - 


(2. 04) DB, ~ PD, = Z + bs (Ze, 28 Z4) 


2 CE. Dickson (4), p. 115. 
2? Ross (15), Theorem 8. 


ON A PROBLEM OF RAMANUJAN, 31. 
2.4. We let, first, a= 1. Then, in view of (2.102)-(2. 04), 


(2.11) -@3 = 2 + 22° + bzs? + 024? + 2reszq—= 2,7 + 22” + Ws (Zs, 21). 


In order that ®, should represent 3, the minimum M of ys should be S 3. 
. Then 


(2. 12) ha ~ pa = Mug? + Nusu + Lu’, 

(2. 13) — (M/2) < N = M/2, M = 1,2, or 3, 
and 

(2. 14) ; P, ~ , = Uy" + Us" - Ya. 


The form ®, would represent all integers only if M®, should represent 
all multiples of M. But in view of (2. 12)-(2. 18) 


Md, ~ MO, = Mu,? + Mu + (Mus + Niy + Du? 


where D = ML — N° ‘is the determinant of ®,. Thus in order that M3, should 
represent all multiples of M, D must not exceed the smallest mult=ple of M 
not représented by 

far (Ua, Uo, Us) = Mu? + Mu? + U7. 


If M=1, fi = um? 4 u? + U? Y and hence DS. 
If M = 2, fo = 2u,? + 2u? + Uz? ~ 28 and therefore D-=2:. 
If M=8, f, = 8u,? + 3u + U? 18 and therefore DS IE. 


Thus, in case a= 1, there is no universal form ® of determin=-nt > 28 


2.2. Next, let a2. In order that ®, should be universal 2, shoul 
represent all even integers. But in view of (2.02) and (2..04),, 


QD, ~ Wh, = 2z,2 + (Rza + tza + 824)? + Ws (Zs, 24) 
where | 
Ys (Za, 24) = (ab — t) 23" + 2 (ar — st) 23% +. (ac — s?) 242. 


Since 22? + Z° 10, the minimum M of W3(23, 24) is S10. Als, 


pa ~ Wy = Mug? + 2N ug, + Lu? 
OD, ~ 2G, = Qu? + (Ruo + tus + S14)? + We (Us, Us) 
and | 
IME, ~ 2MH, = 2Mu,? + M (Rus + tius + Sua)? 2 
+ (Mus + Nu)? + (ML — N?) us". 


. In order that #, E be universal 2M ®, should represent all maltiples oł 
2M. ` Hence ML — N? does me exceed the smallest multiple o 2M aot repre 
e sented by. 
far (tas U2, Us) = 2Mu,? + MU} + U3. 
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Since by a well known theorem on determinants the determinant D of ®, is’ 
equal to 4(ML — N+), we have the following results TOLE we state in a 
schematic form: 


~ 


M = fy == 2Mu? + MU2LUZA2Mk ML—N?< oMh 


D< 

a Ua H U + U sé 14 ss 14 = ie 
2 dun? -+ 2U2+ Ue 56 < 56 < 28 
3 6u,- 3072+ U 30 < 30 < 15 
4 8u? + 4U,2+0,2% 56 < 56 < 28 
5 10w? + 52+ 07,254 50 < 50 < 25 
6 12,2 -+ 6U + U: 54120 © 120 < 60 
y 14u? + 7U} +U, 98 < 98 < 48 

8 16u,2-+ 8U,- U24 < 224 Zi- 
9  . {8m2-+ 9U- U: 126 S126 <63 
10 20u,27 + 100: + U2 200 < 200 < 100 


Thus in every case the determinant D does not exceed 112. 


2.3. We have just seen that there is but a finite number of classes of 
classic universal positive quaternary quadratic forms. We inquire next whether 
the same would be true of forms which, although not universal, do nevertheless 
represent all even integers. We show that | 


THEOREM 2.3. The determinants of classic positive quaternary quadratic 
forms which represent all even integers, do not exceed a fized upper bound Ba. 


Let $, (x) in (2.01) represent all even integers. Let a1, be the minimum 
of $.. Then a | Ea | 
(2. 31) Qa, <= 2. 
Next | 

AyD, = By = 2,7 + bs (22; Z3» Z4) 

where œ is given by (2:02). Let a be the minimum of ps. Then, it is easily 
seen that 
(2. 82) SS Bhan) 
where 8(a::) may be taken as the least multiple of Qa, which is not a square. 
Proceeding further we see that | | 


Aly, Py = BU? ao Un” -+ We (Us, us) 
where Y, is given by (2.12). Let M be the minimum of ¥,. Then 
(2. 33) 7 E M S A(au,a) 
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where A(a,:,@) may be taken as the least multiple of 2a:,a which is rot repre- 
sented by aw,’ F ua. Next - 


Maa,,®, = Mau? + Mu? + U + (ML — N*)u,? 


`. where ` 

è (2.341) ML — N? =a; D, D= |a;)l, 
and E 
(2. 342) © DS ML—N? = B(M, a 0n) SB 


® where B(M, a, an) may be taken as a multiple of 2M -a'an which is not 


represerted by 
(2.34) . Maw? + Mu? + U”. 


We are now ready to prove that B, in (2.342) is an absolute coxstant. 
One may easily verify that @(1) —2 and 8(2)—8. Examining the 
‘form au? + uy? we get the following values for A(a,@) in (R. 88): 


tai i 1 2 2 2 2 2 2 g 2 
a 1 2 1 2 3 4. 5 6 r 
A{di1,4) 6 20 12 40 24 48 40 48 ££ 160 


To extract the best value of B, out of the above inequalities ons should 
determine the best value of B(M, a, a) for each set of values Jf, Qi Oar 
permitted by this table.” Although this presents no difficulty, the computation 
is somewhat lengthy and we shall therefore merely prove the existence of such 
an upper bound. To do this it suffices, in view of the above discussion to show 
that in every case the ternary form in (2. 34) will fail to represent a multiple 
of 2Mfaa,. This last follows at once from a result due to Hasse.’ 


3. The canonical form (€,). We shall find the following normalization 
useful in the subsequent discussion. 


THEOREM 3. Every properly primitive classic quaternary quadratic form 
‘with integral coeficients and invariants * oy is equivalent to a canonical form 


(3. 01) f= Bajrit; = T'AT 
of determinant | A | = | aij | whose leading principal minors are 
` 
PA Qi1 Qiz Ay3| - 
11 Are 
yy == A, some 0,Aa, G1 azz Aes | = 01702A, 
A21 Gee 
fisy a32 @az 








‘e  § Hasse (6a), § 11. l , 
4 Aftar Minkowski and Smith. We employ the notation of Minkowski. 


t 
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where 
(Cp) Ap or $Ay is an odd prime not dividing | aij | AxAt 
(4; k, l) — (1, R, 3), (2, 1, 3), (3, 1,2). 


Since our form is properly primitive we may assume at once that ay is 
an odd prime not dividing | as; |. Write 0120244; for the algebraic complement 
of aij in | ag; |. Then F = 3A,;X,X; is the reciprocal 5 of f. In view of the 
choice of a, the ternary section F (0, X2, Xs, £4) of F is a primitive ternary 
form of invariants ê 


(3. 03) Q == Os and A= Ool43. 


This ternary, however, is equivalent to a form whose third’ coeffeient A44 

= Á) and the leading coefficient (— A.) of whose reciprocal are distinct 
odd primes not dividing 0,020,341 OF doubles of such primes.” Replacement 
of the ternary section by this canonical form does not disturb ê the choice of dı. 


4, The associates of a givén quadratic form. In this section we assume 
that our quadratic form (2.01) is a canonical form (Cp). Multiplying 
through by ai, = A, we obtain l 








- "4 
(4. 01) Af =X? + 0, ~ Xij P LiTj, 
4,9=2 
where ; 
a a i 
(4. 02) 02; P = o a Goo) = Ao, Xi = Ait; F aizto + Mista F 140g. 
i1 Qij . 
Next | 
(4. 03) Á a4f = A. Xe +- Ox (X? -= t1102 NAE x25), 


4,j=3 


where, in view of a determinant theorem of Sylvester, 


= 1 
0,7 


Goo (1) Xaj (1) 
tian) agg 


Oy oo!) Oilz; (1) 
Oti oray ™ 


(4. 04) 











4110170204; l 2 
=r |l lee ly pg mm Oates 


(4. 05) Ogg '?) = As and Aa = hoo ao + Gog at, -{- Gea (1) a. 
Finally 


5 Cf. Dickson (3). 

8 Minkowski (10), Ch. XVIII. 

7 Ross (16). The precise statement of the theorem referred to implies that if 
2, A are odd A, and A, may be taken as odd primes. 

8 Cf. Dickson (3)., . 
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} 


AG 06) AAA = AA X: + Orde! + 03024124” + 0102034, A2X 4’, 
since 











(4. 07) sah nan = 1 ee) 01 7°0<0g4 '?) 
Mas?) Qas (01702)? | 01702045") 05702044"? 
Oiza | A i Ae20;* Oe 203 
, T nto? = 0,402 oe 
Here 
(4. 08)’ X; = aa Ea +. Aga P Za, Xa = Ta. 


We now introduce the form 
(4.09) G(X, Xo, Xo, Xa) = A3428? + 0,43 X2 + 010241X 3 + 010203A AX 4 
in mig o variables X 13 A2, Ays X. We shall call G the associate of f. 


4.1. The form Gi is of interest by virtue of the following: 


THEOREM 4.1, Let f be a properly primitwe quaternary quadratic form. 
Employ y the notation of Theorem 3 and assume that f is in the canonical form 
of type (Cp). ‘Then if f represents an integer m its associate G in (4.09) 
represents A,A,Aym. Conversely, if the form G represents A,A,A,m and 
(4.14) and (4.16) hold, then the original form f represents m. 


The first part of the theorem is trivial, for if Tı, £2, £a, Z4 are integers, 
then by (4.02), (4.05), and (4. 08), so also are X1, X2, Xs, X4 and A,A,Asm 
is represented by G in view of (4. 06). 

Now let G(X, Xo, Xo, X4) == AiAsAsm. We seek integers 21, ta, Xs, Se 
such that f (21, G2, Ta, 24) =m. We take z4 = Xa. By (4.09), 


(4. 11) A,A,A3m == Á AX - = 0,AgX 9” + 0,0,A-X 5" -} 0102034 1Å224?, 


and hence i 
0:02A 1X3" ote 0:0203A,A 0%, == 0 (mod As) . 
But, by (4.07), | 


(4.12) 03A: = — [g P F = — s (mod 4A), 
whence 
0102:41 (X3 — $T?) = 0 (mod 43). 

If | 
(4. 14) (0,024,,A3) = 1, 
then 


(ï, ~~ Sta) (X3 + ) sA — 8t = 0 (mod As), 
since A, is either an odd prime or double such a prime, we have 


Ag Sf, or — X; = sz, (mod Ay), 
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whence, replacing s by its value in (4.12), we get E à 
+ £; = Aata -F Mg) 2, 
with integral Ta. Substituting the resulting value of X,7 into (4.11) we get. 


(4. 15) A3zA.Aym —— Asd" -+ oA X; - @ 
af 0:0,A,| (Ages + ge") A a + 0,Aov," |. 


Replacing 03;A2 by its value in (4.07), squaring the expression in the paren- 
thesis, combining the similar terms, and dividing both members of (4.15) °* 
by the factor As common to all terms, we get 


(4. 151) AsAim === AgX i? -= 0X,” -4- 0102A; ( È gohi) 
This equality, in turn, implies that 


‘4 
0,X 2" -}- 010241 ( X % 3 a52;) = 0 (mod Aa). 
: - 4,9=3 
But, by (4. 04), E 
© Ogha P = — dg H doj (4) (mod Az) ? 
and hence ey 


OÅ: $ agl? A mm niia ae T 2a34 P Vee + aa 4?) 


459=3 
E= — | (Gog) ) 2x5? 4. 2ang Y tog teary + (cog?) 2047] 


| (mod Az) 
= — (a ay + agg) T4)? (mod A2). 
Thus, (4.151) becomes 


0| Xo? — (Gos V£ + Ong T t,)?] = 0 (mod 42). 
lf . 
' (4.16) l (01, As) =I, 
then . 
(X: ~~ Aag ar, Aoa PTa) (X: ++ Ges (1) Ta + og L4) 
i = Xa (G23) Ta + ge 24)? == 0 (mod As), 





and since A, is a prime or a double of a prime, we have 
Xo = Ante + Gog) Ta F Gera, or — Xa = Apt, + Ao Tg + tog arg, 


` where v, is an EA Substituting the resulting value of X4? into (4. wae ; 
we get 
(4. 17) A:Aım = V-29. C +- 0:( Ants -+- Qaa arg -}- Go a4)? 


+ 010241 ( $ qij O Tit). 
3 f=3 : 


Replacing 4102% 2 by their values in (4. 04), squaring the expression in the 
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parenthesis, combining similar terms, and dividing both members of (4.17) 
by the factor A. common to all terms, we get 


4 
i (4. 171) , Am = AS -+ Oi > OPERE EFA 
: 4J=2 
Again, the last equality implies that 
4 
(4. 172) at “+ 01 >, Qij Pagar; = 0 (mod A). 
f i, j=2 
But, by (4. 02), oraj) = — dut; (mod A,) and hence 
4 4 
01 > Qij Vaya; —— >> 0318, jL jj — CEZ 4- Biss + Q144) a (mod d) ; 
4sj=2 4,922 


Thus, (4.172) becomes 


(My — liatz — Arata — Graz) (X1 -+ arata ++ Miata + 14T) 
. = XY? ae (Ai2%o ++ arats +- A404 ) 2 == 0) (mod Ay). 


Since A, is a prime, we have 
X, or — Xy = Åt + lit -F aista -F Qi4Ta 


for an integer vı. Substituting the resulting value of X,? into (4.171), we get 


` 
(4. 173) A ym = (Artı mie BysLo -~ lista = 4424) 5 -r Ox 5 Qij P LiLje 

4,j=2 l 
Replacing o,0;;) by their values in (4.02), squaring the expression in the 
parenthesis, combining similar terms and dividing both members of (4. 178) 
by the factor A, common to all terms, we get 


4 
m = > Qi jet; 
4,9>1 


with integral tı © +, Thus m is represented by f. 


FORMS OF ODD DETERMINANTS. 


5. A set of sufficient conditions.in terms of generic characters. We 
shall now restrict ourselves to the study of properly primitive forms (2. 01} of 
odd determinants. We shall assume that such a form f is already in a canonical 
form of type (Cp). ‘Then, since in this case Ax, 01, 02,03 are all odd, the con- 
ditions (4.14) and (4.16) of Theorem 4.1 hold in view of the choice of 
A;,A2,A3. Thus if the associate G of f represents the multiple A,A2A,m of m 
then f represents m. Consequently should G represent all integers = K, and 
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therefore all multiples A,4.4gm = K of A,A2As then f would represent ali 
integers m= IK /A,A,A3. But the form G@ is of the type considered by 
Kloosterman (7). We may therefore apply to the form G Klcosterman’s 
conditions 1°-5° assuring representation. of all large integers.’ 

We note that A, is an odd prime. The same may be assumed in this case 
of A. and As; by the proof of Theorem 3.0. Our choice of A,, As, As implies 
that 4° and 5° hold. Condition 3° becomes 


(5.1) 0,=1 

and, if we write w for an odd prime factor of 02, condition 2° becomes 

(5.21) (A2lo2)==(—1]o2) or (A2|w2)==(—0g| 02), or both, if w2?f 02 and ws 
(5.22) (A2|o2)-=(—1fo.), if either (1) w2” |02 or (2) w2] 03; 

(5.23) (—- 04| As )=1, (— 04, Ajiji (— A,|Ai)== 1. 


The condition (5.23) is satisfied by all forms, for, by virtue of (4. 07), 
(4.02) and (4.04), we have 


— 034, = (aa P)? (mod A; ); — Ay = hp” (mod A), 
: — 0oA,A; = (aa) (mod As). 





The condition (5.1) restricts the value of the first invariant o, of f. 
Next, in view of the choice of A, and the definition of the generic characters 
of f, it is clear that the relations (5.21) and (5.22) are in fact conditions 
upon the generic characters of f with respect to the odd prime factors of 02. 

The condition (5.21) may be modified by virtue of the following con- 
siderations. If (0|w2) ==:— 1, then (—1|o.) and (— 0,|w2). have opposite 
signs and (Ag|#:) must be equal to one or to the other, and hence at least one 
(and, of course, only one) of the relations in (5.21) holds true. If, however, 
(03,2) = 1, then (—1[w:) = (—o0,[o2) and the two relations in (5. 21) 
coincide and, therefore, either both hold true or both fail according as 


(dalo) = (— ilo) or (Az|o:) =— (— i|o:). Thus (5.21) may be 
replaced by 
(5. a4) (A, we) = (—~- 1[w,) if we? Oo, wa T 03; (03 ws) ae a. 








The part *° (pa, pa, poy pa) = (0,0, 0,0) of the condition 1° is in fact the 
necessary and sufficient condition in order that a form (1.1) with odd coeffi- 
cients a, b, c, d should fail to represent zero properly modulo 8. In view of 
the choice of Ai, A», As and the formulae (4.02), (4.05), (4.08), the form f 


e (7), Section 4. 6, p. 453. 
10 Kloosterman (7), p. 453. 


P ON A PROBLEM OF RAMANUJAN. 39 
Cadi 


in (3. 01) and its associate Gin (4.09) either both represent zero properly 
modulo 8 or both fail to do so. The above mentioned conditions 

(5. 25) T ET (mod 4) a+b+ c+ d= 4 (mod 8) 

as applied to G, yield conditions 

(5.26) .0-= 0; (mod 8), 034 = 1 (mod 4), TEF = ] (mod 4). 


For, (5. 251) becomes AA: = 0,Á; = 0102Áı = 010203A1A2 (mod 4), and 
` hence A: = 01, As = 0241, 1 = 034» (mod 4). The first and the third of these 
last congruences imply 0, = 0; (mod 4). Moreover, (5.252) becomes 


As(d2 + 0,) + 019241(1 + 0342) = 4 (mod 8). 


Since i + 0 = 20,=2 and 1 + 04: = 2 (mod 4), each of the two terms 
above is double an odd integer and the last congruence together with 
' As==024, {mod 4) implies As (A. + 01) = 0143 (1 + 0342) (mod 8): There- 
fore A, + c, = 01 + 0103-4; and 1 = 0,0; (mod 8). It is easily seen that con- 
ditions (5.26) imply that G satisfies (5.25). 

The conditions (5. 262) and (5.263) are equivalent to 


(5. 27) p — (— 1) 4 (08421) -2(0g4,Ast1) — — ]. 


Since the ternary form F (0, X», XX4) in Section 3, has invariants 2 = Oe 
and A = 0-A,, and since A, and Az are represented simultaneously ky this . ' 
ternary anc its reciprocal we have 7+ 


Y- (Az|0’s) (Aso »A,) = (— (jiton. „4 (02å1+1) 
Here 0; = 0,/0,’”, and 0,’ is the largest square dividing 0;. In view of (4.02), 


(Az Ax) — (— 01| Ax) — (— 1) (Ard /21. [or+t)/2] (A,| 0’), 





and therefore a | 
(A| 0’; s41) = (A> |02) (Ailo 1) (—, 1) 3(Ar-2)B(or#1) | 


Since (5.261), implies that (0 + 1)$(034: + 1) eae (4—1) 
== 4 (03 + 1). modulo 2, we have 
(5.28) (dalos) (Aol o's) (Aalo’s) = P (— 1)? = — (— 1) Row 


in view of (5.27). 

We see that conditions (5.26) are equivalent to (5.261) and (5. 28). 
In view of the choice of A,, A», As condition (5.28) is a restriction upon the 
generic characters of f. 


11 Smith, vol. 1, p. 470. 
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If (5.1) holds, then, in view of (5.261), (5.28) becomes. 
(5. 29) (A; | 0”3) (dal oa) = 1. 


Employing the notation of Minkowski,*® we may state our conchis in 
` the following form: 


. THEOREM 5. Lel ọ be a properly primitive quaternary form of odd de- 
terminant and the invariants 0,, 02, Os. Let w be an odd prime factor of 02. 
Let finally 
(5.1) 0 = 1, 


(5.31) (¢2]o2) = (— ilos) for w such that w:°{0203, (0s|w:) = 1, 
(5. 32) (2 | we) == (-— 1] 2) for @o such that wo” | 020s, 
(5.33) (palos) (¢2{0’2) == —1, if 0, = 1 (mod 8). 


Then the form p represents ali but a finite number of integers. 





The truth of this theorem follows at once from the fact that conditions 
(5.1), (5.31)-(5. 33) imply that (5.1), (5. 22)-(5. 24) but,not (5.26) hold 
for the associate G of a canonical form f of type (Cp) in the class of ¢ and 
hence G represents all but a finite number of integers. 


6. The necessity of conditions (5.1) and (5.32). We ask now if the 
conditions (5.1), (5.31), (5. 82), (5. 33) are necessary in order that ¢ should 
represent all integers with but a finite number of exceptions. We find at once 
that (5.1) and (5.32) are necessary. For, should there be an odd prime 
divisor œ, > 1 of 0,, @ would not represent integers m such that . 


(6. 1) (m, o) =1, © (mjo) =— (dia). 
(in view of (4.11)). Next, suppose that (5.32) should fail. Then (¢2| 2) 
== — (— 1|w:). First let wo?{oo. Then, in view of (4.11), with o: = 1, and 
the choice of Á», Ai, @ would not represent integers m such that 
(6. 2) M = wells, (Mi, w2) = Í. 

Next let w° fo», but w:ļ0:. Then by (4.11), with o, = 1, ¢ would not 
represent integers m such that 


(6. 3) M == 027%}, (mı, We) == i. (m |w) =n (psl 2) (p2| 2) (62) we), 


where 0 = w2. 
One sees without any difficulty that there are infinitely many integers of 
any one of the types (6.1), (6.2), and (6.3).. 
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7. The conditions (5.31) and (5.83). The condition (5.31) differs 
essentially “rom (5.1) and (5.32). Its failure does not directly imply that 
there is an infinity of integers not represented, but rather that if there 1s one 
integer not represented, then there is an infinity of such integers. More 
precisely : lat ¢, and therefore f, represent an integer œm where wz is an odd 
prime factcr of 02 such that 


(7. 1) we" 0202, (03 | w2) = 1 and (alw) = e (— ijoz). 
Then the condition (5.31), and hence (5.24), fails and we have 
(7.11) Alor) =—(—1fo.) and (Azo) = — (— 05] w2).. 


Since A,A.A,o.?m is represented by G we have, in view of (4.11) with 0, —1, 
AzA X? 4> Asx? == 0 (mod Ws), 


and, since (Aa, wz) = 1, 
Aki + Ao == 0) (mod w2) 


Therefore, by (7.11,) Xı = X, = 0 (mod oz). Replacing X, and Z by wX’ 
and w 2X’. respectively, in (4.11), and dividing every on of bota membere 
of this equality by we, we see that 


G,A,X 2” + 62034, AoA 4” == 0 (mod We), 
and, since (241, we) = 1, 
Aa” + OAA 4” = 0 (mod of 


But by (7.11.2), (—-esA42|2) ==—-1, and hence X; == X, = 0 (mod wz). 
Write X; = wX’, X4 = w.X’,. Then, dividing once more every term of both: 
members of (4.11) by wz, we get 


A,A,A3m = G (X71, X’, X” a Xs) . 


“Thus G represents 4,4,A,m, and hence f, and therefore ¢ represents m. T- 
follows, therefore, that if a form ¢ should not fulfil condition (5.31) ther 
if it does not represent an integer m it also does not represent wm and ir 
general 'w.**m for every integer x. This proves the above statement in italics. 
_ It is seen then that such a form œ etther represents all integers or there are 
infinitely many integers not represented by d. We shall speak of the set oŻ 
integers of the form w2*m as the tower wm or the tower generated by w: 
and m. ) 

In view of .the discussion preceding the statement of Theorem 5, the 
failure of condition (5. 33) implies that if f does not represent an even integer 


42 ARNOLD E. ROSS. i 


2m, then it does not represent the whole tower 27*4m, that is, it does not repre- 
sent an infinity of integers. 


8. Forms representing all large integers and not covered by Theorem 
ð. Such forms may be dividec into two types. Type Pı, for which (5. 31) 
does not hold, and type P} fer which (5. 31) holds true but (5.33) fails 
to hold. . 
Forms of type P, must represent all even integers. For, if such a form 
fails to represent an even integer 2m then it fails to represent the whole tower 
22*+1m. In view of Theorem 2. 3, the determinant of such a form does not 
exceed Ba. Thus, there is only a finite number of classes of forms of type Ps. 

Forms of type P, must represent all integers. For, if such a form fails 
to represent an integer -m then it fails to represent the whole tower wm. 
_ Therefore, by Theorem 2. 0, the determinant of such a form does not exceed 112. 

We shall determine all forms of type P:. The only odd determinants 
D<112 which permit such forms are given together with the desired in- 
variants 02, 03 ((02|2) = 1) by the following table. — 


D 9 63 25 £49 
(8. 01) i twe == Ov» 3 3 5 ri 
03 I 7 1 1 


Since every form ¢ under consideration which does not represent 1 also 
does not represent w”, we need consider only forms which represent 1. Such 
forms are equivalent to 


(8.02) gp = & + ax? + by? + ez + ryz + saz + tey = E + piz, y, 2). 


If @ is a form of one of the determinants given in the table (8.01) and 
if it possesses the indicated invariants 0s and os then a(z, y,z) is a properly 
primitive form with invariants Q = o0, and A= 0; and odd determinant 
07A == 0,70, = D. Since (7.1) holds, we have 


(8. 03) (fer) =— (~ 1o) 


for the generic character (a|w2) of ». For, if we choose a to be any integer 
prime to w: and properly represented by u then, in view of (8. 02), 


(d2|a2) = (a 
We may assume next that » in (8.02) is a reduced form and we need to con- 
sider all forms (8.02) in which x is a reduced form of the above mentioned 
invariants and genus satisfying (8.03). We list such forms in the following 
table. 7 





oa) = (ploa). 
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E (glo) (— iloz) 


, =ù% A a&b c r s 
9 3 i a133 00 0 1 sl 
25 3 iaag OP Or ee i 1 
49 ¥ 1p) 17 7 00 0 E ey 
p 2 4 7 0 0 —i 
6 3 Y 2) 1 3.21 00 0 i aot 
x 16 12 —3 0 0 
„D 33 7 00.0 
We write 
pO = Ppp (Ce Pome ele 


Each of the forms ¢,- - -,@ 7 satisfies the conditions (5.1), (5. 32), 
but not the condition (5.31). Hence each of these forms either represents 
all integers or fails to represent an infinite number of integers (Cf. 7).. One 
sees at once that 


(8. 1) $9 23, GAG, POAB, $l) AQ, 


and therefore these forms belong to the second category, i.e., they do not 
represent an infinity of integers. The form $ = E -+ 2° + 3y? + 82° as le 
well knowr,!? represents all integers. Consider next the form 


pP (E T, y, 2) = 2 + 2a? + 3y + 52? — ey. 


lts ternary section v= (6,2, y, 0) = ¿gL 2x7 +- 3y? — 2ry belongs to £ 
genus of one class *° of determinant 5. Its invariants are Q = 1, A = 5, anc 
its character is l 
(+|5) = (2[5) = — 1 = — (—Q]5) 


where © is the reciprocal of y. Therefore 1 integers not represented by y are. 
(8. 11) B (5n +1), B% (5n + 4). 


In order to prove that 4) represents all integers we need only prove 
that it represents all integers of the form (8.11). But these integers are 
represented by the ternary section ¢'® (£, x, 0,2) = &-+ 22 -+ 52? which 
represents all integers not of the form 1° 5+ (5n -+ 2), 57 (5n -+ 3) and 
hence all integers of the form (8.11). Thus ¢® represents all integers. 

Finally, consider the form | 


pit) = E 2a? + dy? F Ya” — Ray. 


1° Ramanujan (14), Dickson (4), pp. 111-113. 
13 Jones (6), Borissow (1). 

14 Ross (17), Lemmas 1-3, . 

15 Ramanujan (14), Dickson (4), pp. 111-113. 
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Since 2p = 26° + (2r — y)?” + Ty? + 142°, the form $) will represent all 
integers if . 
YH) = X24 O62 4 My? 4 142? 


will represent all even integers. The ternary section 


(8.12) X? p 2E + Vy? 
represents * all even integers = 0 or 1 (mod 3) which are not of the form 
(8. 18) Y1(14m +R);  R=10, 12, and 6. 


If an integer is ==0 or 1 (mod 3) and is of the form (8.13), we need 
concern ourselves only with those of type L = 7(14m + R). Since at least 
one of the integers 


L— 14:3? = 7[14(m— 1) + (R—4)] 
or j 
L— 14: 6? == 7[14(m— 5) + (R—2)] 


is not of the form (8.13) and neither one is ==2_ (mod 3), one of them is 

represented by (8.12), and hence L, and therefore 7*L, is represented by ‘8. 
| Finally, let an integer be of the form 3n -+ 2. If zs£0 (mod 3) then 
Bn + 2— 142? = 3n+2—2==0 (mod3). We may again assume that 
yrn +2. I£ (7, 8n +2) =1, then 3n + 2— 14 is not of the form (8. 13) 
and hence is represented by (8.12). If 7|3n + 2, then 


8n + 2==7(14m + M), M #0 (mod 7). 

In this case at least one of the integers 

7(14m -+ M) — 14 = 7[14m + (M —2)], 

(14m +- M) — 14- 2 — 7[14m + (M —8)], 
or 

¥(14m + M) — 14- 4 = 7[14(m — 2) + (M —4)] 
is not of the form (8.13). The only numbers for which the above differences 
are negative, are <= 560 and are easily seen to be represented by ¢'#. Thus 


& represents all integers. 
We may now supplement Theorem 5 b 


'HROREM 8. Except for firms given in Theorem 5, there is only a finite 
numberof classes of forms of odd determinants representing all large integers. 
These consist of a finite number of classes of forms of type P, and exactly 


16 Pall (12). 


S ON A PROBLEM OF RAMANUJAN. 45 


three classes of type Pı, viz., the three classes containing 6, 6°) and o™. 
The classes to which 6 and ¢@ belong may be completely described by 
their generc invariants, for they are the only classes in thew respective 
genera? This is not true of the class of 6“. 


9. Onz2 observes that A = 2+yp and p = E -+ yp (Cf. the 
table in 8) do not represent the same large integers even though tkey belong 
to the same genus. For, 4‘) represents all large integers, whereas ¢‘*) does 
not represert integers in the tower 3-7%°*. Similarly the forms ¢©), 6°, o™ 
do not represent the same large integers in view of (8.1). It appears that 
when a quaternary form f fails to represent zero properly modulo p* where 
œ = 2 and p is a prime, then the behavior of f for large integers depends not 
only upon zhe values of its generic invariants but also upon its accidental 
behavior for small values of the variables. For, should f fail to represent a 
small integer p’m, it would not represent the whole tower mp“. In our 
case when p = w then y= 0 and when p= 2 then v1. 

The failure of (5.31) or (5.33) implied that our form was not a zero 
form modulo w? or modulo 8 respectively. 


St. LOUIS UNIVERSITY. 
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THE COMPLETION OF A PROBLEM OF KLOOSTERMAN.* 


- By Gorpon PALL. 


1. Introduction. The Euler-Lagrange proof of the theorem that ‘every 
positive integer is a sum of four squares employed the fact that the form 
T? + Y? -+ 2° -+ ¢? is multiplicative. Hence Liouville [1] + examined the multi- 
plicative forms «x? -+ ay? + bz? + abt?, and found the positive integers a, b, 
for which , these forms represent all positive integers. Ramanujan [2] 
examined in similar fashion the forms | 


(1) f = (a, b, c, d) = ax? + by? + cx? + dé?, 


where a, b, ©, d are positive integers, and a S b cd. He found that there 
are 54 such forms which represent all positive integers; actually he had 55, 
and Dickson later pointed out his error [3]. More recently, Halmos found 
the 88 such forms which represent all positive integers with one exception [4]. 

Ramanujan, in the spirit of the analytic number theory whick was then 
becoming popular, proposed and partly solved the more interesting problem 
of determining all forms (1) which represent all but a finite number of posi- 
-tive integers. Kloosterman [5] later solved this problem of Ramarujan, save 
that he was unable to decide whether the four forms _ 


> (2). (1, 2,12, 38), (4, 2,17; 34), (1,2,19,22), (4,2, 19, 38) 


represent all positive integers. In 11-18 we shall complete the problem by 
showing that these four forms do in fact represent all large integers. The 
technique used for this purpose is based on the fact that quadratic forms in 
the same genus have rational transformations into one another, which can be 
employed in particular cases to investigate the numbers represented integrally 
by the ind:vidual forms. Earlier similar attempts by the writer (6) failed 
because he did not then realize that Kloosterman’s asymptotic formula could 
be adapted to settle the problem for numbers involving a limited power of 2 
‘so that it is only necessary to consider, say, multiples of 4. 

However, the most interesting feature of this paper consists in the elegant 
formulation of the conditions for a form to represent all large integers. Thie 


* Received July 17, 1945. 
1 Numbers in square brackets refer to the borana at the end of the paper. 
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formulation we owe largely to reading a manuscript of Arnold E. Ross, ,in 
which he considers the extension of Kloostérman’s results to non-diagonal 
forms. Also, whereas much earlier work on quadratic forms is complicated 
by many cases involving the numerous invariants of the forms, we obtain our 
results here directly and simply by appealing to the arithmetical properties 
of the forms themselves. Although our Theorems 1, 2, and 4 are true, precisely 
as stated, for non-diagonal forms as well, this will not be proved here. 


2. The pertinent properties of f. If f is to represent all large integers, 
then evidently the congruence f==n” (mod k) must be solvable in integers 
T, Y, Z, t, for every pair of integers n and k, k ia 0. If pis any prime we shall 
say that f is p-adically universal, when 


(3) az? + by? + cz? + dt? =n (mod p”), 


is solvable in integers x, y, z, and t, for every n and r, r = 0. “ Hence a necessary 
condition for f to represent all large integers is that f be p- adically universal - 
for every p. 

We shall later (Lemma 1) give precise criteria for such universality, as 
also (Lemma 2) for p-adic representation of zero. 

We shall say that f fails to represent zero p-adically, if 


(4) ac? + by? + ez’ + dP &=0 (mod p°) 


implies, for some r, that z= y = z= { = 0 (mod p). If, however, (4) is 
solvable for every positive integer r in integers z, y, z, t not all divisible by p, 
we say that f represents zero p-adically. The connection with our problem is 
this. If f fails to represent zero p-adically for some p, suppose for a certain s, 
that f= 0 (mod p°) implies q == y == z == t == 0 (mod p). Then the number 
of representations of p%***n is the same as that of p°n in f, for every positive 
integer k. Hence if f does not represent one integer of the form p'n, f does 
not represent infinitely many integers. And in any case the number of repre- 
sentations of the large number p**** is bounded, so-that, in the asymptotic 
formula soon to be encountered, x(p, p****) is near zero when & is large. l 


3. The principal theorems. Kloosterman’s results are expressed in 
rather complicated fashion in terms of conditions on the coefficients of f. 
Interpreting his results by means of the notions of 2, and using Lemmas 1 
and 2, we get the following two theorems. 


THEOREM 1. If (a) f ts p-adically unwersal for every p, and (b) f repre- 
sents zero p-adically for every p, then f represents all sufficiently large integers. 
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It will be observed that (a) is a REESeTY, and (b).is not a necessary 
condi oe. ý 


THEOREM 2. Of the forms f which are p-adically unwersal for every p, 
` there are only a finite number of. forms which fail to represent zero p-adically 
for some prime pı, and yet represent all large integers. 


We shall in fact prove 


THEOREM 3. There are precisely .199 forms which fail to represent zero 
p-adically for some pı, and yet represent all large integers. They are as 
follows, the first two having pı = 3 and 5, the others pı = 2: 


(A) (1,1, 3,3); 
(B) | (1,2, 5, 10); 
, (C) (1,1,5,5), and (1,1, 1,4). (t= 1,9, 17, 28) ; 
O (D) (1,4,5,5), (1, 1,8, 20), (1,1,4 t), (1,1, 1,44); 
(E) (1,1,10,10), (2,2,5,5), (17,2, 24), (1,17, 2, 28), and (1, 25, 2,2r), 
r= 1,9; s= 1,9,17); 
(F) (1,1,10,40), (5,5,2,8), (1,r;2,8t), (1,7,8,2¢), (1,14, 2, 8s), 
‘4, 17, 8,28), (1, 25,2, 8r), (1, 25, 8, 2r); 
(G) (1,4,10,10), (22,5,20), (1,47,2,24), (4,72, 24), (1; 68, 2, 28), 
(4,1, 2,28), (1,100, 2, 2r), (4, 25, 2, 2r) ; 
(H) (1,4,10,40), (2,8,5,20), (1,4r,2,84), (1,47,8,2¢), (4,7, 2, 82), 
(4,7, B, 2¢), (1, 68, 2,88), (1,68, 8,28), (4,17, 2,88), (4,17, 8, 28), 
‘1, 100, 2, 8r), (1,100, 8, 2r), (4,25, 2, 8r), (4,25, 8, 2r) ; 


(I) (1,u,2, 2v), u, v = 3,11, and 19; 
(J) (1, 4u, 2,20), (4, u, 2, 2v) ; 
(K) (1, u, 2,80), (1,4, 8, 2v) 5 


(L) (1, 4u, 2, 8v), (1, 4u, 8,20), (4, u, 2, 8v), (4, u, 8, 2v). 


. Furthermore, we shall give in 4 a surprisingly easy proof of a theorem 
of which Theorem 1 is obviously a corollary: 


THEOREM 4. Let n denote any integer such that f==n(modk) is 
solvable for every modulus k. For each prime p such that f fails to represent: 
zero p-adicaly, impose an upper bound to the power of pinn. ‘Then f repre- 
sents every sufficiently large n (> 0) thus restricted. 


4 
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3a. Modification of the asymptotic formula. Kloosterman’s formula [7] 
for the number of representations f(n) ot n by f is 


(5) Fn) — gyes (m) + O(a), 


To prove that f(n) > 0 for n large, it suffices to show that 


(6) + §(n) > K/log log n, 


where K is a positive constant depending only on f and the positive number e. 
Kloosterman expresses S(n) as a product over all primes p, namely 


(7) S(n) = Ii x(p), 
(8) x(p) = x(p,m) =1 + A(p) + Alp’) +`: >, 
(9) p¥A(pr) = 2 >  CXPl2rih (as? + by? + c? + d? — n) /p"], 


where z, y, 2, t range over all residues mod p”, and h over all such residues 
prime to p. To put x(p) into a more significant form, note that if r = 1, 
the right member of (9) is 

exp[2rih (az? + by? + c2? + dt? —n)/p7] 


hgg t mod pt 


a p* = exp [rih (ax? +. by? + eg + dt? — n)/pr*] 


ys Bsr t mod prt i 


2 prf (n, pr) wanes prf (n, gr), 


where f(n, k) denotes the number of solutions of 


(10) f (2, y, z, t) =n (mod kE). 
Hence l 
(11) ROS Ma p 


where it should be observed that if pê is the precise power of p in the determi- 
nant of f, pf (n, p") is independent of r if r =ê- 3 [8]. This interesting 
form of expression for x(p) will be found in a paper by Tartakowsky [9], 
and in the work of Siegel. 

We note that it is easy to prove by (11) that 


4 
(12) | if pf2abed, yx(p) = (L—ap”) 2 aip i, 
ZF 


where «e = (abcd|p), n = pna, m, prime to p. 


t 
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A sketch of Kloosterman’s application of (5) is now in order, He proves 
easily that the product of the x(p) over all primes save the finite number 
dividing 2abcd, exceeds K/log logn [10]. He then narrows the problem to 
forms whose coefficients satisfy certain conditions. Comparison with our 
Lemma 1 will show that these are the conditions for f to be universal for 
every p. Next, confining himself to such forms, he shows that for primes 
of a special kind, which by our Lemma 2 we now recognize as those for which 
f fails to represent zero p-adically, x(p) is so near zero when n is divisible by 
a high power of p that (6) will not hold. This is to be Rune from the 
last observation of 2. 


4, Proof of Theorem 4. We shall formulate the proof so‘a3 to apply 
to any m-azy quadratic form f for which a formula like (5) holds; x(p) is 
then lim prf (n, pt). Except possibly when p= 2 (see below) any f can 
be expressed modulo p” as a sum of terms p*'a,x;", say 


(13) f = paz? + 5 te +- pA Lm”, 
OS @ SG S'S Om, Q,° * *Qm prime to P. 


To prove the theorem it is evidently sufficient to show that x(p) is bounded 
away from zero for all large n, for each prime p dividing the determinant 
of we and for the prime p= 2. 


Case 1. Suppose n to be such that f==n (mod p%**) is solvable with 
some 2; prime to p. We shall prove that-y(p) = p" (445), For, proceed- 
ing by induction, suppose r = &m + 3 and that f =n (mod p") is solvable 
with, say, 2; prime to p. The residues 2, Ze, Z4’ - `, 2m (mod p”) expand 
into p™ sets of residues mod p"*!. For each of these we can choose h so that 
if as is replaced by x, + pth if p > 2, or by ta + 27h if p= 2, then 
fs=n (moc pt) [11]. By repetitions of this process we see that f=n 
(mod p") has at least p9 i-as) golutions, if r2=am-+é. Hence 
x(p) I rn (one, 


Case 2. Let the power p” of p in n be bounded. | Then if fe (mod p") 
has p’ dividing every z; but not p”, then 2p < v and the number of solutions 
of f==n (mod pr)i is p” times the number of solutions of f= n/p” (mod pr?) 
Hence by Case 1, 


f(t pf) 2 das aa eae a = ee eee 


Case 3. Finally, let f represent zero p- adically. The fact that a ‘is 
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- bounded away from zero follows from Case 2 if p%*8n. Let then p%*?|n 
Now, f= 0 (mod p***) is solvable with an s; prime to p. Hence f= n 
(mod p***) is similarly solvable, and Case 1 applies. 

Although not needed in this article the remaining case with p = 2 will 
be resolved. We then have f==2¢(j2,2 + £z: + jz) + terms in other 
variables (mod 27), and 3} = 0 or 1. Hence, if f= n (mod 2") is solvable wita 
(say) zı odd, and s=a-+1, we can replace z, by 2, + 25th and s, by 
Lo + 28%, and obtain f = n (mod 2%") if 297 + 2%(ha. + kzı) = 0 
(mod 28), where Q denotes an integer; i.e. with arbitrary A and unique k 
mod 2; thus again there are 2” times as many solutions of f =n (mod 287). 
as of f= n (mod 28), with any x; odd; and x(2) = 2-2) (a+1), 


This completes the proof of Theorem 4, hence of Theorem 1. 


5. The criteria for p-adic universality and representation of zero. 
For any prime p we can number the variables so that (13) holds, with m = 4. 
Detailed proofs of the following three lemmas will be found in a forthcoming 
book by the author. Since their verification is not difficult we leave it to the 
reader, noting merely that the easiest proof of Lemma 2 amounts to a direct 
application of the conditions cf Hasse [12] for p-adic representation of zero 
in rationals 2;. 


Lemma 1. If p> 2, fis p-adically unwersal if and only if 
(14) a, = & =Q; and either a, = 0 or (— aya |p) —1l ora—a@,—1. 


If p=2, the necessary and sufficient condition is: 


(15) a, = 0, a = 0 or 1, &a — &: = l or 1: 
(16) tf as = 0, then either %4 — &, S2 or c, = 1; 
(16) if a, = 1, then either a, — a; & 1 or c*, = 1. 


Here c*, denotes the unit 


- 


c*, Z (2 | dilo) as (2 | A1d3)* (— 1 )B(¢100+1) - §(a4ag+1) ; 


We may observe that c*, is the invariant ¥ of Smith [13], or the in- 
variant c> of Hasse, for the ternary form g = a121? + Radot” + 2%agr5”. It 
has the property that if c*, = 1, then g represents zero 2-adically, and f does 


likewise. 


} 
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LEMMA 2. If p>R and (14) holds, then f fails to represent zero 
p-adically, af and only ¢f . 


(17) a, =a, = 0, ag = a = 1, (— aa] p) = — 1 = (— ast | D . 


If p =? and (15) holds, then f fails to represent zero p-adically if and only 
if Q,82030,4==1 (mod 8) and any of the following cases (18)-(23) -olds: 


(18) Oy = Ua = Xa == Qa = 0, da == do. SS Qa EE a, (mod 4); 3 


(19) ' a, = 8 = 0, a ==a,==1, and 
either (i) &1== üa, a, = d4 (mod 8), tı = a (mod £ , 
or (ii) a == 5a2, a3 == 5a, (mod 8), a, == — a, (mod 4), 
or (tii) a; == 3a2, Q, = 8a, (mod 8); 








(20) Oy = Oy = Qg = 0, Gy = 2, A, = Qr E= lg HH (mod 4) ; 
(21) æ = %—0, ran B %4 = 3, and three cases as in (19); 


(22) a= 0, % =a,==1, a, = 2, and the three cases of (19) sith sub- 
scripts in the order 1423; 


(23) =O, & = 1, a, = 2, a, = 3, and the three cases of (19) vith sub- 
scripts in the order 1824. 


The least index s for which, in the cases of Lemma 2, f== 0 “mod p°) 


implies that all q; are divisible by p, is given as follows. 


LEMMA 3. When (17) holds, f==0 (mod p?) implies that p divetes every 


vi. If p==2 and d,Qetgd,==1 (mod 8), then f==0 (mod 2°) impees every 


vı even, as follows: when s = 3 in (18), when s = 4 in (19), when s = 5 in 
(20), when s =6 in (21)-(28). 


6. Tte forms which fail to represent zero p-adically for am odd p, 
and yet represent all large integers. By Lemma 3, if f does not resresent n 
it does not represent p**n. Hence such forms f must represent all integers. 


By (17), f has the form 


WT,” -F CT? -H p (a23? + i£), (— a,a2|p) =— 1 = (~ am| p), ` 


and we can suppose @; SS @e, a3 S da, p= 3. In order that f shall zepresent 
1 and 2, a= 1 and aa—1 or 2. If p=, f cannot represert 6. If 
p= 3, (—ma| p) = — 1 implies that as==1; then if f represents 3, 
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a = 1 and a,==1 (mod 3); if f represents 6, as = 1. There. remains form 
(A) of Theorem 3, which is known to represent all positive integers. If p= 5 
then a&z==2 in order that (—aa:|p) = — 1; as = 1 if f represents 5, and 
a, == 2 or 3 (mod 5) ; G4 = 2 if f represents 10. We thus obtain the form (B) ; 
‘which was overlooked by Klocsterman, and represents all positive integers. 


T. The forms satisfying (18) which represent all large integers. By 
Lemma 3 such forms must represent all even positive integers. Let 


f = (Gh, Ge, A3, Q4), Ai = Qo = Qg = a, (mod 4), ar’ > + a,e=1 (mod 8), 
i S43 <— as = < hg. . 
If a, > 1, or if a =1 and do = 5, then f 3&2. If a = & = 1 and a Z= 9, 
J36. If a, = d = 1, as = 5, a, Z 9, then f412. If a, = a: = a; = | 
and a, Z 33, then f 428. There remain forms (C), treated in 10. 


8. The forms of type (20). We need only cónsider the forms (C) 
with a coefficient multiplied by 4, thus getting the nine distinct forms (DY. 
By Lemma 3 it suffices to prove that these represent all multiples of 8. Since 
the forms (C) represent all large integers, their products by 4’ represent all 
large multiples of 4. Hence the forms (D) represent all large multiples of 4; 
but none of these forms can fail to represent a number 8n, since it would then 
not represent the large numbers 4*-8n. Hence the forms (D) represent all 
large integers: _ 


; 


9. Further cases in Lemma 2. Next, consider case (19), (i). We use 
? to indicate that no multiple of 4 less than 200 is not represented: 


(1,1, 2,24) 23 (1,1, 2, = 66) 456; (1,1,10,10) ? ; 
(1,1, 10, = 26) 424; (1,1, = 18, = 18) 5412; (1,9, 2, 24) ?; 
(159, 2, = 66) 4 56; (1,2 9, = 10, 210) 48; 

(1, 17,2, 2s) ? if s—1,9,17; (1,17, 2, = 50) 34 40; 

(1, 25,2,2r) ? if r=1,9; (1,25, 2, = 34) 20; 

(1, = 33,2, = 2) 428; (Z 3, Z 3, Z 2,26) 4; 

. (5, 5, 2,2) ? ; (25, > 5, 2,2) A 12. 


- There remain the 15 ionis (E), treated in 10-12. 

Case (21) (i) is got by multiplying one of’ the even iant in the 
preceding case by 4, yielding the 24 distinct forms (F). To represent all 
large numbers they need only represent all multiples of 16, and the fact that 
they do so follows, much as in 8, from their connection with (E). 
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- Cases (2) of (22) and (23) lead similarly to the 24 + 39 forms e and 
(H) , which represent all large numbers. 
Next, take the case of (19) (ii): 
(1,25,26,214)48; (23,2%,22,210) #4. 


2 == 


Hence no such form represents all large integers. The same conclusicn Zollows 
for cases (ii) of (21)-(23). l 

Lastly, consider cases (iii). By (19) we have: the nine forms <I) to be 
treated in 10-13; 


(1, u, 2,2 54) 40; (1,23, 2 6, Z 10) 48; 


Extending these to (21)-(23) we get the 72 forms (J), (K), and L). 


10. The method of ternary sections. To complete the proof cf Theorem 
3 we need only prove that the forms in (A), (B), (C), (Œ), (I) repzesent all 
large integers. ‘The investigation of such problems is usually made » depend 
on a knowledge of the numbers represented by a ternary section, ob ained by 
putting one of the variables equal to zero. We know the numbers reoresented. 
by a genus of ternary quadratic forms, and (with a few exceptions} t is only 
when a ternary form belongs to a genus of one class that we can tell precisely 
what numbers it represents. For example, the forms (1, 1, 3). (1,2, 5), 
(1,1,5), (1,1,1), (1,1,2), (1,2,2), (1,2,3), (1, 2,6), (needed in (A). 
(B), (C), (E), and (I)), are in genera of one class, and so are znown to 
represent a'l positive integers except those of the respective forms 3% p9q + 6), 
57*(25g +10 or 15), 4*(8¢+ 8), (8g +7), (16g +14), #8q + 7), 
4§(16q + 10), and 4*(8g + 5). The forms (1, 1,10), (2,2,5), (1.5,9), and 
(1, 2,18) (needed in (E)) are not in genera of one class. However, 1,1,10) 
represents 2n if (1,1,5) represents n; (1, 2,9) represents 2n if go —y? + 22” 
' — az + 5x? (in a genus of one. class, representing all =4 4*(8g -+ Ya) repre- 
sents n; (2, 2,5) represents 4n if (1,1,5) represents n; (1, 2,18) presents 
dn if go represents n. Only the forms in (2) and (1,2, 11,22) fal to suc- 
cumb, by means of these facts, to the following treatment which we illustrate 
by the form (1, 25, 2,18). 

The form (1, 25,2,18) must be shown to represent all multiples of 4. 
Now (1,2.18) represents all multiples of 4 except 4k (89 +7. Also, 
a% (89 4-7) — 4. 25 = 4% (8q — 18), and this is represented by “1,2, 18) 
unless g = 0, 1, or 2. aa (1, 25, 2,18) is verified as Perens 28, 
60, and 92. 
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11. The forms (1,2,11,22), (1,2,11,38), and (1,2,19,22). The 
form (1,2,11) represents 2n if gı == y? + 22? —-2xz-+-6z? represents ‘n. 
Now g, is in a genus of one class and represents all positive integers not of 
the form 4*(8q + 5). Hence (1,2,11) represents all evens =< 4” (16g Zt 10). 
Also, 4**(16g + 10) — 22 - 4* — 4*(64g + 18), which is represented by 
(1,2,11). Again, 4**(16¢ + 10) — 38- 4% = 4 (64g + 2), also represented 
by (1,2,11). Hence the forms (1,2,11,22) and (1,2, 11,38) represent 
all large multiples of 4; that shey represent all large numbers not divisible 
by 4 follows from Theorem 4. Similarly, (1,2,22) represents every 
| An 5% 42 (8g +5); hence (1,2, 22,19) represents every 4n. 


12. The form: (1,2,17,34). The form z? + 2y? + 172? represents 2n 
if go = y’ +- 2a? — rz +- 92? represents n. Now ge is not in a genus of one 
class, but is in a genus of two classes, the other class containing the form 
ho = 2? + y? + 172°. Together, gs and ka represent all positive integers 
=~ 4%(8q +7). However, the identity | 


(24) a? ty? 1%? = a 4 282)? —2(8e) (y + 2)/3 + 9L(y + 2)/8) 


shows that if n is represented in h with either y + z or æ -+ z divisible by 8, 
then n is represented also in gə» This can be arranged unless z? = y? sca 
(mod 8), whence n = 2 (mod 8), Thus: 


ge represents every 3s and 3s -+ 1 not of the form 4 (8q +7). 


Hence (1,2,17) represents every 6s and 6s+2 not of the form 
4*(16qg +14). In view of Theorem 4 we need consider only multiples of 4. 
If 6s or 6s + 2.== 4*1(16¢ + 14), then 6s — 34- 4 — 4*(64q +. 22) 
== 2 (mod 6), or 6s + 2 — 34-9 - 4* = 4*(64g — 250) == 2 (mod 6), and 
thus is represented in (1,2,17); except, in the last. case when c= 0 or 3, 
But (1, 2,17, 34) represents 56 and 248. 

Finally, there remains 6s + 4—4(3s,-+1), say. Subtracting 34 we get 
12s, -— 30, which has the form 4*(16q + 14) only if s, == 4s, + 1, whence 
4(3s,-+ 1) = 4° (38s + 1). We proceed by induction. If 4*%(3s,-+ 1) 
— 34-2742 or 4™1(12s, — 30) is of the excluded form, then sr == 4smı + 1; 
and so on. If 4**(12s,— 30) is negative, sa is 0, 1, or 2, and 4*(3s, + 1) is 
4h 4+ or 4h- 7, all of which are evidently represented by (1, 2, 17) if he1. 


18. The form (1,2,19,38). The form (1,2,19) represents 2n if 
ga = £? + 2y? + 2yz + 1027 represents n. Also, ga and he = 22° + 2y? -+ 72? 
-+ Qyz + 220+ 2ry constitute a genus, representing. all positive integers 
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~ 4*(8g + 5). This time, transformations of denominator 3, as in (24), 
do not suffice, and we use denominator 5. The transformations with. the 
matrices T'/5, where 


6 4—3 6 2 9 4 — 


2% 
T=—=|1 4 7l, {=o 26 t.. Ee 3 
Dent 2 { sl 1 23 


replace gs by hs. Hence if n = 22? -+ 2y? + 72? + Bye + 2e4- Lay in 
integers a, y, z, then gs also represents n if any of the following congruences 
holds: l 
t—y -+ 32z=0, c+ 23y —z=0, 2+ 2y — 220, 
 t—y— 22 = 0, 20 + y — z= 0, 207 -+ y— 2ze=0, (mod 5), 


- the last three being got by interchanging x and y. Introducing X =y + 2, 
-Y — z + x, Z = æ 4+- 4, we see that these conditions reduce to 


(25) 22 =F or Z, or 2Y =Z or X, or 22 = X or Y (mod 5). 


If n== 0, i, or 4 (mod 5), then hs == n implies X? + F? + 27? = 0, 1, or 4, 
whence (X, Y, Z) is a permutation of the following residues mod 5: (0,0, 0). 
(0,0) (005 2), (Oye Lee) (ae Dee Tore) ae ie ee) 
In all cases, (25) is seen to hold (e.g. 2-2=2—I1, 2-1==2). Hence: 


ga represents every 5s-+-0, 1, 4 not of the form 4*(8q + 5); 


and (1,2,19) represents every 10s + 0, 2, 8 not of the form 4*(16q + 10). 

If 10s = 4*1 (16g + 10), then 10s —- 38 - 4* — 4*(64g + 2) and is repre- 
sented by (1,2,19). I£ 10s +. 2 = 4*"(16q + 10), then according as k is odd 
or even, 103 +- 2 — 38 - 4* == 4* (64g + 2)= 0 (mod 10), or 10s + 2 — 38- 45"! 
= 4? (4q — 7) = 0 (mod 10); in the last case g cannot be 0 or 1. Similar 
results hold if 10s + 8 == 4*7(16g + 10) with & even or odd: 

Finally, we have 4(5s;+1) to ` consider. Now 4 (58, += 1) — 3E 
= 4*(16q + 10) only if sı = x 1 (mod 4) respectively. Then 4(5s, + 1) 
= 4°(5s2 1). We proceed by induction and have 4*(5s, +1) — 38. 4"> 
= 4-1 (20s, + 4— 38) of the form 4*(16¢ + 10) only if sa == 45... = 1; and 
so on. If 20s, + 4— 38 is negative, then sa is 0, 1, or 2; and we see thai 
(1, 2,19, 33) represents 4, 16, 24, 36, and 44. 
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AN EXTENSION OF A PROBLEM OF KLOOSTERMAN.* 


By ARNOLD E. Ross and GORDON PALL. 


1. Introduction. In the previous article [1], Kloosterman’s problem of 
determining all the positive quaternary forms az? -+ by? -+ cz? -+ dt? which 
represent a.l large integers was completely solved. Ross [2] has proved the 
following lemma, which makes it possible to extend the solution to cover the 
general positive integral quaternary form 3aijziz; in which the aii and 2aiy 
(i,j =1,--+,4) are integers, | 


Lemma i. The determinant of any positive integral quaternary quadratic 
form which represents all positive integers cannot exceed a certain constant Ra. 


We make use also of an extension, to a general positive m-ary form 
(m = 4) of Kloosterman’s asymptotic formula [3] for the number of repre- 
sentations of n. Such a formula has been given by W. Tartakowsky [4], who 
used the Hardy-Littlewood method. It is interesting to see (2) how easily 
this extension can be made directly from Kloosterman’s special case, by in- 
duction, making use of Ross’s'[5| technique of employing primes represented 
by a primitive form, and the fact that every primitive form in two or more 
variables represents infinitely many primes. 

References to the preceding article will be prefixed by P. The definitions . 
of the terms “f is universal for p,” and “f represents zero p-adically,” given. 
near P(3) and P(4) evidently extend to any integral forms f. Once the 
asymptotic formula (1) is established, Lemma 2 and the proot of Theorem P1 
yield 


Daoa 1. Let f be any positive integral m-ary quadratic form, m = 4. 
Let n be such that f (£u - `, £m) =n mod p" is solvable for every p and r. 
For each prime-p (if any) such that f fails to represent zero p-adically Impose 
an upper bound to the power of p which may divide n. Then f represents 
every such n sufficiently large. 


It should be observed that if m = 5, every f represents zero p-adically for 
every p|6. Hence we can conclude (as Tartakowsky did) that all forms in a 


t 


* Received July 17, 1945. 
+ Numbers in square brackets refer to the references at the end of the paper. 
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genus of positive quadratic forms in five or more variables represent the same 
sufficiently large numbers. It m = 4, f can fail to represent zero p-adically 
only for a few primes appearing in its determinant (the conditions [6] are 
easily applied and are given partly in our Lemma 4). 

It follows that if f is universal for every p, and represents zero p-adically 
for every p, then if m = 4, f represents every sufficiently large positive integer 
n.. In 4 we shall, using Lemma 1, obtain 


THEOREM 2. The number of integral positive quaternary quadratic forms 
which represent all large numbers, and yet fail to represent zero p-adically for 
some prime pı, is finite. In fact the determinant of any such form cannot 
exceed R, if pı > 2, 256R, tf pı == 2. 


Theorem 1 does not extend to m = 2, since binary classes in the same 
genus, which are neither properly nor improperly equivalent, do not represent 
the same primes 7. The theorem does not exténd without modification to 

== 3, as was shown by an example in 1939 [8]. The example consists of 
os forms : 


fot y + 1627, g = 22? + Ry? + 52? — Bez — 2yz, 


which are easily seen to represent equally often every positive integer not 
an odd square. If sis odd, a result of Jacobi’s [9] shows that 


) f(s") 9 (8) = (— 1) 4s, 
where f(n) denotes the number of representations of n byf. Also, 


F(s) + 9(s°) = 4y (p, a), 


where 


(p:a) = (P= —1)/(p—1) — (~ 1p) (2 — 1)/(p — 1), 


and the product ranges over the prime-power decomposition s == Hp*. From 
this it is easily seen that g(s?) — 0 if every prime p in s satisfies p == 1 mod 4. 
This example is especially interesting in that f and g are two forms in the 
same genus, and we are able to give exact simple formulas for the number of 
representations of any number in either form. 

However, the theorem is true when m = 3 for a large variety of forms [10]; 
and, if we may make a conjecture, it is probably true for squarefree numbers 
n and every ternary f. 


7 
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2. The asymptotic formula for the number of representations of n in f. 
€ 


THEOREM 3. Let m= 4., For any posttwe integral m-ary form 


f= Saijxie; where au and Rai; (4,7=1,---,m) are integers, the number 


- of representations f(n) of n by f is given by the formula 


memamg (7) 


TOS FOOTER, 


where A denotes the determinant | ai; | of f, 
(2) S(m)—= II x(p), xp) = x(a fm) = lim p -drf (n, p"), 
p=2,3,5,7,--. r->00 


and f(n,p") denotes the number of solutions Tı, ` > ` , %m mod p” of 
f= n mod p". 


Proof. We can write f= bim? +--+ ++ Bes€s-1? + dip (@e,° - aoe) 
where ¢ is primitive. ` Let A, denote the determinant, of ¢; then A = bı: 
bs-rd,”"**"A;. Suppose, then, that (1) is known to be true if s&s Sm. 
Kloosterman’s case is of course sı = m. Now let s==s,—1. Let qg denote 
an odd prime represented by $ and not dividing A. We can ee b= 5 35042}, 

4,j=8 
ss == Q. 


Case I: the as; all integers. By completing squares we have the identity . 


; | j l 
(3) Qf == qbyty? ++ + + fe gbe-r%e-1? + di (gas + Š 5503) 2+ diy, 
fast 


where y (Ts; °° Em) = > (QQij — Gisds;) Tixi We introduce two forms: 


j=8+i _ 
(4) fa == qbiy,” S minde = QOs-1Ya-1 > as dats” 4 dil (Yer Eor Ymi, 
and the form f: got from fı by changing the coefficient of ys? to q°dı. Now 
for every representation of qn in fı we have 
: m m 
Yo? == — Y (Ys * > Ym) = D Qisya * Beis = C È tasyi)? pas q). 
Hence: Ya = Wei; mod g holds only by choice of sign of ys if qfy., and 
always if g|ys. Accordingly, 


f(n) =N (n = f) =N (gn = qf) = N (gn = fi; Ya = Zasjy; mod q) 
= ${N (qn = fı) — N (qn = f2) } + N (qn = fa), that is, 


(5) . f(n) = 4f:(qn) + 3f2(gn).. 


` 
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If p £q, fı and f, are derived from qf by -transformations of determi- 
nants prime to p, whence f(n, p°) == f,(qn, p) == faf qn, pr). Hence 
(6) x(p fin) =x(P fu 9m) = x(p, fa gn), if pg. 
t p= q, we have (counting solutions of the congruences with care): 
f(n, g) = gf (an, °) = "ON (qn = fı mod g™**; Ys == Basjy; mod q) 
E N E S Agree moe a) ) 
+. qq N (qn = E mod grt), 


f 


whence ; 
(7) . Fin, g) = g™H af (qn, g) + fr felan, a) 3, 
(8) x(q fan) = 4x(4; fo gn) + 407X(@ fo gn). 


Hence as (1) holds for f and fz, we have by (5), 
f(n) = {T ($m) j rina inam H x(p) A+ OC (gn) arn), 
where . 
A = o(g*) agag, fas am) + EECa fa gn) = xla f, n), 
by (8). The induction is'thus complete for Case I. 
Case II: some coefficient 2a,; is odd. We now use the identity ’ 
Agf = 4qbyry? 4+ + + + dgbs-iEs-1" + dy (qE F Z2asjti)? + diy, 
where y == 3 (4qaij — 4@istaj ) Tit. Besides the two, forms 
(9) fe == gbi 4-° + + Aqbsayen® + GP diys® + diy (Yor, "7 ta Ym), 
' k= 1,2, 
we shall require the form fx obtained from fg by changing ya to 2y.,; the form 


fk” obtained from fy by expressing the condition that X2as;jy; is even (e. g. if 
asm is odd by replacing Ym in y by 2de,suYeu F’ ` + + 2Gs,m-1Ym—1 F Ym), 
and the form fx” obtained. by both the preceding operations. 

If 4gn is represented in fı, we now have only ys == (32as;y;)* mod q. 
Hence for any integer n, 


f (n)= N (4gn = 4gf) = N (4qn = fa; Ya = B2dejyj mod 2q) 
= $N (4qn = fi, Ya = Sasjy; mod 2) +- ZN (4qn = fo, Ys == B2a5jy; mod 2). 


Hence it is easily seen that 
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(10) f(n) = X {4fe(4an) — hfe (tgn) — Hfi (dan) + falam) h 
If p5&£q and p ae 2, we obviously hes 


f(n, p) = fi (4qn, p") = fi (4qn, p) => + = fe” (4qn, p°), 


whence x(p? is the same in all cases. Evidently also’ x(2) is the same for 
fi as for fe, for f,’ as for fx, for fi” as for fe”, for f” as for fẹ”; and x(q) 


is the same for all four forms fı, fr, fv’, fi”, and again for the forms 


fe, fz’, P's, fo”. Next, 


f(n, g) = at Aan, gt) = paN (fı = 4gn mod gazy y= Sassy mod q) 
= 9 ™{ fi (4gn, g) + ah (4gn, g) }; 

(i1). x(g fn) = 3x(q fo 49”) + 39°X(G fz 497). 

Also, f(n, 2°) == 4™N (4qf = 4qn mod 2) — 21?"N (f, = 4qn mod 2°**; 


Ys = 32a.,y; mod 2) = 2 "f,(4qn, 22) — N(fi == qn, ye even) 
— N (fı = Agn, 32asj;y; even) -+ 2N (fi = Aqn, ys and S2aejy; ever.) whence 


(12) x(2. f, n) — 3x (2, fis 4qn) aoe 4x (2, fr’, dgn) E 4x(2, h”, 4qn) 
| + Fx(2, f1” 4qn). 


Substituting j in (10) we obtain the aa formula for f(n) in this ¢ case also. 


8. Proof of Theorem 1. This proceeds exactly as in P 8. We have only 
to convert f into a convenient form-residue mod p”; cf. Lemma 2 [11]. 
Corresponding to P(12), with A in place of abcd, we can use known formulas 
[12] for f(n, p") in the cases where p{2A to prove that x(p) =1—p 
if pfn and m is even, x(p) = (1—p*") (1— p+) if pln and m is even, 
and x(p) =1—p*™ if m is odd. Hence the product of the x(p) for all 
odd primes not dividing A is easily seen to exceed K/log log n. The additional 
discussion for cases (14)-(17) will be found in P, 3. 


LEMMA 2. Every integral quaternary form f 1s equivalent mod p”, by a 
transformation of determinant prime to p, to a form of the type 


(18) prac, +--+ +--+ phita, mod p", 
OS a SS A S a1, Add, prime to p, 


if p> If p=2, f is equivalent mod 2° either to (13), or to.a form with 
one of the following residues mod 2°: 
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(14) RQ, ey? + Beata + 2% (27x47 -+- tata + 2424"), i! 
(15) QWrg say? + 22 (2jL + totg + Bjt) + aata, 

(16) afia? -4 Tits A 45707) + Bolet + Ruat, 

(17) 2% (90,7 + Tt + jz) + 29 (kr? + Tgr + kr). 


Here all a; are odd, j,k == 0 or 1. Also, in (14), 0S a, Sa, < Q3; in a 
0 S a, < a < as; in (16), OS 2 S a S a; and in (17), 0 S a: S & 


4. Proof of Theorem 2. We first extend Lemmas P1 and P2 as 
follows: 


Lemma 3. The conditions that f be universal for p are as stated in 
Lemma P1 if f has the residue (13). If p==2 and f has a residue (14) or 
(15), f ts not untversal for p. If p—=2 and f has a residue (16) er (17), 
f is unwersal for p if and only if, respectively: 


(18) a= 0, and either j = 0 or a, = 0 or a; = 1 Z «,— ; 
(19) Ai == (), and either j= Q- or Oe == 0 or Cs = 1. 


LEMMA 4. I f f rs untwersal for p, and f has œ residue (13), the condition 
that f fail to represent zero p-adically is given m Lemma P2. If (16) and 
(18), or (17) and (19), hold. then f jor to represent zero p-adically if and 
only if, respectively: 


(20) @—=0, J= 1, &, = 1, «= 1 or 3, and jais n: 
(21) a, = 0, j = 1, «= 1, k= 1. 
| Again, Lemma P3 extends to the cases cane under (13). Also, 
Lemma 5. 2°|f implies 2|all zi, if s = 3 + a4 in (20), if s = 2 in (21). 


If p > 2, or if p==2 and tke cases corresponding to (21) hold, then 
if f does not represent one number n, f will not represent p”*n, by Lemmas 5 
and P3. Hence if f represents all large, integers, det f= Ry. 

Let p = 2 and f be given by (13). (a) If P(18) holds and f represents 
all large integers it must represent every 2n, by Lemma P3. Now if f = 2n, 
Sv; is even. Hence the transformation 2, == Y1, fz = Yo, Ba = Ya, Va == Y1 + Ye 
-+ Ys + 2y. replaces f by 2g, where g is an integral form and g represents 
every n; by Lemma 1, det g S fi, det F © 4A. (b) Tf P(20) holds, f is 


” 
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obtainable (by changing z, to 2z,) from a form under case (a). Hence 
‘det f= 16F,. (c) If P(19) holds, and f represents all large integers, f repre- 


ba every 4n. In subcases (i) and (ii), f= 4n implies zı = yı + Yz 


== Yı — Yo, Ca = Yz, Ta = Yı + Yo + Ys + 2ya where the y: are Integers: 
ar f becomes 4g where g represents all n; hence det f & 16R,. In subcase 
(iii), Tı = Yi + Yo, T2 = h — Yo, Ta = Ys + Ys, La = Ys — Ys yields the same 
result. (d) As in case (b), forms coming under P(21)-(23) lead te 
detf = 64R,, 64k, 2568, respectively. j 
Next let p=? and f correspond to (20). with g% = 1. Then f must 
represent every án. It f = = 4n, Tı = 21, Ta = Wo, TE = Ya + Ya, La = Ys — Yay 
and we get det f £ 4R,. Finally, if a, = 3 instead, det f £ 162. 


? 
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By. Epwarp KASNER and JoHN De Croco. 


iemeta eA > ae 
N - S + 
a + 


l. Cartograms and scale curves. Let'(x,y) denote general curvilinear 
coordinates of a point on a surface > and cartesian coordinates on a plane H. 
This defines a point transformation T between the points of X and IL such ' 
that points correspond if they are represented by the same coordinates. We 
shall term any particular mapping of a surface $ upon a plane-II a cartogram. 
Thus. a cartogram depends not only on the surface 3 but also on the point 
transformation 7. It is said to be conformal or nop-conformal according as 
T is conformal or non-conformal. . 

Phe scale function o = ds/d8 is the ratio of the differentials of arc lengths 
` of the corr esponding curves on H and = respectively, under the transformation 
T. In general, o depends not only on the point (æ, y) but also on the slope 
- yf == dy/dx; that is, o—o(2#,y,y’). -It is independent of the direction if, . 
and only if. T is conformal. The scale ø is a mere, constant only in ‘the 

degenerate situation where X is developable and the mapping T is an nee 
~ of 3 upon H followed by a similitude in II. 

A scale curve is the locus of a point on 3 or-II along which the scale ¢ does 
not vary. Thus the totality of scale curves for any given cartogram, is defined . 
by o = const. For a non-conformal: cartogram, there are co? scale curves. For 
a conformal cartogram, there are oo* scale curves, except in the degenerate 
s:tuation mentioned above where every curve is a scale curve. 

_ Since we have already studied the simple-intinity of scale curves w con- 
formal maps, we shall assume in the present paper that the mapping is not 
‘conformal. Thus the’ slope y is explicitly ea in the scale function o. We 
shall study the geometry of systems of œ? scale curves in the plane II for 
non-conformal cartograms. l 


2. General summary. Upon solving the differential equation òf the 
second order defining the œ? scale curves for a given non-conformal cartogram 
for the second derivative y” = d’y/da*, it is found that y” is expressed as a 
rational function of y’ of the fifth degree with coefficients depending on six 


r 3 - Pa 


* Received July 3, 1945. Presented to the American Mathematical Society, February, 
1944. 
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functions of (x,y). These six functions are not arbitrary but satisfy a system 
of two vartial differential equations of the second order. (Theorem 3). 

In general, there are essentially œ? surfaces which possess the same family 
of co” curves as scale curves. 

At any point of the plane II, there are three inflectional directions and two 
cuspidal directions for the system of œ? scale curves. ‘(Theorem 1). ‘he 
éuspidal directions are always orthogonal and coincide with the characteristic 
directicns. | | : 

Tkrough a point.of the plane II there pass œt scale curves. Upon con- 
structing the oscilating circles to these scale curves at the point, the centers 
of curvature describe a general cubic curve (the central locus) which has a 
node at the fixed point, the tangent directions of the node coinciding with the 
characteristic directions. (Theorem 2).- Of course, this property is not com- 
pletely characteristic for systems of scale curves. : 

A system ‘of œ? scale curves is of the cubic (Lie-Liouville) a if, and 
only if, it 13 a velocity system. (Theorem 5). In that event, the cubical locus 
degenerates into a straight line (the other two straight lines becoming the 
tangent lines of the characteristic directions). If the scale curves form a 
natural family, then thé Enero curves form an isothermal net. 
(Theorems 7 and 8). 

We find a new class of surfaces $ for heh there exists a map of % upon 
TI such thar the scale curves coincide with the totality of «0° straight lines of I. 
Corresponding to a given scale o, there are œt straight scales all tangent to a 
conie secticn. As o varies, the resulting co conics form a confocal family. | 

There are essentially ,o® cartograms with straight lines as scales. The 
only such surfaces of constant gaussian curvdture are developable surfaces. 
Thus there exisls no non- -conformal map T of a sphere (or pseudo-sphere) x 
upon a plane TI such that the scale curves are all straight lines. (Taeorem 9). 
As a ecnsequence of this, it follows that the only map, conformal or nct, of a -` 
sphere upon a plane such that the scale curves are pictured by straight lines, 
is the Mercator projection, in oe case there is only a simple-infinitude of - 
straighs scales. 


8. The differential equation of the co? scale curves of a non-conformal, 

cartogram. Let (x,y) ‘denote general curvilinear coordinates of a point on 

a surface S'and cartesian See on a plane Tl. The square of the linear 
element dS of Zis 


3 
t 


(1) dS? —= E(2,y)da* + 2F (2, y) dedy + G(x, y) dy’, 
where 4? == HG — F > 0, and the square of the linear element ds of I is 
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ds? = dg? + dy?. This defines a point transformation T between the ‘points 
of 3 and I such that points correspond if they are represented by the same 
coordinates. Since we are working with non-conformal cartograms, it follows 
that the conditions F = 0 and # — G, can never hold simultaneously. 

“The gaussian curvature G of the surface % is given by - 


(2) 4H'G— E(G.?—2F.G, + EB,Gy) + (E, — 28.F, + BG) 
J- F(EzGy ——— hy Ge ar 2F LG, -+ 4F Fy a 2EyFy) 
— 2H? (By —2Fey + Gre). 


~- This will be found useful for our later work. 

The scale function o = ds/d8 is the ratio of the differentials of arc lengths | 
of the corresponding curves on IT and 3, respectively, ane the transformation 
T. It is defined by the formula 


ds \ 1+ yt 
a r- (4) -ar 
Thus o is a function of the lineal-element (z,y,y’). For a non-conformal 
cartogram, the slope y’ is explicitly present ‘in o since the conditions F=0 
and E == G do not hold simultaneously. 

The scale curves are defined by o= const.: There are always œ? scale 
curves in a non-conformal cartogram.. Upon eliminating the constant o from 
the equation (3) by differentiation, we discover that the differential equation 
of the œ? scale curves is | j S 


W y UES + yE + Bite) + *(2Ry + Ge) + Gy] 
ee ee) a T 
Not every system of œ? curves in the plane II can ‘represent the scales of a 


non-conformal cartogram,.since (4) is of special algebraic form in the first 
derivative. 


THEOREM 1. At a point, there are three infléctional directions and two 
cuspidal directions for the scale curves. The cuspidal directions are always 
orthogonal and coincide with the characteristic directions. 


. This may be deduced from the differential equation (4) of the œ? scale 
curves. By a theorem of Tissot, the characteristic directions are those of the 
unique orthogonal net defined by 


(5) Fy” + (E— @)y'—F =0, 


on I which by the non-conformal transformation T is converted into an or- 


thogonal net on 2. This is termed the characteristic net. 
} 
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, 4. The terminal ellipse. If, on the plane II, the scale function o is laid 


off along tre corresponding direction y’ at a fixed point (x,y), the end point 


will describe a locus, which is an ellipse. Let (X,Y) represent the cartesian 
, coordinates of a point on the ellipse relative to the fixed point (z, y), which is, 


of course, the center of the ellipse. Then .o? = X’ +- F’ and y == Y/X. By. 


(3), it is found that the equation of this terminal ellipse is 


(6) © BX? +2FXY + GY? =1. 


The directions of the major and minor axes of this terminal ellipse are 
given by (È) so that they coincide with the characteristic directions, The semi- 
major and semi- minor diameters of the terminal ellipse are solutions of the 
equation 


wo Hot — (B+ G) +1—0.. : 


For a fixed g, the receding equation defines a curve such shat at all 
points of tais curve the corresponding terminal ellipses are congruent. ‘This 
set of 2007 curves is termed the singular family of curves. 


It is noted that this singular family of 2%! curves can degenerate into 


only œ: curves if and only if, either, the mapping is conformal, or else the 


© functions F + G and H? = BG — F?, are functionally related. For example, 


under any area preserving map the singular family is # 4) G = = const. 


5. Characterization of the system of œ? scale curves. Let (X, F) 
represent tre cartesian coordinates relative to the point («,y) of the center 
of curvature constructed’ at the: point (x,y) of a scale curve. Then 
X = — y (1+ y*)/y",¥ = (1+ y¥?)/y”. From these we find y = — 4/Y, 
y” = (X? — Y”)/¥*. Substituting these values of y’ and y” into the dif- 
ferential equation (4) and simplifying, we obtain the equation 
(8) Qa = (2F, + Ge) X?Y + (H, + 2F.) XY? — Be¥?- 

. +. 2[— FX? + (#—G)XY + FY?] = 0. 

THEOREM 2. The locus of the centers of curvature (the central locus) is 
a general éubic curve which has a node at the fixed point (x;y), the directions 
of the tangent lines at the node coinciding with the characteristic directions. 


| This property is possessed. not only by any family of œ? scale curves but 


` also by a more general class of families of curves. If a system of curves 


possesses the preceding property, then it must be defined 2y å differential 


equation of the form 


a > _ (+ y*) (a+ By! + yy? + By) 


an 2 (— a + ey + ny”) k 


\ > 
where (a, B, y, 8,«,7) are six functions of (7z, y). 


‘ 
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THEOREM 3. The differential equation (9) will represent the w? seqle , 
curves of a non-conformal map of a surface $ upon a plane I if, and only if 
the sim functions (a, B, y;8,«, n) of (x,y) satisfy the two partial differential 

equations of the second order s 


-~ 


My = Ne, o o 
Qy + Na = 8. + esu + Nes + Na + M(8+ ey- N), 


(10) 


where M and N are defined by 


(11) (€ + dy?) M —= e(a — y) + 2q(B —8) — Anne + Beny — ees — Amey, ' 
| (e + 44?) N = — q (a — y) + E(B — 8) — Bene — 4y + Byes — eey- 


To prove this proposition, we proceed as follows. Upon comparing (9) 
with the differential equation (4) of the o? scale curves of a non-conformal 
cattogram, it follows that there exists a function p(x, y) +0, such that 


(12) F=py, E— G= pe Es= pu, By + 2F a= pps 
i 2Fy + Ge = py, Gy = pò. 


From these equations we elimirate F and G and obtain 





®. i 
(13) Le = pa = ply ny + €x) T Epe — 2ypyy 
. Hy = p(B — 2ye) — Rapa = p(8 + ey) + epr- 


a 


‘These equations can be solved for ps/p and py/p, giving the solutions 
(14) | pe/p==M,  py/p =N, 


where M and N are-defined by (11). 

_ Substituting these into (18); we find- 
Ha = pa = p(y — By + es + M — 2N), 
Ey = p(B — 3gs — WM ) = p (è + ey + N) . 

` Upon imposing the compatibility conditions on équations (14) for p and 
on equations (15) for F, we oktain'the-conditions (10). This completes the 
proof of our Theorem 3, l ' 


COROLLARY. : There are essentially œ? surfaces which possess the same 
family of œ” scale curves. 


A consideration of equations (12), (14), and (15) will show that if the ~ 
surface Z with thé linear element (1) is mapped upon the plane IL such that 


~ 


*. ail 


\ 
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the ‘differential equation (4) represents the scale curves, then the linear ele- 
ment dS’ of any other surface 3’ with the same scale curves must ke given by 


CON dS? = ad? + bds*, 
where a Æ 0 and b are constants. . This proves the corollary stated above. 


THEOEEM 4. The only point transformations which convert the class g 
systems of scale curves (or thé class (9)) into.ttself, are those of the conformal 


group. ` , - | | 


`“ 


‘This result: follows from the. fact that if the classes (4) or (9) are pre- 
served, then certainly the minimal lines are preserved. That systems of szale 
curves are converted under conformalities into systems of scale curves, follows 
from a consideration of the scale: function o, given by (3). 

It-is remarked that the results of this section are valid only for the genaral 
case where the fraction of (4) is not reducible to lower terms. 


6. Scale curves of the velocity type. Before continuing further, we 
shall consicer briefly the second order differential equations of the cubic type 
and hlso of the velocity type. 

A differential equation of the cubic i is of the form y” == a -+ By’ 
+ yy”? -+ 8°, where (a, 8, y, 8) are functions of (z,y) only. This has teen . 
studied extensively by Lie, R. Liouville, Tresse, Kasner, and Wilczynski. 
With respezt to the group of arbitrary point transformations, tkis type is 
called a differential equation of the first rank. 

A gereral velocity system is defined by the differential equetion 
y” = (1+ 4°) (y¥— yo), where ġ and y are functions of (x,y). This has 
the propery that the central locus is always a straight line. : 


THEOREM 5. As i of œ? scale curves can be of the cubic ( Lie- 
Liouville) type if and only if it is a velocity systém. The necessary and 
sufficient conditions far this are g 4 


(17) | Gy (E — G) = F (Ez + Gz + 2F,), 
- -— Es(E — G) = F (E; + Gy+ 22). 

From <4), it is evident that (1 + y”) and the denominator can. not have - 

a common root in y’, since the roots of the denominator are both real. Hence . 

for (4) to be of the cubic type, the denominator must be a factor of the cubic 

factor of the numerator and this demonstrates that it must be a velocity system. 

Hence (4) must be of the form y” = (ai+y7”) (y — yp) /2, and we find 


~“ 


‘the velocity system y” = (1 + y”) (y —y’¢)/2, we find 


rd 
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YR = Gy }(B—@) — Es +-Ge-+ Py, : ae 


(18) 5 . $F = B; — (E — G) = By + Gy + Fe. 


\ 
The elimination of ¢ and y from these equations leads to the Gonditions (17). 
Note that if the parametric curves of the surface 3 are orthogonal, that is, ° 
F = 0, and if it be demanded that y” be a polynomial in y’, it does not follow 


- necessarily that the scale curves must be of the cubic type and hence a velocity 


system. In this case, if we impose the condition that it be of the cubic type, 
then Gy = Es = 0, and hence it is a velocity system. However, if the para- 


l metric curves of the surface X are not orthogonal, that is, F +£ 0, and if it be 


required that y” be a polynomial in me it does follow that the oo? scale curves 
are of the cubic type. 

Under the conditions of Theorem -5, if F £0, the differential - eee 
of the co? scale curves is 


aa 
(19) y” = (1/2F} (1 + 9?) (— Es + y'Gy); 
and if F = 0, we find’ 
(20) of = [1/2(B—G@)](+y¥?) (Ey + 7G). 


| = 

-THEOREM 6. The conditions (17) are the necessary and sufficient con- 
ditions for the cubical locus (&) to degenerate into three straight lines, two 
of which must, be the tangent lines of the characteristic curves at the fixed point. 


This may be obtained by imposing the condition on (8) that it consist 
of three straight lines. If F = 0, the third straight line is 


(21) | GX + E Y —2F = Ü; 


and, if F == 0, the third straight line is 


(22) — QX + pe +2(B— Cy «© « 
THEOREM 7. If the scale curves form a natural ane, then the char- 
acteristic curves are an isothermal net. . . l f 


To prove this result, we use (9) and Theorem 3. For (9) to represent 


(23) | a=—im B= vet bn y=, B= — e, 

Substituting these values in (11), we find that M and N are given by 
M — $—3}(0/dz) log (€ -+ 4°) + (0/dy) arc tan (2n/e); 
N = y — 4 (0/8y) log (E Aa?) — (0/00) are tan (2/6). 


s \ 


(24) 


’ . ` 
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_, Placing these values into the first of conditions (10), we- have  ~\ 
= (25) by + Ye = (8/80? + #/dy*) arc tan (2n/e). 


The condition for a natural family is t= We. From this equation, it 
“follows, by 2 theorem of Lie concerning isothernial families, that the char- 
acteristic curves form an isothermal net. 


THEOREM 8. If the scale curves of a non-conformal cartograim form a 
velocity system and if the characteristic curves are an isother mal net, then 
° the scale curves are a natural family. 


— 


For if zhe cheracteristic curves are an isothermal family then the right- 
hand side of (25) is zero. Hence ¢y = ps and the scale curves form a natural 
family. co a ee n 8 


7. Nox-conformal cartograms with rectilinear scales. We chall state 
and prove tae following result. We obtain a new class of surfaces. 


THrorsm 9. The class of surfaces X for which there exists a map upon 
the plane TI such that the scale curves: coincide with the totality of œF 
straight lines is 7 


(26) dS? = ay (yda -— ndy)? 
+ 2(a,da + bidy) (yds — åy) a ada? 4 + 2eodady ~- bady”. 


Thus there are essentially œ° such non-conformal cartograms. 
For this class of surfaces, we find 


(27) H? = (aoe — Aa” a" + 2 (Ale — a,b; Jey F (dbs — z bs?) y? 

+ 2 (æC — azb, Jz + 2i( a,b, — bico) y + (debe — C22). 
By (2), the gaussian curvature @ of this class of surfaces is 
(28) H*G = PAIN E i -= Xo (Cx? paar aba) -} Qab” = 2010362 + Ai ba: 


The proof of Theorem 9 is as follows. If the scale curves, represented 
by the differential equation (4), are all straight lines, we must have 


J f . . x 
(29) ©  Ba=0, Ey + 2Fe=0,. 2Fy 4 Ge = 0, G, =0. 
The condition of ‘compatibility for F yields — oF y = Ly = Gow. These 
together ilk other conditions yield \ 
(80) 7 E == ay? + Zary + te, Gar? — Zbir + bs, 
F == — asy — law + biy + co. 


These then lead to the equation (26) and the proof is complete. 
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‘THEOREM 10. Thè only surfaces % of constant gaussian curvature of the 
class (26) are the developable ones. Thus there exists no non-conformal map 
of a sphere, or pseudo-sphere upon a plane such that the scale curves coincide 
with the totality of the œ? straight lines. 


By (28), it follows that if G is identically constant, then H is identically 
constant. By (27), we must have 


(31) dolz — Gy? == AoC, — 1D, = Aoba — b1? = lili — Qabi == a,b. — bit = 0. 
If ao ~ 0, these five equations will be satisfied by 
(32) ho == "/ao; Co == t101/ llo; be = by*/do. 


However in this case, we dan have- H” = a2b, — C” = 0. This contradiction 
shows that ae = 0. , 

Since ao = 0, it follows by (31) that &y = a, = b, = 0. By (28), it is 
seen that @ is identically zero: . Hence the surface % is — and 
Theorem 10 is proved. 

It is remarked that for a developable surface $ of Theorem 10, the -m Iy 
is an unrolling of % upon the plane II followed by an affine transformation 
in II. To a given scale o, corresponds a parallel pencil of straight lines. 


Now let us consider the general class of surfaces (26) for which ao >= 0.° 


By an appropriate similitude, the class (26) may be reduced to the form ` 


~ 


(33) — (3d—- aly) 4- ada? tay? 
By (27) and (28), we find | 
(34) H?” == az? +- by + ab, Ht*G=——2H*?—ab. 


It is observed that a and b cannot both be zero. If one of these is zero, 
then the other must be positive. The locus H = 0 can be an imaginary or real 
ellipse according as a and b are both positive or both negative, a hyperbola 
if a and 6 are of oppositive signs, and two coincident straight lines if a or b 
iS zero. 

The curves G = ener are conic sections similar and similarly placed. 
to H =Q. i | 

- The surface 3 exists for all values of (2,y) if H = 0 is an imaginary. 
ellipse, for the interior points of the real ellipse H.— 0, for the points of the 
side of the hyperbola H = 0 not containing the center, and for all the points 
on ‘both sides of the line H = 0. 
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i 
. The sca.e o satisfies the equation 


(35) yay’)? + a by? = (1/0) (1 +y”). 


„Hence to a ziven scale o correspond œt straight lines. These straight lines 
e will all be tangent to the conic | 


(36) x*/ (1/0? — b) + y’/(1/o* —a) =1, 


confocal wita the conic H = 0. 


4 


Finally let us consider the ee, class of surfaces (26) for which ao = 0. 
By an appropriate similitude, the class (26) may be aE to the form 
(37) dS? ae oe (ydr — zdy) P ade. 
By (27) and (28), we find. ' 
(38) l H? = — y* — 2az, HG =a. 


- Itis ncted that H= 0 is a parabola. The surface % exists for all points 
in the interior of this patabola H = 0. 

The curves G = const. are parabolas congruént to the paranoii Ha 
and having the same axis as that of H =Q. 

The scale o satisfies the equation 


(39) 2y’ (y — ty’) + a = (1/o*) (1 + y”). 
Hence to a given scale ø correspond * straight lines. Taese straight lines 
will be all tangent to. the parabola 

(40) 4? 4- (a— 1/0) (20 + 1/0) =0, 


¢ 


confocal wich the parabola H =Q. > 


THEOREM 11. In the general class (26), where at lecst one of the con- 
‘stants üo, G1, bı, is not zero, the surface Z exists on one side of the conic 
section H==0. The gaussian curvature G is constant along the conic sections 
similar and similar ly placed to the ellipse or hyperbola H = 0, or along the 
parabolas congruent to and having the same azis as H = 0. or alony the lines | 
parallel to the ine H==0. To a given scale e there correspond + straight 
` scales all tengent to a conic confocal with H = 0. 


This taeorem summarizes all the work of the last few paragraphs. 
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Our new general theory which has been developed in this paper will be 
applied to the. classic map projections or cartograms (area-preserving, 
‘azimuthal, etc.) in later papers. The family of œ? scale curves is usually 
quite complicated. | | : 


COLUMBIA UNIVERSITY, ` 
ILLINOIS INSTITUTE OF TECENOLOGY. 


BIBLIOGRAPHY., 





s 


1l. E. Kasner, “ Differential geometric aspects of dynamics,’ American Matke- 
matical Society Colloquium Publications, vol. 3 (1912, 1934); Transactions of the 
American Mathematical Society, vol..9, vol. 10 (1908-1909). : 

2. E. Kasner, “The geometry of, differential elements of the second order with 
respect to the group of all point transforniations,” American Journal of Mathematics, 
vol. 28 (1907), pp. 203-213. \ 

3. E. Kasner and J. De Cicco, “ The geometry of velocity systems,” Bulletin of the 
American Mathematical Society, vol. 49 (1943), pp. 236-245. 

4, J. De Cieco, “ New’ proofs ofthe theorems of Beltrami and Kasner on linear 
families,” Bulletin of the American Mathematical Society, vol. 49 (1943), pp. 407-412. 

5., E. Kasner, “ Geometric properties of isothermal families,” Institute de Mate- 
matica, Rosario, Argentina, vol. 5 (1943). - ; 

6, E. Kasner and J. De Cicco, “ Ovals should be used to map airplane ranges,” 
Science News Letter, March 25, 1944, p. 200. 

7. E. Kasner aad J. De Cicco, “ Scale curves'in conformal maps, ” Proceedings of 
the National Academy of Sciences, vol. 30 (1944), pp. 162-164. 

8. E. Kasner and J. De Cicco, “ Scale curves in general Se a Proceedings 
of the National Academy of Sciences, vol. 30 (1944), pp. 211-215. 

9. E. Kasner and J. De Cicco, “Geometry -of scale ‘curves in conformal maps,” 
American Journal of Mathematics, vol. 67 (1945), pp. 197-166. 

10. J. De Cicco, “ Conformal maps of surfaces with isothermal systems of scale 
curves,” American Journal of Mathematics, xol; 68 (2946), pp. 137-146.- 


hanad 


PROJECTIVE ALGEBRA L* 


`C. J. EVERETT and 8. ULAM. 








1. Projective algebra of subsets of, a direct product. Let X and F be 
any two sets of points and [X; Y] the class of all pairs [x;y], oe X, ye Y. 
: Fix [2; Yo] arbitrarily in [X; Y]. Suppose now that B is a boolean algebra. 

of subsets A of [X; F], including as the identity J the entire set.[X; F], and 
the null set C. Define for every A e B, the set Az as the class of all pairs [£; yo] 
_for which there exists a ye Y such that [x;y] «A. Define A, similarly. For 
vey A = [ X1; yo] in B, X C X, and B= [~m; Y,] e8, YC Y, define the 
“ product ” set A O B as the class of all pairs ls; 341], tı € Xa, Ye Fs. Note 
that if A or B is 0, AO B=0. We say that Bisa projective algebra of 
subsets of the product [X ; Y] in case for all A of B, As and Ay, also are in ®, 
and A O B is in B for A, B of the above type. Thus we demand that the 
boolean algesra B be closed under projection and O-product formation. {n 
particular, the boolean algebra of all subsets of [X; Y] is such a projective 
algebra. 
, Tt may be remarked that the following is a modest beginning for a study 
of logie witk quantifiers from a boolean point of view, since, for example, the 
. set Ag is essentially (the yo being a dummy) the class of- all for which there 
exists a y such that: the proposition A (v, y) is true. 

Our. object is to discover a set of properties of the above model which, 
adopted as postulates for an abstract “projective algebra,”’ will permit a 
representation theorem to the effect that every such abstract algebra is iso- 
morphic, with preservation of union, intersection, complement, g- and y- 
projection, end [-product, to a-projective algebra of subsets of some direct 
product [X;Y]. This is accomplished only for the atomic case in the present 
paper. The authors hope to study the general owe and related matters 
subsequently. | 
y We havs derived many of the more immediate properties of the abstractly 
‘defined projective algebra, and have shown, in particular, that every such 
algebra is embeddable in a complete ordered projective algebra. | S 

The essential properties of the above model. which we'use later as axioms 
. are the following. | 


Property 1. (Au B)s = Asv Be; (Av B)y = Ay v By. 


* Received February -16, 1945. 
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For if [23 yl € (Ae B)s. then for some y, [t;y] is in A or B; hence 
[z; yo] is in Az or Bz. Similarly, Azu BC. (Av B)e. If either A or B 
is 0, Property 1 is trivial. (See Property 3.) 
Property 2. Jey = esa = lys, where [z0; Yo] is an atom in ®, 
i. e., an element minimal over 0 in B. 


For Ip = [X; yo]. and a i is the class of all [zo; sl such that for some 2, 
[z; y] els; hence Tay =a [x03 Yo]. 


PROPERTY 3. Ás = 0 if and only if A == 0, and similarly for yproecion. 


-If A = 0, then the set of all [z; yo] for which there exists an [x;y] in A 
is empty. If 4 +0, there is at least one daa [x;y] «A; and, hence, at least 
one [3%] in Ac. 


| | PROPERTY 4. Ase = Az; Ayy = Ay. i i 


Tf [21; Yo] c Ár, then [T1 Yo] e Aas. Tf [213 Yo] e Áss then’ for ‘some y, 
[z1; y] As; hence y = Yo and [21; Yo] e Ae. If A = 0, Property 4 is trivial. 


` Property 5. For 034 A = [X13 yo] Ci 0 = B = [z0; Yı] C Ip, the 
set A O B = qin yl; T, € Xr, yY} has the property 


(40B):=4, (AD B)y—B, 
and if 5 «®, Ss = A, Sy = B, then SC ADB. 


For (AO B)e is the set of all [v; yo] such that [v;y]«[%i;¥ j for 
‘some y; hence (A O B)s= [X¥:; yo] = 4. Suppose now Ss = [X13 yol, 
Sy == [to; F] ‘and [z; y]e8. Then [£; Yo] € Se = [X5 yo] and [zo; y] « Sy 

== [za; Yı]. Hence eXy, ye ¥,, and [e;yle[X¥.;¥,]—AOB. Thus 


SC ATB: | 


PROPERTY 6. In O po=Te, and po Oly = Iy, where po = [203 Y0]. 
This is immediate from the 1-definition. f 


pe Property Y. For A, = [X;; Yol, A2 = [X23 Yol in B, one has (A, v As) 
CO Iy = (A; Oly) u (d: O Ij, and similarly for Bi = [z0; Yi] and Is. 


For (A: u As 2) E L, = TAi U Xa; Yol E [to ; Y] = [X u Xo; Y] and 
(A; O Iy) o (4: O I) = LX; Yj] v [X:; ¥] = [X v X; F]. : es 
If A; or Az is 0, Property 7 is trivial. É ; 


2. Projective algebra. Let ® be a boolean algebra with unit t, zero 0, 
4 > 0, so that for all ae, OS a1. B is said.to be a projective algebra 
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if two mappings @—> dz and a—> ay oi D into 8 are Jeta, ee the 
following postulates. 


Pl. (aVb)e=—a2V be: (a\/b)y = ty V by. 
. PR. isy = Po = tye Where po ts an atom of B, that is, an element minimal 
saver 0 in B. . í 
= P3. da = 0 if and only if a= 0, ea 0 if and only if a= 0. 
P4. Gre = Gn; Oyy = hy. . 
4 R5. For 0 <a Eir 0 <b S iy there exists an element a Ob such that 
° (a Ob): =a, (a0 b)y—b, with the pr operty that teB, te—=2, ty =b 
implies t & 2 0b. 
P6. te T Po == is; Do O iy = ty. 
PY. 0 < t, G2 St, tmplies (a, a2) O i == (a, D iy) V (ae O iy); and 
0 < bi, be Sty implies is O (b: V bz ) = (tis D bi) V (iz O de). 


We prove a number of nein consequences of these ani, 


Cl. a < b vinpltes as Z be and Qy S by. 

From a\/ b =b one has (P1) (@\Vb)e= be = tr V bas 

C2. Fer all ú eB, ty E tay dy SS iy. ) / 

By C1, a&i; hence az SS iz. | 

03. is N (aY S\(a’)2 and similarly for y-projection. 

For i =a V , is = äs V (0’)« (PL), in A (as) = (ae V (8 )e) A (aa) 
=0 V (CJs A (a2)’) E (ae 

C4. (a Nb)a S as Abe; (A b)yS ay A by. 

For (a ^b) Sa, b, hence (C1) (a A b)e Z dz, bz. 
» O5. a> 0 implies day = Po = lyr. 


Since a & i, Azry Stay = Po (C1, P2). Since po is an atom, Gay = po fer | 
azy == 0 is impossible by P3. . . 


C6. (Po)e = Po = (Po)y S te A ty. 


For po= iw and, hence (Pe)y = iayy = isy = po, (P2, P4). The final 
inequality follows from C2. 

In conrection with the (-product, it is convenient to make two definitions. 

DI, Por aS te, b E ty, define a O 0, 0 DO b, and 0 0 0 all to be 0. 

It is. seen that for all of these the z- and y- projections are 0. 

D2, For all ae B, define the “ closure” a¥ of a to.be a2 O dy. 

C7. aTtb=—0 if and only if a=0 or b == Q. 

For if a> 0, paw by P5, (a O b)s == a > 0, hence a0b>0 7 P3. 
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C8. The following are equivalert: (a) aS is; (b) there isate P guch 
ihat te =a; (C) az =a; and simiarly for y-projections. 

(a) implies (b), for if a = 0, a, = a by P3, whereas for a > 0, iG I ty)e 
==@ by P5. Next, (b) implies: (c)}, since tse == 4q yields tee = Oy == by = 4 
(P4). Finally, (e) implies (a) by 22. 

C9. 0 <h Sand < te, ‘ <b Sb Sty tf and only ae 0 PTEI 
< ae L bo. 

O If 0<a0b,5',0%,, then 0, PBY 0< a, Z a, < bs S ba. 
Conversely, assttme the first insqualities and let u = (a, O bı) V (a2 O ba). 
Then Us == a; V @2 = le, thy = bı V be = de (P1, P5); hence us <a O ba, 
by P5, and a, O by S ae O bo. 

C10. The (*) operation has the following closure properties: 


0* = 0; a® Za; a**¥—a*; a= b implies a* = b*; t =1. 


First, 0* = 0,00,—000—0. Second, aë = as Da, 2a by the 
maximality property of C-prodüct in P5, for a > 0. For a == 0, this becomes 
. trivial. Third, a** == (as O ay)s O (as O Qy)y = de C ay = a*¥, for a Z0. 

Fourth, a 5 b implies a* & 6* by C1, C9. Fifth, 1* 2%, hence 1* = 4. i 

CIL. ty, G2 Sie, bubo iy imply (aA a2) O (b, A be) = (a O 61) 

A (a O be). 

_ If any one of the ai, b; is 0, C21 is : drivial. Gani a, A Q E ta, lz, 
by A b S ba bz, hence (a: a2) O (b, A bo) <a,0b,, aOb: by: 09. 
Hence the left member is contained in the right. Let ¢ denote the right 
member. We have ts a, À Ga, iy S b: NAb. (C4, P5); hence tS t* 
== tz O ty S (a, Ade) O (b: Abe) by C10, C9. 

C12. ate, bSi, implies a O b = (a Oi) A ji gb). 

In Cil, let a, = a, a2 = ia, bs == ty, bo = D. 

C13. ¢=a01b) implies te Sa, ty SS b. . 

This requires only Cl and P5 fcr t > 0. It is trivial for t = Q. 

C14. ((a O 61) V (@2 C be) )* = (a1 V ae) O (bı V ba) for a4, bs not 0. 

We require P1, P5. l ; 

C15. a Zie implies (a O iy) A ie =a. 

For a S is, 0 S a” = 4 O po < 2 O ty. Hence Z (a 0 iy) Ais Now 
'Jet'd be this intersection. Then d S is, do = d S a A is =a. 

C16. All a, b satisfying 0 < a Z is, 0 < b =h are closed, t. e., @0 Po 
=a, m O 6 =b. j 

a* =— a O Po since @g = a and ay = Qey = po. By C12, a O po = (a O iy) 

A (is O po). = (a T iy) Ate by P6. Then a0 po =a by C15. 

C17. (po) * = po = po O po = (Po O iy) A (is D po) = is A iy 


| 
‘ 


PROJECTIVE ALGEBRA I. . 81 
_ This follows from C6, C16, C12, P6. 
"C18. If ty = po then t Site. If te == po then t Sty. 
For t-< t* < is O' po is by C10, C9, P6. 
C19. For ai, a: & is, b S ty, one has (a, Vm) O b = (a O b) 
“V (@20b). Similarly for bi, bs S ty, a Z ie. i 
By 012, Pt, (a: \ a) O b = ((@ V ae) O iy) A (is O b) = ( (a O îy) 
V (a D i)) A (Ge O b) = (a. iy) A (io O b)) V (( O à) 
A (iz O b)) = (a O b) V (e O b). 
C20. For Q, Gs SS tz, bi, be Sty one has (a, V az) D (bi V be) 
= (a, E bi) v (a4. Ob) V (a: O bi) V (a2 O ba).” | 
' “This requires two applications of C19. 
C21. (40 wy)’ = (€ Ate) OY; Ge DbY = iz O (b A wy). 
For (a O ty) V (f(a A ie) O ù) = (a V (w A is)) O i= Oy 
== i, by Pv. and (a O wy) A ((@ A is) O ty) = (a A (a A aD Oy 
= 0 O iy = 0, by C11. Since complementation is unique in a boolean algebra, 

C21 follows. ee 

_ C22. (40 bY = ((a Aww) OY) V (i2 O (8 A iy). 
This fo_lows from C12 and C21. 
C23. For ¢ == 6", cy < ty, one has (C )s = te. 

. If c= Q, this is trivial. If 0 < c= Cz O cy, then co’ = (((e2)’ A ia) O iy) 
V (ic O ((ey)’ Aty)) by 022, and’-(0’)e= (((ez)’ A isy O iy)e V te == tis 
by P1, P5. We need to know that (c,)’ A ty 0 but this is so since cy < ty. 

C24. a SS ta, Po < iy implies (a )e = tz 
' For by C16, a= a*, and as == Q, Gey = Po == üy. C24 now follows from 
C23. (For a= 0, C24 is trivial). 
C25. If po < ty then ((is) )s = tz, and similarly for ty. 
Let a = is in 024. > 
C26. po = ty if and only if i = tr. | 
If po == ty, then i = te O iy = is O Po = ig (C10, P6). ki t = tz, then 
ty = tsy = Dr. 
CRT. ((t2)’ Jy = P'o A by. i oo 
sale Po = ty, by 026, (is) Jy == ((4)")y = 0, = 0 = (Ņ) Aw = P'o N iy 
If po < ip one has from is = is O po (P6) that (is) == (is O po)’ 
= te O (p'o A iy) where P'o A ty 0 (021). Hence ((isy))y = Po AN iy ` 
by P5. 
C28. The class of all x-projections is an ideal in B and the i 
Az —> Az Chty is an isomorphism. 
The set of all az, a e B is exactly the set of all a S iz, “by C8, zd hence i is 
an'ideal, since the union of any two di, a Xie is St te, aS is a, Â c for all 


fig e 
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ce®. Moreover the correspondence above ene union 1 (P? ), intersection 


(C11), and complement (C21). 
C29. Por ceB,0 aS be implies. ee er F 
Suppose (a O i) A ce =0. Then ¢S (a O igy = (a’ N iz) lip Lt 
now a /\ ts = 0, a = ùs and (a O ty) A c=i A c= c= 0. But then cr == 0 
and a== 0, which is a contradiction. If a’ A is > O0 then a S te Sa Ai,Sa’ 
whence a = 0, also a contradiction. /. 
-= C30. If p is an atom in B, so are pz and py. > 3 


Suppose 0 <a < pe. By C29,0< (a0 y) ApSp. Hence (00%). 


A p= p and pa Ciy, pz Sa, a contradiction. 

031. If0 <c, and.0 < pS cz, where p is a point, then. p = Te C ty) 
A c)s. Moreover, if q is a point in (p O ù) Ac, then qs = p. 

This follows from C29, P3, and (4, thus: 0< ((pE wy) Aco) 
Sp AN te= p. 


; i 


3. Completion of projective algebras. We shall prove the following 
gener al theorem: 


THEOREM 1. If B is a projective algebra, then B is embeddable with 
preservation of (unrestricted) union, ` intersection, complement, x- and y- 
projections, and ()-products, in a projective algebra © which is complete- 
ordered in the sense that every set of elements of © has'a l. u.b. and a g.l. b. 


Let V be a projective algebra with elements 0Sa Si. We recall that 
if U(A), L(A) are the sets of-alJ upper'and all lower bounds, respectively, 
of all elements of A C B, then LU(A) is a closure operation. Specifically, 
AC'LU(A), LULU(A) = LU(A), (indeed one has LUL(A) = L(A) ‘and 
ULU(A) =U(A)), and AC B implies LU(A) C- LU(B). The class € of 
all LU(A), ACB, is a complete or dered lattice which embeds 8 under the 


correspondence a—> LU (a) = L(a), a eB, with preservation of unrestricted 


union and intersection. For any class of elements LU (Aa) of ©, set inter- 
section ^ LU (Aa) is effective as g. 1. b. A LU (4a), and closure of set union 
LU (v LU (Aa)) is effective 'as 1. u.b. V LU (Aa). Note that LU (i) = L(t) 
—% contains all LU(A) «© and is thus the identity of ©. Also LU (0) 
= L(0) = (0) is the zero of ©. It is emphasized that while the elements 
of © are sets, and the order is that of set-inclusion, the boolean algebra € 
is not the ordinary one of subsets of a set, in particular, union is not set union, 
and the zero of © is not the null set. 


i 


- 


1 G. Birkhoff, “ Daa theory,” American M athematical Society Colloquium Publica- 
tions, vol. 25 (1940), p: 25; H. MacNeille; “ Partially ordered sets,” Transactions of the 
- American Mathematical Society, vol. 42, (1937), pp. 416-460. / 


w 


t. 


A 


PROJECTIVE ALGEBRA I.‘ 83 


= MacNeille? has shown that in G, LU(A) V L(alla’,ae A) = LU (îi). 

and LU(A) A L(all a’) == =- LU(0),' and that the correspondence LU (A) 
—> £(all a’) is a dual isomorphism of © onto all of itself. From this it follows 
that Œ is distributive and hence~a boolean algebra, with L(all a’) effective as 
complement of LU (A). The corresfondence a— LU (a) ae oe 
complements, since (LU (a) ) = LU (a’). 

In this section we shall understand that if AC B, Az is to mzan the set” 
of allaz,aeA. In © define (LU (A))e = LU (Az). . We note that projection 
is well defined, i. e, LU(A) = LU (B) implies LU(Az)'=—LU(Bz). It is 
sufficient to prove As C LU (Bz). If B= (0) we have AC LU (A) = LU (0) 
= L(0) = (0); hence A = (0), and Ae—= (0s) = (0) CLU(Bz). ‘Now 
let B contain at least one b > 0, and let w= By. In particular, u = bs > 0. 


. hence u A is Z bs >0. Then (u A ir) Oty) È ba O by = b* Z b, all b eB. 


But U (4) == U (B), hence (u A is) O i Z A, and u Zu A is Z Ås Thus 
As C DU (Bz). Similarly B,C LU (As). Moreover the correspondence - 


 a— LU (as preserves projection, since EU (az) = (LU (a) )«. 


Finally, in. © we define, for (0) s4 LU(A) C LU (iz), (0) 4 LU(B) - 
C LU (iy): the direct product LU (4) O LU(B) ags_the (closed) set: 
Dalu Dv; uS is vSy uOvZall a O b, @eLU(A), b eLU(B)). 


The form of this definition is. convenient in that it is clearly | an element 
of ©, since for any X, L(4) = LUL(X) ; it is cumbersome, however, and we 


__ prove the following equivalences. 


Lemma 1. For LU(A) C LOG), LU(A) = LeUa( A) where the sub- 
means that the operator is restricted to the elements Siz, that is to the ele- 


menis of the sub-boolean algebra of all x-projections. 


Clearly U(A) DUs(A); hence LU(A) CLU.(A)... Bus LU2(AY 


= T ). For LUs(4A) D L,U,(A), and if l S Us(4A), then i S is since 


te = (A) ; ; (recall that LU (ic) =L(te2) DLU(A) DA). Hence LU (AX 


, CL Ue(£). Now let leds U.(A), u Z A; then is, u Z u tz = A, hence 


l = u At a -> < Ua 
Lemma 2. LU(A) D LU(B) = L(alu Ov; we U,(A). Ve (Outa) 
For in the O -definition u ranges over all Usha (A) = Uzi (A). 


| LEMMA 3. LU (A) OLU (B) = (allt; Za Ob ae some ae LU{A), 
b e LU(B)). 
For let Le L(u Ha: ue Ua(4), v eU(B)). Then 1 Su O v, ls S all w, 


2H: MzcNeille, loc. cit. 
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ly Sallv, leeLeVe(A), lyeLyUy(B); hence ls =a, ly =b, a 
== 4 O b. Conversely, let laf b, for ae LU (A) = L.U2(A) 

== IyU(B). Since Ur(A) = U+LUs( Ay, ULU;(B), 
SaluQOv. ThusleL(aluQv). |, 


It is now dat that a—>L(U(a)) preserves E 


'O ÈU (b) = DU (a Ob) =L(a Db). For LU (e) D LU (b) = 
aD b, ae LU (a), be LU (t)) = (l; LS some a O b, aSa, bS 


We proceed now to verify P1- in ©. 


Pi. (LU(A) VW LU(B))o— (LU(A))« V (LU(B))«. 

If A == (0) or B = (0), P1 is trivia. Using the definition 
Pl to LU( (LU (A) » LU(B)) 2) =LU(LU (Ae) LU(B}y. (C 
both sides with U and recalling that ULU (A) = U(A), we have 
v LU(B))«) == U (4z) ^ U (Bz). Since dA CLU(A), BC LU 
B, are in (LU(A) v LU(B))z and the left member is contained 
Now let uZ As, Be, and leLU(A). Then uAt =A 
(u A is) O iy 2 de O dy Z a for all ae A. Since at least one a 
> 0., Thus i & (uA i) OY and ls SS (u A ig) Su. Hence the 
is in a right. 

| (LU (i) ) cy = (LO) Jai is a point in ©; indeed 
LD = (0, po). 

For (LU (i))ey = LU (ies) = LU (p) = L(po) = (0, pe 
minimal over LU (0). 

P3. (LU(A))e= LU (0) if, and only if, DU (4) = LU (0) 

I£ LU(A) = LU(0) clearly (LU (A))o = LU (0s) = LL 
versely if LU (As) = (0) Az, then ag = 0 and a == 0 for all . 
LU (A) = LU (0). 

P4, (LU (4) )ss = (DUCA) ya 

The proof is trivial. . 

P5. For (0) + LU(A) C LU (ic) and (0) ~LU(B) Z 
direct product has 2-projection LU (A), y-projection MUNGI anc 
in & with these properties. . . 

First, LU((L(u O v3; u Ov & all aO bae LU (A), b 
—LU(A). Let l Salu Ov, weU(A) = ULU(A), hence uo 
uy A is Z alla, hencaus A te > 0 since LU (A) =£ (0). Then (4 
=> ala 0 b, and 1 (tio A ts) Oty Thus ls S Uo Ate S to. 
left side is in the right. Now let 0<aeA, 0< boeB; the 
all u O v, do = (A O boje, and AC (L(u O v))z. 
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', Second, suppose (LU(S))2—LU(A), (LU(S))y—LU(B), and let 
seS.. Then seeLU(A), syeLU(B), and uOvZs,Os,2s. Thus 
SC L(uOv) =LU(A) O LO(B). 

P6. LU (te) O LU (po) = LU (iz). 
This follows since (-product is preserved under a—> LU (a). . 
Before proving PY, we note the following: ` 


ima 4. Af S Gl u, «LU (8), uo = S O iy, then uy C ly SS to. . 


First, if ts e S, oe Uy = = 4 i. Oy= +, and the conclusion is trivial. Sup- 
pose îs ¢ 3. We prove ws S (u O i) = (W: A is) O ip Since u^ S S (vo) a 
O (#’o)y, it is suficient to prove (ul oe Swi Nie, ie, (Woje Sw. But 
it is piven that ws S (S Ate) O 4; hence (w ole Æ 8 Ai tes 8’. For if 
any s’ A iz = 0, s = igs e 8 contrary to our present hypothesis. But it is giver 
that u, & U (S); hence wv, = (U(8))" = L(8"). ‘Thus w1 = (v's) «- 

‘PY, (LU(A) V LU(B)) OLU (iy) ` : 

l © = (LU(A) O LU) V (LU(B) O LU (iy)). 

If either A = ü rey ee (0), P8 is trivially satisfied. Moreover, in any 

ease, the right member. is contained in the left by C9 which follows from P1-6. 


We remark that if X and Y are any two subsets of B, n LU (x v) 
= LU (alle V y; weX,ye Y). ‘ 
- Now note the equalities: (LU(A) V. LU(B)) 0 LU (iy) == : LY (LU(A) 
u LU(B)) O Ly) = LU (all a.\/b;ae LU(A), be LU(B)) O LCiy) 
= (all l S some u Q v; u e LU (u Y b), v cL(ty)) == (al IS some u O ty; 
‘we LU (alla y b)). - 
We remark that Ọ (all l & some a O iù) = U (alla O i), and then note 
the equalit: es: LU(A) O LUG) V (LU(B) O LUG,)) = LU (all l 
S some a O iy) u (all 1 S some 6 O ġ)) = - L(U( S < some a O iy) 
-a U (lS some b O iy)) = LU ( (al a C iy) v (all b 0 )) = LUS ‘all a o ly 
Vb O i) = LU (all (a v È) O iy). j 
We must therefore prove that (all? = some u [0] ty; u e LU (all aV b)). 
C LU (all (a V b) C iy). Leti S some un, O ty, Uge LU (all a y 5), and 
Ue = all (a Vv b) a iy Now use Lemma'4 with § == (all aV b). It follows 
that uw, O ty SS Uo. ‘Since l= uw O ty SS up, the theorem is proved. 


4, Representation theory. We shall prove a representation theorem for 
the. case where, is a projective algebra of all subsets of a set i of aa p- 
We prove first two preliminary lemmas. 


` 


wY 
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Lemma 1. If N is any cardinal’ number, there exists a (commutative) ` 


group containing exactly N elements. : 


For a finite V we may use the cyclic group of order N. Now let N be 
infinite, and let V be a vector space of N basis elements over the galois field ` 
GF (2). The elements of y may be considered as functions on a set of power N 
to the set (0,1) where addition is compcnent-wise, mod 2. Denote by W the 
subgroup of all elements of V with only -a finite number of 1-components, 
together with the zero element. W consists of the mutually exclusive subsets 


TY; of ‘elements containing exactly 7 1-components. Thus W = 5 W;. The 
' D 
: Q 
‘power of W is therefore 1 + 3 NI =N. 
1 


LEMMA 2. Ifiisany (additive) group of elements p, the correspondence 
p—>p +q, q feed, p. arbitrary in i, defines a permutation ra (one-one trans- | 
formation) of i onto all of i, and the correspondence q —> rq is an isomorphism 
of i onto a group II of permutations of the elements of i. In particular (a) the 
powers of H and of i are equal. (b) for every p, qei there exists a ma ¢ I 
7 such that ws(p) =q, (C) tf mp(So) = mq(So) for some so et, then wp = ra. 


This is only’a statement of the familiar Cayley representation of a group 
-by permutations. ; ~ se 

Now let i be a projective algebra of all subsets of a set 1. We recall that 
‘Po == tz A ty 80 that all points of i are in one of the following disjoint classes : 


(a) Po, (b) pets, pA Po (c) Pty DH Pos (d) pete V iy. 


Moreover it is clear (C. 30) that the points in tz are precisely all pẹ where p 
ranges over 4; similarly for iy. Indeed, from C. 31, it as that az is exactly 
the set of all po with p ina. 

. Let X be the class consisting of pe and of all pairs (pz, D De ranging 
oe all points 4 po iN te, 4 over all points int. Let Y be the class consisting 
of py and all pairs (Py, 1)» By ranging over ae points po in ty, q over all 

` points in 4. 

Define the relation p~ q on oe p, q of + to mean Pe = qz, Py = qy 
This is an equivalence relation splitting 7 into mutually exclusive sets (p) of 
points. In each class we distinguish a special representative p (Zermelo). 
The points in any class (p) are thus all points of i of equal closure pr O Fy. 

We define a group on the points of 1, and set up the correspondence q — mg 
of Lemma 2, and set up the following-correspondence on points of t to subsets . 
of [X; F]. , 
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(a) go> [pos pol.. o 

(b) for pets, p> po, p— {L (Pe, q); pol, qei} 

(e) for pein pA po p—> {[Po3 (Py, 9) J, q €t}. 

(d) for pét, V iy, and pe (p), if 3 

pF p, p> {L (pe; q); > (Dy, va(q))], qe i}: 
But l ee 
D> {L(P2, 9); (Pus79(9) 1,764} | 

and ! a 
{L (de, g); (Py we(q)) J, g ei, t an arbitrary point in the t- complement of (p)}. 
: For any a S 1, we let a— A, where A is the set of all images of all points 
of a under (a-d). 


LEMMA 3: if s— [x;y] and ies [ a; yt under- (a-d) then s = i 


- Different points of the type (b) map into different [z; y], sinca the point 
itself appears as one ‘of the coordinates, and similarly for type (c). If 
[ (ie, q); Gus ma (q) )] is the map of two différent points, they would. be points 
with the same closure, and hence in the same (p). But the pair of elements q, 
as(q) can arise only from a unique s (Lemma 2c), and the two pons would 
then both be p or both be J, accor ding to (a). : 


Lemma 4 Every point [x;y] of [X; Y] occurs as an image of some 
point p of i. 


: For the ponts of [X; Y] fall into the following classe’ : 


(a) [z; y] = [po; po] which is the map of p. 

(b) [39] =L (pe, q); Po] which is the map of ps <i is, Po wae 

(c) [234] = [p03 (py, 7) ] which is the map of Dy SS ty, Dy FF Po- 

(d) [e;y] = [(pe,q)3 (tu S) ] pe F Pos Ty Æ Po. Ini, form the product 
Pe O ry 340... There exists at least one point tl ps O ry and 0 < te S Pes 
O< hEr. Siné t> 0, te = Da; f se Di Hence [z; y] = [ (fe, q); (dy, 8) ], 
tz 3E Po, ty F py. But there exists am element nei (Lemma 2b) such that 
mq) =s. Thus [x;y] = [(fs q); (Iv m(q)] is the map of some point 
in (5)! Ss 
\ , 

THEOREM 2. A projective algebra defined on all subsets of a set i of points 
pis isomorphic to a projective algebra ‘of certain subsets of a direct product 
[X¥;¥], wth preservation of unit (i> [X; Y]), union, intersectign, comple- 
ment, DECC, and 0- ‘product. 


‘The: iat cal is that e defined, If now a—>A, b> B, 


`~ 
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@Vb-S,aAb 5 P, one readily. verifies that S — Av B, P = A a B, since 
each member includes the other. For the latte? equality ore uses Lemma 3. 
Now let a—> A, a’ —> B. Then B= complement of A in [X; Y]. Sup- 
pose [t; y] €B, i. e., s—> [£ ;y] where sea’. Thén [z; y] « A’, forif [s;y] eA 
one has t— [z; y], tea. By Lemma 3, s=#. Hence EC A’. Now let i 
[z;y] eA. By Lemma 4, s> [z yl, for some set. Hence sea’, and 
[z; y] eB. E i 
Next let a —> A, as — B. Then (Ajs =B. Let [x3 po] e 4As. For some 
y, [z; y] eA, hence p— [z; y] for pea. By examining the correspondences 
(a-d) one sees that p — [x; y] implies ps — [£3 po] in all cases. For example, 
if p is of the type (d), Pa € ir, and pe £ po (for if so, pS <i iy, cf. (C.18)}. Thus 
Po >A; po] under. Fe Hence in ‘general [23 po] €B. Similarly, if a—> A, 
üy —> C, then (A)y = 
3 Finally, let 0 < ne, 0<b <i and a —> A, b >B, a O b— C. Then 
A OB=0. For, let [z;y]eC. Then p— [z;y], pea O b, and pr Sa; 
py <= b. But -as pointed out above, pe — [z; po] and P> [#0; y], kanie 
[a's po] EA. [pó; y] eB. Thus [z;y]eA OB. 

Conversely if [z; y] 4 OB, [z, po] <4, [po3yleB. Then for p Sa, 
ab, p— [z; po], q [pos y]. But theri 0 < pOqg&a O b, and there is 
at least one point tS pO q&a Ob. Thus ts = p, ty =Q, and t—>[a;y]. 
Hence le;yle f: 


Gani OF WISCONSIN, ` 
. ; AND : 
UNIVERSITY oF SOUTHERN CALIFORNIA. 


CORRESPONDING TYPE CONTINUED FRACTIONS.* Ss 
By EVELYN Frank l 
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1. Introduction. This paper is concerned with a developnient of proper- 
ties of corresponding type continued fractions 


Qz% a1 "EY Ai Ag 
CEI ee 1 ae 

in which the ap are complex numbers and the &%» are positive integers. For 
the sake of brevity, we shall call (1.1) a C-fraction. 

~ It has been shown by Leighton and Scott [1]° that an arbitrary power 
series P(2) = 1% ez + cea? ++ - can be expanded into a uniquely de- 
-termined C- fraction, which terminates if, and only if, the power series repre- 
sents a rational function of z Scott and Wall [4] investigated the relation- 
ship of the C-fraction to ae table of Padé approximants for P(z). They 
called the C-fraction and its power series regular if all its approximants are 
Padé approximants, and determined a certain class of regular C-fractions. i 

In ‘the present paper, we continue this investigation. The principal 
results may be summarized as ‘follows: 

A. Algorithm for expanding» an arbitrary power series into a C-fraction. 
We find that there is an algorithm for expanding a power series into a C- 
fraction which is analogous tó. that given by Wall [6] for J-fractions. This 
gives an essential simplification of the expansion problem (cf. [1], p- 598 ; 
[4], p. 829), inasmuch as all long division is eliminated (2). 

B. The Padé table. If in the Padé table’ for a power series P(z) there 
are two equal approximants, then there must be a square block of (r+ 1)? 
equal:'appreximants. Padé ([2], p. 429) determined necessary anc sufficient 
conditions for the order r of a block to be zero., We have extended this 
theorem to cover arbitrary orders (Theorem 3.1). 

C. Regular C-fractions. From a consideration of the geoinetrical arrange- ” 
ment of the blocks in the Padé table and their relationship to the exponents 


e 


Ca ta ppan 


i Receivéd May sl, 1945. Presented to the American Mathematical Society, April 
2§, 1945, 

* The author wishes i give ‘thanks to Professor . S. Wall who suggested the topie 
` of this paper and who. assisted in its preparation, 
. *Numbers in square brackets refer to the bibliography.: 
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_@ in the C-fraction, we obtain a riew formulation of the condition for, the 
C-fraction to be regular (Theorem 4.1). In‘ particular, we obtain the class 
of a-regular C-fractions in which the condition for regularity depends only 
- upon the exponents æp (Theorem 4. 2). _ = 
_ D. Characterization of regular power series in terms of their coefficients. 
It is well known’ that ʻa power series is semi-normal, i.e., = 1, if, and 
' only if, certain deterininants formed from the coefficients of the power sèries 
are different from zero. We extend this theorem to cover the class of «-regular 
power series, and indicate how an analogous theorem may be obtained for e 
regular power series (5). l : 
= E Some transformations õf C-fractions.. A remarkable example of a 
C-fraction was given by Ramanujan [3], namely, . 
\ 


zZz g zo 
. eF ac as es 
This is identically equal to 
ne nr ee ee ee ne co ee gt 
gas a te ea cs ge eB Dea 


We find that this transformation of the Ramanujan C-fraction can be carried 
out for all C-fractions for which gs + a4 +` ~*4- aapi > Gs &s + ` +b Aep 
> az -+ a+ + --++ Gp (Theorem 6.1). We also obtain a number of other 
transformations Abens 6.2, 6.4, 6.5; and 6.6). 


` 


2. Algorithm for expanding a power series into a C-fraction. The 
following theorem can be used, to obtain'the C2fraction for an arbitrary power 
series, and can also ‘be used to expand a C-fraction into a power series. 


THEOREM 2.1. Let P(z) = 1 -+ caz + c2? +: - + be an arbitrary formal 
power series, and determine polynomials By(z)—= Bo’? + B® z + B-P +t, 
numbers dp «0, and positive integers ap, p = 1,2, - +, by means of the re- 
currence formulas | 


(2.1) B® — Bo —1, BO =B 0 for p> 05 tty = 0; 


(2.2) 9° Bo” | i 
: pb,” 0 af Zot Mp +a<a<utat "+ Opiy 
(Cny Cnt, Cn-2,° © *) | Bo | = (— 1)?a.ds° ` ` Apn Uf n = A + Oy fe -E Mpa, 


(p = 0, 1,2,°- “Ja 


© (2.3) Bo (2) = Bp(2) + apn2™Bp (2), o (p= 1,2,8,-). 


= 
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Then ` Eas ; 
: 2% qaz": 2 Qaz“ 
(2:4) i w T+ rae d Ea ce 


is the O-fraction for P(z). Tt terminates if, and only if, P(2) is a rational 
function of z, in which case there is a value p of p such that the left-hand 
member of (2.2) is 0 for all n>ata,t:-+-+ap. The polynomials 
B,(z) are the denominators of (2.4). The numerators are Ap(z) = yo® 
py PzH +--+ ya 2 where s = sp is at most the sum of the.[ (p +1) 2] 
si La integers in the set a, &1,%2,° © °, %p, and, if co==1, 


- 


i 


(2.5) (yo), ye, > -) 


a 
i ` Cos C1, C23" ° 73 Cas TA 
au (Ha, BP, B2??,- ` J 0; Cos €1,° * * 5 Cg-15 0,- 
i 0, 0, Cor" °° 3 Ca-2, 0,° - 


a 


Proof. Suppose first that P (z) is not a rational function of Z, SO that 
the recurrent process obviously’ cannot terminate, and the infinite 7-fraction 
(2. 4) can be constructed. From (2.1), (2.8) it follows that B,(z) is its p-th 
denominator. Tts numerators are given by the recurrence formulas 


m 6) Ao (2) = 1, Ai(z) = 1 + az, Aon (2) == A(z) + Apr2Ay 1 (2),. 
(p = 1, 2,- Je 


One may verify at once that P(z)Bo(z) =e, == 42% l <17. Using int 
‘duction, we suppose that = 


r 


- 


(2.7) P(2)Bp(z) — Aple) = (— 1) Parada: > ` dp erat FOr ps 


ł 


for p= 0,1,; >- m, and shall prove it for p=m -+ 1. We have 


P (a) Bris (Z) Ames (2) = P(z) [Bn (z) -+ Qm12” Bm- (2) | 
— [Am (2y + amaA m-i (2) 1 = [|P (2)Bm (z) — a(z) |, 
+- amza] P (2) Bm- (2) = iss (z) b= (gi tastest > "tamy, 


~ 


where (z*) denotes a power series containing no lower power of z than the k-th 
power. Since, as may be easily seen, the degree of- po (2) is at most the 


sum of the [(m + 2)/2] pee integers in a, @1, %,* ` *, Qm and is there- `- 


fore less than % +- a1 + %2 +` > - E amn it follows that the terms of degree 
greater than this value in P(2)Bmo(2) = oe (z) are the same as those in 
P (2) Banul? ). By (2.2) the first such term- “which occurs is” 


(—1)™" ara - o ER tamiz, 


2 


f 
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and consequently (2.7) holds for p = m + 1, as was to be proved. .The - 


formula (2:5) may be selained by equating coefficients of 2°, 21,- © -.4 2° 
"on either side of TA | 
‘If P(z) is a rational function of z, _tae recurrent process must terminate 
with some p = p’, for such a function cannot have an infinite C-fraction. 
If, in the preceding induction, we assume that m < p’, it follows that (2.7) 
holds for p=0,1,:--+,p’—1, while P(z)By(z) — Ap (z) =0. 

To illustrate the theorem, let P(z) = 1 — 2? -+ 2‘, a polynomial. Then 
we have a, = — Í, %,—2, dg = l, « = 2, so that B.(z) = 1 tae From e 
(2.2) with p= 2, n > Gf a == 4, we get , o 


1 i\. 
0.0 (0)=o 0,0.0( 0 isammar 
1 \ 1 


“so that ag = — 1, &a = 2, Ba = 1, and the process terminates. Hence 
; - 2 2 2 
as & z < 
1 cae g? gt = 1 Se L e Se 
i i TISI 


The formulas of Deore 2.4 may also be used to obtain the power series 
expansion of a given C-fraction. 


8. A theorem on the Padé tablé.. To the point (m,n) with non- 
‘negative integral coordinates m and n, in fae cartesian plane, we let correspond 
. the Padé approximant fm (2) = Nm,n(2)/Dmm(2) of the power series 
P(z) = co + ez + cz? + - (co £0), determined uniquely by the follow- 
ing conditions: Dm» 0 is of degree = m, Nuan(z) is of degree S n, PDmm ` 
— Ninn = (2""*"). We shall suppose that the positive a-axis extends down- 
ward and the positive y-axis extends to the right. “We may also regard fimm(2) 
as occupying the square [m,n] with vertices (m,n), (m,n + 1), (m + 1,7), 
(m-+-1,n-+1). This geometrical configuration is called the Padé table for 
P(z) (ef., for instance, [2], chapter 10). A particular rational fraction may 
occur more than once as a Padé approman in the table, but in any case it 
fills a block of squares. 


(3. 1): - [m -+ p, n+ q], l (p, q = 0, 1,- i tat 


and occurs nowhere else in the table ([2], p. 427 ). We call r-the order of 
the approximant and of the block of squares which it occupies. The theorem 
which we shall now prove gives necessary and sufficient conditions upon the 
coefficients of P(z) for me Padé table to contain this block of order T 


\ 


+ 
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THEOREM 3.1. Let P(z) = co + az -+ ez? -+- 7+, CoE 0, be an arbi- 
_ trary power series, and put 


n-m Cn-mity” ° 5 On ` l ; 
\ i 
Cn-m+ls Cn-m+29" ° "> Onset 
(3. 2) Ann = |. ` > (m,n == 0, 1, 2," ` oF 
Cn; Cni ° ° ° 9 nm 


where we agree to set cp == 0 if p <0. It will be convenient to define Arn = 1, 

o(n==0,1,2,---). In order for the Padé table for P(z) to contain the block 
(8.1) of or der r, it is necessary and sufficient that all of the peg, cOn- 
ditions hold: 4 =- 


(i) At, S soph 0, (i) Abas set axe 0, i (iii) Ag, 3 = 0, 
oy) Aten, SHi41 7 0; (i => 0, t A ig ge 1), (v) Atir, 3+r+l. z6 0. 


(3.3) 
Proof. It is clearly necessary and sufficient for the Padé table to contain 


the given block, that, i 


(i9 ft-1,84 aa ft,a, (ii) ft-1,8 opts Ties (iii) fi,s-1 7 ftes - 
(iv’) Ftspexp a fi: 83 (P. = 1,2, ae ar (v) ftsretsersa 7E ft,s- 


We shall show first that (3. 5) is necessary for (8. 3 . Let N = a + az 


(3. 4) 


T ' T deat, D = ee eter A 
z Qo Bo 
| ' Cng n-ty R n-m Mi i Bi 
Paw | or Om em | ge Far |, Bam! Be 
' z i ' 
7 , n4M1) Cnsm—2)° © * 9 Cn-1 


Then the condition for N/D to be the Padé approximant frs(z) of P(z) is: 
(3. 5) i r Ts+1,08 = X, TU: 28 — 0, Bg ra 0. 


If Ats = 0, then (3.5) has a solution with By = 0, a = 0, so that ft-1,s-1 
: = fta; if. At-1,541 == 0, there -is a solution with B: == 0, so that ft-1,s == Tt 95 
if Ass = 0, there is a solution with as = 0, so that ft,s-ı = fts Thus (i), 
(ii), (iii) are ‘necessary for (i’), (i), (ii^), respectively. In order for (iv’) 
to hold, it, is necessary that 2N/z#D be a Padé approximant. for p= 1,2, — 
Pe eee e., that PÆD-—æN contain no lower power of z than the 
EEE T —1)-th, for p= 1,2, <- r. If B® isthe matrix obtained ` 
N E, 
} \ 
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from 8 by inserting p zeros above fo, this condition can be written 
Trp? =0, (p=1,2,---,7). Inasmuch as Bo) ~~ 0,-this imfplies 
(iv). Finally, (v) is necessary for y ), for the same reason that (i) is neces- 
sary for (Y). l i 

We shall now prove that (3.3) is ‘sufficient for (3.4). By (i) the system 
(3. 5) has a solution «, £, and every other solution has the form ca, cf, where 
cis a constant. Moreover, Bo 540. Therefore, the fraction N/D is irreducible. 
For, if N/D = N*/D* where N” and D* are of lower degree by A > 0 than 
N and D; then P2'D* — 2\N* would contain no lower power of z than the 
(s+#+1)-th ([2], p. 423). Hence, the polynomials 2 D* and 2#N* could® 
be determined by solving (3.5). But in this solution we would have Bo = 0; 
which is impossible. Condition (ii) implies that Br 3-0. This together’with 
the fact that N/D is irreducible shows that (ii), holds. Condition (iii) im- 
plies that «s +4 0, so that (iit) holds. To prove (iv’), let frp sip = Ne) 7D®,- 
and let a’, 'B‘?) be the one-column matrices of the coefficients of N® and Do, 

` Since PD — — N (P) == (z8tt+r-1), we have © 


cad 


(3. 6) Tespi, o8 P = aP, Trp, sipB = 0, (p =], 2, CERM i 


Sines At. asi = 0, we see that for p—1 (3.6) has ah solution aos = Q, 
Be? = Bea, (k= 1,2, tH 1), = 0, a m aa (k= 1,2: 
s+ 1). Hence it follows that N“@/DM == N/D, and (iv’) holds for p = 1. : 
Then, since Ats,s2 = 0, it follows that, ™ p=, (3.6) has the solution 
Bo? = 0, Br? = Bei, (k=1, 2,- $12), ag? = 0, op? —= aa, 
(k = 1,2,---,s-+ 2), where a), Bt a 0 is a solution of (3.6) for p = i. | 
Hence N/D == N®/D® = N/D, so that (iv’) holds for p=2. Çon- 
tinuing this process we conclude that (iv’) holds fcr p==1,2,- 
Finally, since Atr srs 0, PD‘) —N actually contains the (ie 8 
+ 2r-+ 1)-th power ofz, so that (v’) holds. For a like reason, (i) implies (7). 

This completes the proof of Theorem 3. 1. 

The preceding proof contains the proof of the following theorem. 


-i 


THEOREM 3.2. In the Padé table for a we have for some integers 
P: q, T 


(3.7) (G) feum Ahan (ii) re fan, (k =1,2,---,7), (331) Fasratparet FE fap 
if, and only if, | f 
(8. P) (i) Aqg-1.0 SE 0, (i) Aakn. pita == 0, (k s 0, ae E 1), (iii) Ager, perei # 0. 


4. Regular C-fractions. The Gidion (1.1) and its power series 
P(z) = ; + az + Coz? 4+--- are called regular if every approximant 


‘ 
ł 


q . s 
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Ap(z)/Bp(2) is a Padé- approximant for P(z). We shall first reformulate. 
some results of Scott and Wall [4] on the Padé table for a regular power series. 
The novel aspect of this formulation consists in the introduction of the. 
"` a-polygon. . We shall then characterize regular C-fractions in terms of geo- 
metrical properties of the Padé table, and then (5) in terms of the coefficients 
of A power series. 
~ If sp and tp are the degrees of A,(z) and Bp(z), respectively, then P (z) 
is regular if, and only if, for every p, P(2)By(z) = Asl) == alae, or 
e 1f, and only if, there a an integer 1p such that 


(4.1) sp + tedmata “+ pu, Tp = 0, (p =0, 1, A e, 


Since the approximant is B A rp'is its order [2]. Let Qp denote the 
block of order rp whose squares are occupied by Ap(z)/Bp(z). The coordinates 
of its-vertices are (én, Sp), (tps Spt tp +1), (lotto tsp), (etre +L 

, S-o + 1). For all points on the diagonal connecting the second and third 
of these vertices, the sum of the coordinates is Sp- tp + rp +1. By (4.1), 
this sum increases with increasing p. Hence, as Qp and Coes do not overlap, 
it follows that for any nen p either 


(4. 2) : o Sp > F Tp 

or ae 

(4. 3) p Ép > tp + 1p. 

By (2.3), (2.8), it follows that | 
' (4 4) : Spar = Sp-1 F Ops E 

or - = 2 . i i M 

(4. 5) - bps = tpa +. Mpa; 

according as (4. 2) or (4.3) holds, respectively. Hence, 

(4. 6) Sp — (Sp + Tp) = to — (tpa + 19-1) > 0,, 

or P : 

a) ae tp — (tp + Tp) = Sp— (Spit tra) > 0, 


respectively. One may then readily show by mathematical induction that 


l baa S tap F Top, tapsa > bapsr F Teper, (p = 0,1,2,: - J). 


Hence we fiad, by (4. 4), (4.5) that 


an SR hapa O 
` top = % + Aa -F> + + -F Gop, (p = 1, 2, 3,> ; ). 


1 fe : l ’ 
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By (4.1) it follows that 


ly hete eate ni, 


1 a top-1 + Nep-1 == Ay -4- he |. . sej Gon, of 
or f; 
: (4 11) Sop = Sop + Top +1, , 
; . ap me bop-1 zJ Top-1 F 1, 


These results have a simple geometrical interpretation in the Padé table, — 
We first draw the. e-polygon OV.ViV2-.- - with vertices O = (0, 0), e 
Vo = (0,4), Vora = (22 + a ft Map, a F a = a Ospa)s . 
o Vap = (@ 4 aat + fe Mop, Gp as +: “ob Gop), (p= 1,2,3,° ° +) 
By (4.9), (4. 10), the vertices of Qep are oo a; 


Wop = (ae + Gao Oo Sop), Vap i k 
Tap = (top + Tep T 1, Ssp); U ap = (tap + Top T 1, a, Oa 07> H Aep) 


and the vertices of Qp are 


. ‘ 
l f ‘ , 
U zpr — (Leper, Oy + Us °° f + Aap J Popa = {opr Soper F Teper =F 1), 
Fams Wop = (2 + as -4 A -F Gop, S2pri ++ Tops +1). 


Thus, the -polygon forms part of the boundary of every square Qp. 


By (4. 8) we see that Qy and Qpn have a line segment Dp of the a-polygon as 
common’ boundary (Fig. 1). | 
Let L(w) denote the straight line whose equation is y =s +o., Then. 

` -it is clear that there exist one or more integers wp such that the lines Lla) 

and L(1 + wp) -cut the line segment Dz». The principal diagonal of Qp lies 

on or below L (wp), and the principal diagonal of Qp lies on or above 


i L(1 + op). Hence we`'see that Wap must lie on or below L (ap), Usp, must lie 


“on dr above L(1.-+ wp); Yap must lie on or above L(1-+ wp), and Vap must 
lie on’ or below L(w,). These statements are equivalent to the following 
inequalities: a ` | | 
(i) Sep S tap + op, a. - 
(4. 12) 7 (ii) S2p+i Za topei + Wp + 1, : A a 
be (iii) Soper = top + wp -+ l, = * de a 
' (iv) Sops1 <= topis T Op (p= 0,1,2,' °°). 


We shall now prove that the necessary conditions (4.12) and (4.9) are 
sufficient for regularity. We suppose that (4.9) holds, and that integers — 
wow °° exist such that (4.12) holds. ' Then. sop + tep = Sop + Ge + ae 
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7 + H sp S top H wp + % + ay + "tb Oop SS Sop — 1 + Ge + Me 
= Ging, OF Sup + ae LS Gp Gy he ee Similarly, 
"Sapri p toma == 4y -+ Ge H’ ee tapi E t E Sy -F ag + o H Soper 1 Super 


TRR ebb Pe EP 
P| Pipa EP EE 
HNES Peary ET TEE 
CECE ELCETE 


BRR Sees 
Ea Doa 





pe Saf ope da + tap — 1, OF Sepai F top F+ L5 a + % 
"+ &zp+z Consequently, (4.1) holds, and hence the C-fraction is regular. 
We have proved the sone theorem : 


THEOREM 4.1. The 0-fraction (1.1) is nni if, and only if, (4.9) 
and (4.12) žold, where wo, w, -> are integers. 


Tf (4.9) holds, and there is an integer o = 0 such that the straight lines 
y 
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L(o) and L(1-+w) intersect all the line segments Dp, (p= 0,1,23, °°), 
then the C-fraction and-its power series are called regular. We shall prove 
the following theorem: 


THEOREM 4.2. The C-fractton (1.1) is a-regular if and only if there 
exists an integer o = 0 such that 


(4. 13) Oy + Z -H ° j >A aopa = Wy F a F ay +-- $ -+ Gep +o + 1, 


Gof hy Hi Oopes = My Ag + Bop —o, (p= 0,1,2,- °°), 
where Gy = 0. 


Proof. If (1.1) is a-regular, then (4.12) holds with o = œp, (p = 0,1, 
2,:--). Hence, by (4.9) and (4.12) (iit), (iv), we conclude that (4. 13) 
holds. E p 

If, conversely, (4.13) holds, then we shall prove by induction that 


(4.14) Sop = o SS bap = Qo F Qa F asti be Oop, (p= 0,1,2,° > +), 
w -+ 1 + bapa SS Sop == 41 + Gy + ' , * + aep, (p = 1, 2, 3,- ; ), 


from which it will follow immediately that (1.1) is a-regular. The ‘first 
relation (4.14) holds for p== 0 ‘since o = 0. Since sı = %, t = 0, so S 
MAX (a; z), to == %, we readily verify (4.14) for p==1. Assuming that the . 
relations (4.14) hold for p S n, n = 1, we shall prove them for p =n + 1. 
From (2.6) we see that Sena == MaX (San, Sana + Gens) IË 3on SE Sant F Aoma 
But, by our assumption, Sən S w -+ @+a,+:--+, and, by (4.13), 
Son~i T Sons = A + pie -+ Caner > X +- a-et + Gon -H @, SO that 
Sens == Cong, T Sana == Oty -+ ie i Rena By (2. 3), tonya == max (ten, 
ton-1 F @ana1), 80 that | 


1 + $a l : 
le Yt fF = ee aa <a L. e. one == Sonate 
a “T7 Vn ite 1 3 + F 2n+L 2H+1 


Next, since fens = MAX (bani, bon + Qons2) provided tan 5& ton + @ons We ' 
conclude that tens = Ge -+ a, -+ - ‘+ amm; inasmuch as, by what we have 
just proved and (4.13), tmm Sa, + G3 + + e + Gon — o — 1 < @ + a4 
+++ + F Oone == ton + Qane Finally, we have 


ae = os Qonse = a + i D Ea ji ne t = fama i j 
The proof of Theorem 4. 2 is now complete. 
In general, the regularity of (1.1) depends upon the coefficients a, as 
well as upon the exponents a». For example, the C-fraction 
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z z z2 # gZ gz 
+ 1—1 — i247 1 4T47474 


is reguler (Fig. 1), but if the minus signs are replaced by plus signs, the 
resulting C-craction is not regular. The conditions (4.13) involve only the 
exponents a, so that a-regularity does not depend upon the coefficients ap 
= in particular, a, == 1, and (4.13) holds with w == 0, then the C-fraction 
is “ absolute_y regular ” (Scott and Wall [4]). I «p = 1, (p = 1,2,3,- -), 
in (4.13) holds with w= 0. In this case the C-fraction and-its power 
series are called semt-normal. 

Let us return for a moment to the blocks Qp in the Padé table tei a regular 
power series P(z). The order tp of Qp expresses in & certain sense the amount 
of the d2gree of approximation of Ap(z)/Bp(z) to P(z) in excess of normal. 
It is therefore of interest to have upper and lower bounds for the numbers rp. 
From (4.9) and (4.12) we readily obtain the inequalities 


Gy Oy + ` T Sop — l 

= fa = (Q + asi + Map — 1) — (22 + aH: + H Gop wo), 
Qe F Qa Hol lT epe — 1 

= Tapa Z (Qa + aa -Hie ++ aope + wp) — (a + %3 H *-+- Gopi). 


In certain cases, one can determine the exact values of.the’7, and hence 
the exact sizes of the blocks Qp. This depends upon whether equality holds 
in (4.12) (i), (ii). For example, if (a) æ, = 1, œp = 0, and the ap are real 
and positive or actual inequality holds in (4.12) (iti), (iv), or (b) op = &ı— 1, 
@, Æ 1, equality holds in (4.12) (iv) and the ap are real and positive, then 
equality holds in (4.12) (i), (i). 


5. Chzeracterization of regular power series in terms of their coefficients. 
It is well known that P(z) =1-+ ez + coz*-++- ~ is semi-normal if and 
only if certein determinants formed from the coefficients cp are different from 
zero ([&], p. 3804). If P(z) is absolutely regular, Scott and Wall [4] showed 
that certain of these same determinants are different from zero, but they did 
not obtain zhe complete characterization. We shall now proceed to do this 
for the mor general a-regular power series. 

Let P(2z) be a- -regular. Then, in the Padé table, the blocks @o, Qi’ 
are all cut dy the straight lines L(w) and L(1-+.), for a suitable integer 
w = 0 (see Fig. 2). The line L(w) passes through the file of approximants 
fow Tiie fe 24a” T’ and L(A +) passes through fo,1+00) ere famo ais 
All the even approximants of the C-fraction are contained in the first of these 
files while all the odd approximants are in the second. The approximants on 
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L(w) which occupy squares in Qop are equal to one another and are different 
from those occupying squares outside Qos. Similarly, the approximants on 
L(i-+) occupying squares in Qp are equal to one another, and are dif- — 

ferent from those outside Qp. Hence if we put 


ERRET TT 


| ; 
AUTAN Ld 
== RINT pee 


shee kewedea- ait TR Be : 
pt Pye Ma 
EEE Per 


p 1) go=0, pene "+ Gop, h= a $y + "+ Apt; 
(p= 1, 2,3,- ° °), 


we have 

fou = furno =" T = Piya e-t Fa 1 * fh ~,Iy > . 

Th, —W~2, lp aE fry ~~ 1,hy = fi, igs =" "= fy, 1,9 p+ es) Gpt w+ > 

fos Lopai FÉ fap apie = fos +1,9p 4041 FS ° eee ~W~1, Rp, vi fips -W, Raw , 


(p= 1,2,3,---). 


We may now ay Theorem 3. 2 to obtain the following necessary conditions 
for P (z) to be a agas 
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+. Kessel; Gani ee), Ai 0 
(5. 2) Åhp-0-2,ħp =£ 0, Ap ean C a p+ 0 —hy—1) 
i Agp- -L,GptQ+1 ial 0 
Ag,-1,ap+09 #0, Ag,+i,gprorisi = Ô, (t= 0, 1, > +, Apa — 9 —2—w), 
Arpa — 1— a, how A 0, (p = 1, 2, 38,°"- +). 


If we chanze the notation by writing (n, o) = An-tarie, t(n, w) = Ano news 
we obtain from (5.2) the coriditions ` 


(gr 0) £0, ®( gy +14, w)= 0, (¢==1,2,- i - hpi — Jp —1—), 
P (hp. — o, w) 0, (p = 0, f; A z =) : ; i 
(hy — o, o) 0, (hp +1— 0,0) =0, (i= 1, 2,° 3 gp F o — hp), 
l (ga + 1, 0) 0, (p=i, ®; 3,°° *). ) 


We find by a process similar to that used by Scott and Wall [4] that the 
coefficients 2» in the C-fraction are given by the formulas 


(5.3) 


p Deano) (1H + gee), 
are ¥ (hy — w, w) =: ey 


(— 1) 498 (hy — o, 2) (ips — ©, @) 
Y (hp — vw, w) P (hp-1 — o, w) a 
(1) 8 (1 + gp ©) ® (gp ) 
lop Se E E E E A 
= ¥(1 + gpa, 0) (gp, ay (p , 
These aie of the ap may also be Jane from the algorithm (2.2), (2.5). 
We note that, by (4.13), the numbers gp, hp satisfy the inequalities 


(5.4) dopa = 


(5. 5) efplishSgatosth—l1 
ee gg ene oe OR ° 


Moreover, if gp and a are any numbers satisfying (5. 5), then the C-fraction 
with exponents 


(5. 6) azp = Jp — Jo- Qep- = lp — hp- (go = ho = 0), 
is «-regular. 

We shell now prove that the conditions (5.3), which are necessary for 
a-regularity, are also suficient. We suppose that (5.3) holds, where’ the 
Jp and hp aze any numbers satisfying (5.5), for some non-negative integer w. 
We then determine numbers ap by the formulas (5.4) and numbers ag by 
(5.6), and form the C-fraction (1.1), which, by Theorem 4. 2, is necessarily 
g-regular. This C-fraction has a power series expansion P’(z) = 1 + ez 
+ Coz?-++-+--, It is required to show that ¢p—=c, (p=1,2,3,:-°). 
From the Fadé table. for P’(z) we ‘gee by- what has already been proved that 
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(5.3) and (5.4) hold with the cp replaced by the c’y. It is then clear that. 
the ap may be determined from the algorithm of 2 if we start either with P(z) 
or with P’(z). Inasmuch as that algorithm determines the cp uniquely in 
terms of the ap for a given set of the ap, it follows that d'p = cg, (p = 1, 2, 8,--°). 

We have proved the following theorem. 


THEOREM 5.1. A power series P(z) = 1 -+ c12 + 622? 4: > is a-regular 
if and only if there exist positive integers a, a, €a © < and an integer w = 0 
such that (4. 13). holds and such that the coefficients cp satisfy the conditions 
(5.3), where the gp and hp are defined by (5.1). 


As a corollary we have the well-known theorem that P(z) is semi-normal 
if and only if the determinants (7p, 0), ¥(p, 0), (p = 1, 2, 3,- a are all 
different from zero. 

Conditions for regularity similar to (5. 2) can be set tp in terms of the 
coefficients Cp, the parameters wp and additional parameters œp. The latter 
determine diagonal lines L:(w’,) and L(1 + ’,) which intersect the common 
boundaries of Qzpı and Qp. Formulas analogous to (5.4) for the ap may 
also be obtained. As these conditions and formulas are somewhat complicated, 
we shall omit them here. | 


6. Some transformations of €-fractions. . Let P (#4) = 1 + e2 + cz? 


+: -~ be a power series which does not represent a rational function of z, 
and let (1.1) be its C-fraction expansion. Let cs be the first of the coefficients 
C1, C2,C3,° * © Which is not zero. Then the power series 

' Pz Te. 
(6.1) ` P¥(2) = Poi, Q(8) = Bays Pals) = P(e) + Cr, 


where Č is a constant, do not represent rational functions of z, and must 
therefore have non-terminating (-fraction expansions. There are a number 
of cases where the coefficients and exponents in the C-fractions for the power 
‘series (6.1) can be expressed in a simple way in terms of the coefficients and 
exponents in the C-fraction for P(z). The problem is clearly equivalent to 
the problem of finding the coefficients by, Gp, €p and exponents Bp, 3p, ep in the 
three continued fractions 
ba bogBs baz: 








(6.2) l 1 -+ az“ + —— +. I E O enn 
; 1 d, 2° daz? daz? 
aa an 1} +141 H, 
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and, 
(6. 4) 1— Cza po 


Cog Baz“ 


ee ae oe%, . 
which are all equal to (1.1) in the sense that the power series for (6.2), 
(6.3), (6.4), and (1.1) are all identical with one another. We sha-l obtain 
the required formulas in a number of cases. 





THEOREM 6.1. If the exponents a of (1.1) satisfy the inequsliiies 


(6.5) Gg Ly tees + Aap > ag tb Ogee H Aapa > Ge + Og bos H Gap, 
(p = 1, 2, 3,- i ‘J; 


then the coefficients bp and exponents By in (6.2) are given by the formulas 


bı = — 40s, b: = de, By = 4, -+ Go, Bo = Qe, 


b n A b NONE; tgs ° °° oper b TSAN b fells” ~ * Gop+2 
(tk Fen ae Pee 


Bap- = Bap = (Qa + Os + ° + + epa) — (a2 + a+: + ap), 
Bip = Bap = (Qo + ag f° + + Qop) — (Q + as Mopar), 
j i (p = 1,2, 3, =) 


Proof. We take the even part of (6.2), i.e, we form the C-fraction 
whose approximants are the even approximants of (6.2) ([2], p. 201): 


b: gbi . bobagbetBs b $ 5 gBstBs 
ay meeen enaena aa iranano aa an a aeaaea eie eteten PŘ 
(ST as +i +. bazh: — 1 -+ bazh +- bazh: — 1 + 5, 28s + bezte —- - - 


We now determine the bp and £p by the formulas l 


b, = — Ailas bg = hay bopb opri == —— ehay bap — Danse, 


Bx = Qy + Qa, Bo == Gn, Bop -+ Bpr = 2y Bepat = Bopies 
(p = 1, 2, 8,° f Aa 


(6.8) 


so that (6.7) becomes 


Ay hoz — AgzZ® 2% 

fam + 1 + 1 + | 

By (6.5), the equations (6.8) can be solved for the £p, and give (6.6). One 

may now readily verify that the approximants of (6.9) are the 1-st, 2-nd, 
3-rd,- - - approximants of (1.1). It then follows immediately that the power 

series for (6.2), in which the bp and £p are given by (6.6), is a same as 

the power series for (1.1), and the theorem is proved. 


(6.9) 1+ az — 


Example. Theorem 6.1 may be amid to the C-fraction of Pee 
([3], p. 214), and gives the identity 
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z ge gf ) e 
(6.10) it- = > 
g3 ge Ze 23 g? g2 gt at 


TAR E omega 


~ 


THEOREM 6.2. If the exponents ap of the C-fraction (1. 1) satisfy the 
inequalities 


(6.11) Oy F Xa ot mb apa D Aa H Aa ep Map > Gy Og Ti E Aep- * 
` (p = 1,2,3, -), : 


then the coefficients dp and exponents 8, in (6.3) are given by the formulas 


etl,” ` ` they 
dı = — da = — th, dapa = — Gy = — 14M, 
Gila ` * * hapey 
Gila’ * * oper f 
i D diga A E a 
Aola ° * lop 


(6.12) l 8, = 3, a, eee: eel Go) (atte “+ Gop1), 
Ospia = Sapien == (Qi + a + aps) — (G2 F as + ++ Qop)» 
(p = 1, 2, 3,° ° ae 


Proof. The odd: part of (6.3), in which the d, and 8, are given by 
(6.12), is precisely (1.1). Hence (6.3) and (1:1) must have one and the 
same power series. 


E If we apply Theorem 6.2 to the' C-fraction of Ramanujan, 
we obtain the identity i 


2 


e p PoP g 

Die e a 

The approximants of (6.2) and (6.3) are of course rational approxi- 
mants for P (z), and are easily seen to be Padé approximants in case the power 
series P*(z) and Q(z) of (6.1) are regular. Under the conditions of 
Theorems 6.1 and 6.2 it may be verified by means of Theorem 4.2 that 
P*(z) and Q(z), respectively, are «-regular. Hence we have the following 
theorem : | ` 


THEOREM 6.3. Under the conditions of Theorems 6.1 and 6.2, the 
approximants of (6.2) and. (6.8), respectively, are all Fadé approximants 
for P(z). | 
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~ 4 Example. In Fig. 3 are shown blocks in the Padé table for the Ramanujan 
(-fraction, which are occupied by the approximants of the latter and of the 
continued fractions in the papi members of 46.10) and (6.13). These 
blocks are designated by 0, 1,2,° > ao, 1, 24, e; and +0, 1; 2, 


CCE CERT eee 
pt tt oe. e248 49 eee 
ie a es aa SSR 
pipe 
ETEISEEN ey ETT 





= 
CECE EER Ee epee 





respectively. The blocks designated by 0**,1**,2**,-- + are occupied by 
certain of the approximants of 


eee eee hs aT 
i a ie ee ee 
. oe ee ey a De ee ee ee ee os ee een ees ee eee 
which is also equal to the C-fraction of Ramanujan. This can be obtained by 


a 


gə 4 a 
(6.14) Teas Fa s Se 22 44/3 əz $2 2z 
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means of the algorithm of 2, if we start with the power series for .the 
Ramanujan C-fraction, namely, 


P(z) =142—B+4 8+ go — 2 — 228 4 19 4 Qt — 21? Bz18__ p14 
| 8218 +. 3218 — 9217 — §z18 — 21° 4. 62? 4. §22t — 392? — gz 
— 2224 41. B225 1 Yg 5227 __ 19228 —- 2729 ae 13299 +--+, 


The approximants of (6.14) are not all Padé approximants, e. g., the 12-th | 
is not. The squares which are shaded in Fig. 8 are not occapied by approxi- 
mants of any of these continued fractions. This example shows thet when 
the process by which (6.2) was obtained is repeated, the new continued frac- 
tions may have approximants which are not all Padé approximants although 
(1.1) is regular. | 

In case the a —1, Stieltjes gave formulas for computing (6.2), (6.3), 
(6.4), which hold under certain conditions. The formulas we have given 
in Theorems 6.1 and 6.2 do not apply when the 4—1. The following 
theorems may be regarded as generalizations of the results of Stieltjes. 


THEOREM 6.4. If the exponents ap of the C-fraction (1.1) satisfy the 
condition 


(6.15) a -H as 5 ae & Cope, = Aa + Me t+ > ++ Oop, (p= 1, 2, 3, - Jo 


then the coefficients bp and exponents Bp in (6.2) are given by the formulas 


by = — 102, b2 = Qz + as, bop == Qop F Q2p+2 — Ü2p+2) 
i j . haps 
(6. 16) Dopse == Bopig + ew op en, ee ee ee 
fepe1 , Gep+iBep-1 py, epep- * &3 
1 Senet 4 Saves ap i A 


lap Aaphop-2 Aspllop2* * * Ge 
By = a + Ao, Bo == Qo = As, Bopi == Bop = Sop = Qapi 
(p = ĝ, 3, $, > ys 


provided the values of the ap are such that (6.16) can be solved for the bp ~ 0. 


Theorem 6.4 may be proved by comparing the odd part of (1.1) with 
the even part of (6.2). | 


THEOREM 6.5. If the exponents a of (1.1) satisfy the condition 


(6. 17) Gn 4- Oy F: -F Oop = Oy Ag ts: * -F Qep-1, (p = 1, 2, 3,- i i 


then the dp and 8 in (6.3) are given by the formulas 
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® dı = — a, do = tı + de, . 
(6. 18) doplop+1 = Sioa dop, + daps = flops1 F Geps2, 
ô, = bo == = == Čs, Ò2p+1 == Sen49 == Sons == on+2, (p = = 1, 2, 3,° we) 


provided th2 ap are such that (6.18) can be solved for the dp +0. 


To prove Theorem 6.5, we compare the even part.of (1.1) with the odd 
part of (6.3). 
If we change the notation by substituting 


tı = 1/ky. Qp = 1/hep skp, dı = I1/fi, dp == 1/fo-sfo; (p= 2, 3, 4,° ; eJ; 


we find that formulas (6.18) may be written in the form 





f= k, fe = ); | 
(6. 19) fera == — kopa (1 -+ ko + ka + - E -+ ka)” (p = 1,2, 8, ` Dr 
— kop 
Top 


(Ap hap bg H H eap) (L -H ke + ka oP Fop) ? 
(p = 2,3,4, °°). 
i a of course, be assumed that 1 + kz- ket: + + 4 ka s0, (p = 1,2, 
-:). These formulas are exactly the same as those found by Stieltjes in 
a case where the @, == 1. 


THEOREM 6.6. If the exponents a of (1.1) satisfy (6. 15), then the 
coefficients 2p and exponents ep of (6. are given by the ie 


(6. 20) Í —~ die, Ca == Gy + as, eee == Gepr1hep+2, Caper h Conse == dop+2 -}- fop) 
E, == Ay +- Go, Ea = Ao = Og, €oni1 == Egpie == Bopio == Gopiz, 


(p = 1,2,3,° - ‘); 


provided ay aren p If a, 34—C, the formulas relating the ap, Gp, Cy, and 
Ep ATE 


( 6 21) 65 = & + C; Cap-1 Cop == Msp-i2p, Cap i Cans, == Qep 4- Aap+is 
€y = Qi, €op =". €2p41 —= Gap == Qapi; (p = M 2, 3, ° = 


The values of the Gp must be such that conditions (6.20) and Lt: 21) are 
solvable for the ep g 0. 


Proof. The even part of (6.4), in which the ep and ep are given by 
(6.20), is the same as the odd part of (1.1). Therefore- (6.4) and (1.1) 
must have the same power series. Similarly, the odd part of (6.4), in which 
the ep and ep are given by (6.21), is precisely the odd part of (1.1). Again 
_the power series for (6.4) and (1.1) must be the same. 
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Formulas (6. 21) are equivalent to ‘ces found. by Stieltjes. for me case 
a the @==1. For, if.we let ` 


ay = 1/ kı, ap = 1/kpikp e, = 1/hı, ep = 1/ħpıħhp (p = 2, 3, Ane), 
as we find that formulas (6.21) become 


ha = ka/ (Í+ Ch), Thay = kolt + O(n + kot + + + + hep a)) 4, 


a e 
= O(a +b + bes) OPO ET tava), 
(p= 1,2,3,- c): 


One may readily verify the following theorem by means of Theorem 4. 2. 


THEOREM 6.7. Under ihe conditions of Theorems 6. 4, 6.5, and. 6. 6, 
the apprommants of (6.2), (6.3), and (6.4), respectively,. are’ all Padé 
approximants for P(z). l 


By analogous devices, one can obtain the continued fractions (6.2), 
(6.3), and (6.4) in other cases, e. g., where the a satisfy (6.11) for certain 
values of p and (6.15) for the remaining values. To do this, one must form, 
from the odd and even parts of (1.1), continued fractions which have all but 
a finite number of the approximants of (1.1), as, for instance, the continued 
fraction (6.9). 


NORTHWESTERN UNIVERSITY, i 
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_ THE BERNSTEIN POLYNOMIALS FOR DISCONTINUOUS 
FUNCTIONS. j 


By Frırz Herzoe and J. D. Hir. 


1. Introduction. A classical theorem of Weierstrass asserts that every 
, continuous function defined on a finite closed interval can be uniformly 
approximateil by polynomials. There are several well known proozs oż this 
theorem in the literature; among these is the very elegant demonstration of S. 
Bernstein, who showed that if f(z)-is continuous in [0, 1]? then the sequence 
of polynomials 


(1.1) 9 Bu(f3.#) mS raTa) (m= 1,2,8,- ++), - 
where | i | 
(1.2) Tnx (2) == Ona (1 — 2), 


converges uniformly to f(z) in [0,1]. 
For later reference it is convenient at this point to observe the following 
obvious facts. 


(1.3) a S f (k/n) SA for all k/n in [0,1] implies — 
T a Æ Ba(f; x) SA for all x in [0,1]. 
(1.4) -© Ba(f;0)=f(0);  B,(f;1) = f(A). 


The elegance of Bernstein’s theorem lies in the facts that the approxi- ` 
mating polynomials are given explicitly and that they depend only on the 
values of the function f(s) for rational values of a This latter fact leads us 
to introduce at once the following definitions. 


(1.5) Definition. By a skeleton we shall mean a function f(*) defined 
only for rational yalues of r in [0,1]. 

On the other hand, in this paper we shall hereafter reserve the term 
Junction to denote an f(x) defined for all æ in [0,1]. 

(1.6 ) Defimtion. By the. class © we spall 2 mean. the class of all skele- 
` tons f (r) for ki the limits 


l * Received Sereni 4, 1945. 
t S. Bernstein, Communications de la Société Mathématique de Kharkov, { 2), vol. 
` 13 (1912), pp. 1-2. s 
=. 2 By [a,5] or {a,b} we mean the interval aSa=Ut or a<ag <h, respectively. 
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(1.7) f(x) =lim f(r) (0<#S1), 
(1.8) © fale) == Tim f(r) -  (0Se<)), 


exist for the values of x indicated. 


(1.9) Definition. For each f «© we shall understand by the normalized 
extension of f(r) the function fw(#) defined by the use of (1.7) and (1.8) 
as follows. | | 


K1. 10) fu(w) = $[fr(£) + fr(e)] (0<z< 1), 
(1.11) fu(0)==f(0);  fw(1) =f(1).° | 


(i: 12) Definition. Two arbitrary skeletons f(r) and g(r) are called 
equivalent, and we write f(r) ~g(r), if for each e>0 the inequality 
| f(r) —g(r)| = e holds for at most a finite number of values of r.. 

We are now able to state precisely the object of this paper. We propose 
to investigate the behavior of the polynomials (1.1), which we shall call the 
Bernstein polynonuals of f, for the case of a bounded skeleton f. 

In 2 we collect in the form of lemmas certain results which are used 
throughout. In 3 we establish some useful lemmas concerning skeletons of 
the class © and their normalized extensions. 

The behavior of the Bernstein polynomials of a skeleton f, under the 
single réstriction that f be bounded, is discussed in 4. Here we obtain as a 
principal result Theorem. (4.3), which gives lower and upper bounds, respec- 
tively, for lim,B,»(f;z) and lim,Bn (f;2) for each x In 5 we derive the 
following results concerning skeletons f of the class ©. In the first place we 
show that the Bernstein polynomials of such a skeleton converge in [0,1] to 
its normalized extension (Theorem (5.1)); and that this convergence is 
uniform in any closed subinterval in which the normalized extension is con- 
tinuous (Theorem (5.5)). In the second place we show that if f and g are 
two skeletons in © then Ba(f;7) and By(g;x) converge to the same limit 
function if and only if f and g are equivalent (Theorem (5.6)). 

In 6 we derive sufficient conditions for the convergence of the Bernstein 
polynomials of an arbitrary skeleton f in terms of the order of magnitude 





of the sum > | f(k/n) — g(k/n)|, where g is a skeleton in ©. A necessary | 
k=0 


condition for convergence in terms of the order of magnitude of 3 [f(k/n) 
i=0 


—g(k/n)] is also given. 


* This somewhat unnatural definition at the endpoints is justified by its convenience 
See (1.4). . 
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Finally in 7 we present some examples to illustrate the main features 
of. the theory. 


2. Preliminary lemmas. The majority of our results depend upon one 
or more of the following lemmas. For the definition of T.(#) we refer the 
reader to (1.2). 


. (2.1) Lemma. For n=—1,2, Bone ; k=0,1,2,---,n and 0< 
<1, we have Ty.(2%) < K[nx(1 — 2) J], where K is an absolute constant. 
Proof. We shall show that n?Cp,.0**3(1— a) ***# is bounded for all values 


‘of n, k and « As a function of z this expression assumes its maximum value 
for z = (k -+ 4)/(n +1). This maximum value may be written in the form 


nin! (b3 (n— b+ 4)" 


(a: a) (n + 1)" k! (n— k)! 


The second and third factors in (2.2) have the form Am = (m+ 4)™2/ml. 
By the use of Stirling’s formula we find that Am < Ke” for m = 0, and that 
the first factor in (2.2) is less than Kse”, where K, and K, are certain con- 
stants. Combining these estimates we find that the expression in (2.2) is 
less than a constant K. 


(2.3) Lemma. Forn = 1,2,83, `- and0 S21 we have d* Tur (2) 
<1/(4n®), where the sum is taken over all k for which | k —nz | S nee, 
This is a known result.‘ 
(2.4) Lemma. For n=1,2,3,--- and 0<u<1 we have 
lim >» Tae(t)=—%—lim 2 T(z). 


n0 Ok < nz n> ng L kin 


This follows at once from the central limit theorem of probability, namely, 
that 


| 
, Him & Tag (x) = (2x) f eedu, 
noQ È -00 


where the sum is taken over those values of & for which OSk < ng 
-+ tina(1-—a)]3%. Merely set t= 0. 


(2.5) Lemma. For n=1,2,3,---and0O<2x<l1 we have 
lim 3Y Tnx. (a) = 4 p= u x” Tax(2), 


n->00 k 


t G. Pélva and G, Szegő, Aufgaben und Lehrsdtze aus der Analysis, vol. 1, Berlin 
(1925), p. 65, mo. 145. 
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where 3x’ is taken over all k for which na — nh S Steman So overall 
k for which ne < k SS ne -+ n3/s, 


f 


This is a direct consequence of Lemmas (2. 3) and (2. 4). 


(2.6) Lemma. If F(x) is bounded in [0,1] and continuous at a 
point £ in (0,1) then the sequence {Bn(F3%0)} converges to F(z). More- 
aver if F(x) is continuous at every point® of [a,b] where OSa<bS1, 
then the Bernstein polynomials By (F; x) converge uniformly to F(a) in [a,b]. 

For the case in which a0 and b==1 this is precisely Bernstein’s 
original theorem (see 1). In the general case appropriate modifications of. 
the proof given by Pólya and Szegé ° suffice to establish the lemma as stated. 


3. The class ©. In (1.5) we mtroduced the concept of a skeleton and 
in (1.6) we defined the class © of skeletons. We now proceed to establish 
several results concerning skeletons of the class ©. The first of these is the 
following lemma. 


(3.1) Lema. If f(r) «eS then f(x) and fr(v) defined by (1.7) 
and (1.8) are at most simply discontinuous functions for 0< 21 and 
OS gx <1, respectively, and 


(3.2) fr(e@—) =fr(t —) = fr (2). (0 <2 =1), 
(3. 8) ful +) =fe(a +) = fe(2) © (0&r<1): 


= Proof. Let z, be a fixed point in the interval 0 < 21. Equation 
(3.2) is equivalent to the assertion that for an arbitrary sequence (2) con- 
verging to Xp from the left, we have 


(3. 4) lim fr(@n) = lim fr(En) = fr (To). 
n> POC | 

To establish (3.4) we associate with each x, two rational numbers ry’ and ry”, 
such that @,-—1/n < ty’ < En < Tr” < X and such that 
(8.5) | fra’) — fren) < t/n; | f(r”) afalen) < 1/n. 
We now make use of the following identities. 
(3.6)  fr(an) = fr(£0) + [f (tm) —fr(2o)] — Lf (r) — fr (aa) ], 
(3.7). fe (an) = fr (ao) + [F (r4) — fa (#0) ] — [F (rn) — fr(Ta) ]. 

ë By this we mean that if a > 0 then F(æ) is to be continuous on the left at @ 


as well as on the right; an analogous statement holds with respect to b if 6 < 1. 
° G. Pólya and G. Szegé, loc. cit., p. 66, no. 146. 
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Since ra —> To — and fa” — Tọ — the differences in the first brackets on the 
right sides o? (8.6) and (3.7) approach zero, while the second brackets do 
so because oč (3.5). Consequently (3. 6) and (3.7) imply (8.4). In a 
similar fashion we may establish (3.3). 

The next lemma, which is a simple consequence of the preceding, involves 
the notion of the normalized extension (see (1.9)) of a skeleton fe S. 


(3.8) LEMMA. The normalized extension fu(x) of a skeleton f(r) eS 
is at most a simply discontinuous function in [0,1]. Moreover, the following 
erelations hold. | 


(8.9) f(z —) = fi (2) © (0< #81), 
(3.10) fy(@ +) = fr(2) (0S2<1), 
(3.11) f(w) = AL fy(w@—) + fs(2 +)] © (0<8<1) 


Proof. et % be any point in the interval 0 < r S 1. By Lemma (3.1) 
the limits fr‘To—) and fr(#)—) exist, so that fy (zə —) exists by (1.10). 
Equation (3.9) then follows at once from (1.10) and (3.2). Similarly, 
for an @ in tne interval 0 & v < 1, fy(a +) exists and (3.10) holds. Equa- 
tion (38.11) now follows directly from (1.10), (8.9) and (3.10). 

For a skeleton f(r) «© the values of fy(r) and f(r) are not necessarily 
equal. For example, if f(r) ==1/m when r= h/m in its lowest terms, then 
fy(z) = 0 in (0,1), and thus fy(r) is actually different from f(r) for all 
values of r in (0,1). The following lemma, however, establishes the fact 
that f(r) and fy(r) are always equivalent in the sense of (1.12). 


(8.12) Lemma. If f(r) is a skeleton of the class © and af fu(av) is its 
normalized extension, then fy(r) ~f(r). 


Proof. According to Definition (1.12) we have to show that for each 
e > 0 the inequality | fy (r) — f (r) | 2 e is satisfied by at most a finite number ` 
of values of r. Suppose, on the contrary, that for a certain e) > 0 the inequality 
i fx(r) — f(r)! = eo holds for infinitely many 7. Among these values of r 
there is a sequence {rn} such that- either Tn —> zo — Or Tn — £o +, where 2% 
is some pon in [0,1]. We assume for definiteness that fa —> Zo — so that 
0< a1. By (3.9) we have limn fy (rn) = fr(z0), and by (1.7) we have 
lmn f(t) = fr (2o). Consequently we find that limn[fy (ra) — f (rn) ] = 0, 
which contradicts the assumption that | f(t») —f(ra)| È €o for all n. A 
similar argument holds if ry —> Zo F. | 

The connection between equivalent skeletons in © and their normalized 
extensions is shown by the following result. 


8 
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' (3.138) LEMMA. Two skeletons in © are equivalent if and only af ei 
normalized extensions are identical in (0,1): 


Proof. Let f(r) and g(r) be two skeletons in © and let fy (z£) and gy(z) 
be their normalized extensions. Then if we set A(r) == f(r) — g(r) it follows 
from (1.10) that hy (2) = fy (x) — gx (æ) in (0,1). Now if hy(x) = 0 in 
(0,1) then h(r) ~ 0 by Lemma (3.12) and hence f(r) ~ g(r). Conversely, 
if f(r) ~ g(r) then h(r)-~ 0, from which it follows at once that hy (z) = 0 
in (0,1). 

4. The Bernstein polynomials for bounded skeletons. For any skeleton . 
f(r), bounded or not, we now define the following four auxiliary functions. 


(41) fal) =xtim f(r); heme) .  (0<e $1), 
(4.2) f(a) lim f(r); Fela) =limf(r) = (0S2 <1). 


It can be easily shown that the finiteness of these four limits for the 

values of v indicated is sufficient as well as necessary for the boundedness 
of f(r). 
‘We recall that the Reman polynomials Bn(f;z) for an arbitrary 
skeleton f(r) were defined in (1.1). We come now to our first main result 
which gives the best possible restriction on the behavior of the sequence 
{Bn(f;2)} in (0,1), as f ranges over the class of bounded skeletons. On 
account of (1.4) there is no convergence problem for z= 0 or 1. 


(4.3) THeorem. For an arbitrary bounded skeleton f(r). the following 
inequalities hold for 0 <a <1. 


(4.4) Him Ba(fs 2) Z 4[f(2) + fe(2)], 
(4. 5) lim Ba (f; 2) < $[fs(2) + fa(2)]. 


Proof. We shall give the proof of (4.5). The proof of (4.4) will then 
follow by applying (4.5) to — f. Let 2 be a fixed point in (0,1). We shall 
write (1.1) in the form 


(46) Bu(f3 to) = BY f (k/n) Pax ato) + Z” f (b/n) Pra (to) 
| + St f (k/n) Lmao) + X, 


where here and in what follows the symbols X, X”, E* denote summation 
k k k 
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over those values of k for which na — n? S k < n&, NEo < k S nto + 3", 


| k — nay | > n°/*, respectively. The term X corresponds to k = nzo in case 
nZ is an integer and is equal to 0 otherwise. In either case by Lemma 2.1) 
we have X = o0(1) asn—- œ. 

Now let A,’ and Av” denote the least upper bounds of f(r) for zy — n 
Er <L toand % <L T E To + nE respectively. By (4.1) and (4.2) we have 


(4.7) lim An’ = fo( zo); lim As” = fr(a). 
MF OO ’ nW% 
Furthermore, from the definitions of >’ and $”, we have 
k k 
(4. 8) X f (k/n) Toe (20) Sv’ X Loe (to), | 
(4.9) 2" f (k/n) Tu (@0) S M” 2" Tnx (Lo). 


By (4.7%) and Lemma (2.5) the right sides of (4.8) and (4.9) approach 
4f1.(2o) and dn (Zo), respectively, as n= 0, Finally, if M is an upper — 
bound for f(r) then ; 


(4. 10) 2" f (k/n) Tas (20) SM 5 Tar(£o). 


By Lemma (2.3) the right side of (4. 10) tends to 0.as n—> oo. The pre- 
ceding estimates taken in conjunction with (4.6) clearly establish (4. 5). 


(4.11) COROLLARY. For an arbitrary bounded skeleton f(r) the fol- 
lowing wecualities™ hold for 0< æ< 1. 


lim f(r) Slim Ba (f; £) Slim Ba (f; 2) Slim f(r). 


r-r p->00 nox Ciara 


In 7 we shall give examples (see (7.1) and (7.3)) which show that for 


ù bounded skeleton f(r) no more than (4.4) and (4.5) can be said in general., 


Indeed, by a combination of examples of the types (7.1) and (7.3) it is 
possible to establish the following fact: If x, is any point in (0,1).then there 
exists a skeleton f(r) for which the six quantities falo), fr(%o), fr(%o); 


fr(%o), lim, By(f;%)-and lim, Bn (f; zo) assume any six given values a’, A’, 
“a”, A”, à and A, respectively, for which 4(a’ + ") 3 SASAST(4 H+ 4"), 


a’ A’ and a” S A”. 


5. Tke Bernstein polysiomials for skeletons in ©. In this section we 
shall be concerned for the most part with skeletons f of the class S. There 


* By “lim f(r)” we mean the limit as ô approaches 0 of the greatest lower bound 
por 
of fir) for 0 < |r-——a#| <; and analogously for the upper limit. 
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are several questions that naturally arise in connection with such skeletons. 
The first of these is the following: Does the sequence {B,(f;2)} converge 
and, if so, what is the limit function? This question is completely answered 
in the next theorem. 


(5.1) THEOREM. If f(r) is a skeleton of class © the sequence of its 
Bernstein polynomials converges jor (S751 to f(a), the normalized 
extension of f(r). a l 


Proof. By (4.1) and (1.7), fx(2) ar == fz (x) and, by (4. 2) and 
(1.8), fr(z) == f(z) = fr(7) for 0<2<1. Hence the right sides of : 
(4.4) and (4.5) are equal and their common'value, by (1.10), is fy(z). 
Thus from Theorem (4.3) we conclude that lim,B,(f; x) exists for 0 < s < 1 
and equals fy(x). At «—0 and s= 1 the result is clear from (1.4) and 
(ie 41). | 

It is of interest to observe in passing that the proof of the preceding 
theorem serves to establish the following result, which is local in character 
and does not require that f belong to ©. If f(r) is a bounded skeleton and 
if at a point fo in (0,1) the limits in (1.7) and (1. 8) exist then we have 
lims Ba (f; to) = $l fr (%o) + Fr(To)]- 

Before investigating the question of when the convergence assured by 
Theorem (5.1) is uniform, we find it convenient to establish the following 
lemma. : 


(5.2) Lemma. Let g(r) be œw skeleton satisfying the following CON- 
ditions: (i) g(r) is bounded; (ii) gr(0) =g(0) =Q and gz(1) =g(1) 
(1) 
= 0; (iii) for each fized «> 0, X | g(k/n)| =o (në) as- n—> œ, where the 
k 
: (1) 
symbol >, denotes summation over those values of k for which | g(k/n)| Z é 
k 
Then the sequence {Ba(g;x)} converges uniformly to zero in [0, 1]. 


Proof. Let « > 0 be fixed arbitrarily. By condition (ii) there exists 
a ô (0 <8< 1/4) such that | g(r)| < e for OS r & 28 and for 1— 287 


<1. For each n—1,2,3,--- we write the Bernstein polynomial’ of g(r) 
in the form | 

(2) (2) 
(5.8) Balg3 2) = È g (k/m)Tnu(2) + X g (k/n) Tu:(2), 


(1) (2) bes eee 
where $ has already been defined in (iii) above and XJ; is extended to those 
k k 


values of k for which | g(k/n)| <e It is obvious that the second term on 
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the right in p 3) does not exceed e in absolute value for 021 and 
n = 1,2,3, >. In order to estimate the first term on the right in (5. 3) 
we consider first the case in which 6 = 2=1—6. In this case, by applying 
Lemma (2.1), we obtain 


| È 9 (t/n) Pou(2)| < K[no(1—2) JAX | g (k/n); 


By condition (iii) it is clear that the right-hand side approaches 0 uniformly 
in [8,1—8] as n—> æ. On the other hand, for æ in [0,8] or [1 — 3,1] 
we have ' l 


| È g(&/n)Tu(2)| £ M X Taa (2), 


where M is abound on the absolute value of g(r). For the values of & in- 
(1) ) 

volved in È and for the values of x under consideration it is not diffizult to see 
k 


that | k/n—a\|> 8. Hence for all n such that n4 < § we have > Tarla) 


Š x" Tarz), where z* is taken over those values of k for which | _— | 


> nit secede: by applying Lemma (2.3), we obtain 


1$ g(b/m) Paula) | < M/ (And), 


which is vaid for all values of n sufficiently large and for all valuzs of x in 
[0,8] and [1—8,1]. The proof is therefore complete. 


(5.4) COROLLARY. Jf the skeleton g(r) is eguwalent to zero and if 
g(0) =g(1) =0 then the Bernstein polynomials of g KANTOREN zero uni- 
formly in [9,1]. 


: We return now to the following question. Under what conditions do the 
_ Bernstein polynomials of a skeleton in © converge uniformly? A complete 
answer to this question is given in our next theorem. 


(5. 5) THEOREM. I f f(r) is a skeleton in the class Š then the Bernstein 
polynomials of f(r) converge uniformly in [a,b] where OS a< 6551, if 
and only if the limit function fy(x) is continuous in [a,b]. 


Proof. The necessity of the condition is trivial. Assume then that fy(z) 
is continuous in [a,b]. We first make the following remark concerning the 
continuity of fx(«) at the endpoints of this interval. (In this connection 
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see footnote °.): If a> 0 then our assumption merely states that fy(a@-+-) 
= fy(a). However, by (3.11) we conclude at once that fy(a—) —fy(a), 
so that fy() is continuous at z = a from the left as well as from the right. 
An analogous statement holds for æ = b in case b < 1. Thus in any case we 
are able to apply Lemma (2.6) and obtain the result that Ba (fx; £) converges 
uniformly to fy(z) in [a,b]. Hence in view of the. identity 


Ba(f; £) — fy (2) = [Ba (f; £) — Ba (fx; 2) ] + [Ba(fx3 £) — fr (2), 


the proof will he complete if we can shcw that Ba(f; e) —Bn(fw; 2) con- 
verges to 0 uniformly in [a,b]. This wil be accomplished by showing that 
the preceding difference converges to @ uniformly in the whole interval [0,1]. 

Let g(r) = f(r) —fw(r) for rational rin [0,1]. From (1.1) it is clear 
that Ba(g; £) =B,(f;2) — En(fx;e). By Lemma (3.12) we have fy(r) 
~ f(r) and hence g(r) ~ 0. Finally, by (1.11) we have g(0) = g(1) = 0. 
We therefore conclude from Corollary (5.4) that Bu(g;2) converges to 0 
uniformly in [0,1]. This completes the proof. 

We come now to the final question of this section. Under what conditions 
will the Bernstein polynomials corresponding to two skeletons in © converge 
to the same limit function? This question is answered in the following 
theorem in which, on accouns of (G. 4), we restrict ourselves to the open 
interval (0,1). 


(5.6) Turorsm. If f(r) and gtr) are two skeletons in © then 
‘lim, Ba(f; 2) = limy Ba(g:z) for 0 <a <1 if and only if f(r) ~ g(r). 


Proof. The proof is immadiate. By Theorem (5.1) the limit functions 
in question are fy(v) and ga(s). By Lemma (3.13) AEP IN) for 
0<r<1 if and only if f(r) ~g(rì. 


l 


6. Further convergence theorems. It is natural to ask at this point 
if any interesting convergence theorems for {Ba(f;s)} can be obtained by 
relaxing the restriction that f belong to ©. The Examples (7.1) and (7.3) _ 
in 7 below will make it plain that in general no such theorems are to be 
expected if we stray “too far ” from ©. On, the other hand, if we stay “ close 
. enough” to ©, in the sense o (6.2), (6.6) and (6.9) below, some further 
results concerning the convergence of {B,,(f;2)} can be deduced. 

We shall begin with the following result TGN establishes. a necessary 
condition for convergence. 


(6.1) TuroreĮm. In o-der that the Bernstein polynomials of a given 
bounded skeleton f(r) converge everywhere in (0,1), or even almost every- 
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whee, to a function g(2), wee is at most simply discontinuous on [o, li 
at is neczssary that 


(6.2)  SEf(k/n)—g(k/n)]—=0(n) (n> a). 


Proof. Since the points of discontinuity of g(s) form at most a de- 
numerahkle set it is clear from the first part of Lemma (2.6) that B,(g; 2) 
converges to g(w) almost everywhere. in (0,1). Hence Ba(f—g;x) ap- 
proaches 0 almost everywhere in (0,1). Since by (1.3) the sequence - 
{B,(f—g;x)} is uniformly bounded in [0,1], we conclude from the Lebesgue 


1 
convergence theorem that f Ba (f — g; c)dz==0(1). The condition (6.2) 
Q 


now follows from the well known formula 
n i 
(6.3) f Tas(z)do =1/(n+ 1) (k= 0,1,:--,2; n=1,2, 8, +). 
9 


(6. 4) COROLLARY. In order that the Bernstein polynomials of a given 


boundea skeleton f(r) converge to zero almost everi vanes in (0, nh it 18 neces- 
sary that 2 f (k/n) = o(n) as n> 0, 


If we PE E (6.2) by taking the absolute values of the differences 
f (k/n) — g (k/n) we obtain the sufficient condition (6.6) for the convergence 
almost everywhere of a subsequence.of {B, (f ;a2)}. The comparative weakness 
of this conclusion is perhaps to be expected since if f(r) is bounded then the 


| left-hand side of (6.6) is certainly O(n). 


`(6.5) THEOREM. If for a given skeleton f(r) there exists a skeleton 
g(r) in © such that ) 


(6.6) > | f(k/n) —g(k/m)|=o(n) (n>), 


then there is a subsequence of {Bn(f;2)} which converges to gy(2) almost 
everywhere in (0,1). 


Proof. ‘From Theorem (5.1) it follows that the sequence {Bn(g;2)} 
converges everywhere in (0,1) to gy(v). Hencé it will suffice to show the 
existence of a sequence of indices {ni} such that lim; Bn, (f— g; ©) =0 
almost averywhere. To do this we start with the simple inequality 


(6.7) | Bu(f—gs2)| SE] F(h/n) —9(k/n)| Pun (2). 


4 
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This relation and the formula (6.3) immediately yield the inequality . 


a | Ba(f—g; x)| de < [1/(n+1)] >l n =N 


From the hypothesis (6.6) it follows that the integral on the left is o(1) as 
n— œ. Hence by a familiar result ® there exists a sequence of indices {n;} 
such that Bn, (f — g; T) approp 0 almost everywhere in (0,1} as i—> œ. 
This completes the proof. 

Finally, if we strengthen (6.6) to o(n#) we can prove the convergence - 
of {B,(f;2)} fro <ar il. 


(6.8) THEOREM. If for a given skeleton PIN there exists a skeleton 
g(r) in © such that 


(6.9) SI f(b/n) —g(k/n)|—=o(nt) (n> 2), 


then the sequence {B,(f;2)} converges to gy(s) forO<a<l. ; 


Proof. Following the method of the preceding proof we have merely to 
show that the sequence {B,(f—-g;)} converges to 0 for 0< z<1. But 
this follows at once from (6.9) by applying Lemma (2.1) to the Tnx(2) 
in (6.7). . 


(6.10) COROLLARY. If for a given skeleton f(r) we have 2 | f(k/n)| 
== o(m#), then limn Ba (f;%) = 0 fr 0<r<1. ° 


There is a considerable “ gap” between the necessary condition (6.2) 


and the sufficient condition (6.9). However, by means of Examples (7. 5) 
and (7.8), given in the next section, we establish the fact that this gap cannot 
be narrowed. Consequently, it is impossible to give a necessary and sufficient 
condition for convergence in terms cf the sums involved. Furthermore, by 
means of examples, which we refrain from including, we have been able to 
show that in condition (6.2) of Theorera (6.1) the differences on the left 
side cannot be replaced by their absolute values, while in condition (6.9) of 
Theorem (6.8) the absolute values of the differences on the side cannot 
be replaced by the differences themselves. 


‘ 7. Examples. This section is devoted to a number of examples which 
illustrate certain aspects of the theory developed in 4-6. In this connection 
we call attention to the remarks made at the end of 4 and at the end of 6. 


2E. W. Hobson, The Theory of Functions of a Real Variable, vol. 2, Cambridge 
(1926), p. 245. 
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Throughout this section we shall use the generic notation r—h/ m, where 
h and m are relatively prime non-negative integers, to represent rational 
numbers r in [0,1] in their lowest terms. Without further emphasis we 
shall. freqeently employ the simple fact that f(r) ==f(h/m) will appear 
among the f(k/n) for k = 0,1,- < -,n if and only if m is a divisor of n. 


(7.1) Hzample. The four quantities occurring in (4.4) and (4.5) 
may be releted in the following manner for 0 < æ < 1, 


(7.2) olf: (2)-+ fata) lim Bs (f; £) < lim By (F; 2)—= 41 fz.(2)+ fr(2)]. 

' Let a be a fixed number in (0,1) and let a’ and. a” be two arbitrary 
positive numbers. If r=-h/m with m odd we define f(r) as a’ fer r in 
(0, zo) and as a” for r in (%,1). Otherwise we define f(r) as 0. It is 
seen at onee that fi (z) = Fr{2) =: 0 for O0< <1. Moreover, it is clear 


that (i) f:(*) = fr(2) =<«@ for 0 < g< Tto, a fu(2) =fr(x) =a” for 
to <L T <1, and (iii) fr(%) =a’ and fr(t) = Now if n is any-power 
of 2 then &,(f;7) =0forO0<2<1. On the dain hand, we conclude from 
Lemmas (2.3) and (2.4) that as n—> æ through odd values, Ba(f; x) 
‘approaches (i) @ if 0 < z< a, (ii) a” if a <2 < Í, and (iii) $(a’ + a”) 
if =g» Hence the relation (7.2) follows from Theorem (4. 3). 

The preceding example illustrates a fact which is not surprising, namely, 
that the Barnstein polynomials for a badly behaved skeleton may themselves 
-behave very badly. The following example, however, shows that the Bernstein 
_polynomials of a badly behaved skeleton may behave quite well. 


(7.3) Example. The four quantities occurring in (4.4) and (4. 5) 
may be related in the following manner for 0 < æ < 1, 


Ufa (2) + fe(2)] < lim Ba (f; s) = Em Ba(f; 2) < Hfz(2) + Fo(2)], 


“and the convergence implied may even be uniform in [0,1]. 

‘This example depends on the construction of a sequence of rational num- 
bers r; of the form A;/2* with h; odd (i= 1,2,3, - -), such that 2ach of the 
subsequencss {72;} and {72j-1} is everywhere dense in (0,1). We leave it to 
the reader to convince himself that such a construction is possible. We now 
define the skeleton f(r) as follows: f(rs) = (—1)¢1i(1—vr) for all i and 
f(r). ==0 otherwise. It is obvious that fr(¢) = fr(z) —=—a(l—zr) < 0 
and f(e) =fr(2) =a2(1—z) > 0 for 0<a4<1. We now appeal to 
Lemma (5.2). Since conditions (i) and (ii) are clearly satisfied it remains 
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only to consider condition (iii). It will suffice to show that > | f(k&An) | 


== O(logn). But this is immediate since the number of non- nero terms in 
the preceding sum is equal to the exponent of the highest power of 2 that 
divides n. This exponent is plainly O (log n). Hence lim, Biff; 2) = 0 
uniformly in [0,1]. ` | 

Most of the theory developed in 5 can be illustrated by the following 
classical example from elementary analysis. 


(7.4) Eaample. Let f(r) be defined as follows: f(0) =f(1) = 
“when 0<r <1 and r=h/m, f(r) —1/m or, more generally, f(r) = am 
where {a} is an arbitrary null sequence. 
It is at once clear that fy(2z) = 0 for 021 and hence, by Theorems 

(5.1) and (5.5), Ba(f; x) approaches 0 uniformly in that interval. 

- The following counter-example will make it clear that in condit tion (6.2) 
of Theorem (6.1) the right side cannot be replaced by anything of order 
smaller than 0(7). 


( 12D). Example. Let c» be an arbitrary null sequence of non-negative 
numbers. Then it is possible te find a skeleton f(r) for which (i) lim, Ba (f;2x) 
== 0 in (0,1), and (ii) 2 f(k/n) Z can for n = 2, 3, 4, °°. (See Corollary 
(6. 4).) 

In fact we may use for f{r) the skeleton of Example (7.4) with the am 
equal to 2 Max ci- Statement (i) follows immediately from the fact that am 


tends to 0. in verify the truth of (ii) we first observe that if A/m is the 
reduced form of k/n (k= 1,2,: >+, ,n— 1) then f(k/n) = dm. Moreover,. 
since the am are monotonically non-increasing we conclude that f(4/n) = ap. 
Hence we have X f(&/n) = (7 —1) dn = 2 (n —1)en = ern for n = 2. 

As our next example we propose to show that in condition (6.9) of 
Theorem (6.8) the right side cannot be replaced by anything of order larger 
than o(n4). Before proceeding with the details of the example itself we first 
make the following remarks. (a) By evident modifications in the Ee : 
of Lemma (2.3) it can be shown that for OS 271 . 


(7. 6) >> Tnx (2) > 8/4; DE Tals) < 1/4, 


where the sums 3/ and 3! are taken over those values of k for which 
| kk —- na |= <n and |k— ne | > ni, respectively. (b) For any finite sat 
Qis M2,° * `, Qs of real numbers, with each a; = 2, the following inequality can 
be easily established by induction. , i 


(7.7) l tı + åa -+ + ++ ay Site: > t lg. 
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(7.8) Erample. Let x be any point in (0,1). Then it is possible to 
find a skeleton f(r) for which (i) Ba(f; £o) does not — 0, and ~ 
(ii) 2 | f(k/n)| = O(n). (See Corollary (6. 10).) 

It is clear first of all that there exists a number P = 5 such that the 
interval I= [To — g3, Zo +- gq] lies entirely in (0,1) for ‘all qZ P. For 
r= h/m we now define f(r) as 1 ifm is a prime p = P and rep We define 
f(r) as 0 otherwise. From this definition, from the meaning of >}, and from 
(7.6) it follows that Bp(f; to) = S! Ta (£0) > 3/4 for all primes p= P. 
This establishes (i). In order to show that (ii) holds, we make the pre- 
liminary observation that for any prime p = P the sum > f(k/p) contains as 


many non-vanishing terms as there are integers in ihe interval [pz — pA, 
p%o + pt]. Since the number of such integers is less than 2p3-+-1, we have 
Di f(k/p) < 2pt +1 < 3p. Now let n be an arbitrary positive integer. If 
eos aw e 


‘a has no prime factors = P then >) f(k/n) =—0. In the contrary case let 
` k 


D1, Po,’ * *, pa be the distinct = = P which divide n. We may zhen write 
the sum 2, f(k/: n) in the form À > f(j/pi) which, by the remark made above, 
is less than 3 2. pe. But the fares by (7.7) does not exceed 3 I pi since 


= Pi> 2. We conclude therefore that z f(k/n) < 3nè for all yala ot n, 
tte implies (11). 


The preceding example is, of course, open to the criticism that it estab- 
lishes the non-convergence of {Balf; «)*} only at a single point zo It is 
possible, however, to modify the definition of f(r) in such a way that 
{B,(f;7)} fails to approach 0 for any value of z in (0,1), while (i1) remains 
satisfied. Since the details of this modification are moderately com pearen 
we have cortented ourselves with the simpler example above. 


(7.9) Example. We define a skeleton f(r} as follows. Let f(r) = 1 
for r in (a.b) where 0< a< 6b <1, and let f(r) = 0 otherwise. It is əvi- 
dent that 7 belongs to © and that for its normalized extensior we have 
(a) fy (z) =0 for OS24 <a and for b< el, (b) fy(v) =1 fora<ce . 
<b, and (c) fx(a) =fx(b) —4. By Theorem (5.1) the sequence 
{Ba(f; £) } converges to fy(z) for.all gin [0,1]. Furthermore, by Theorem 
(5.5) this convergence is uniform in any closed subinterval of [0,1] which | 
contains neither a nor b. 


Let us now assign to z a fixed value p and set q = 1 — p. Then Ba (f 3p) 
assumes the form 
(7.10) T 


na Cka nb 


124 _ FRITZ EERZOG AND J. D. HILL. 


In view of the preceding disctssion we see that,the sum (7. 10) approaches 
_ the limit (i) 0 if OSp<aorb<cpSl, (ii) lifa<cp<}, (iii) 2 if 
p=aor-:p== 6. If we interpret p as the constant probability of an event F 


then the sum (7.10) is precisely the probability that the relative frequency | 


of the occurrence of E in n tzials lies between a and b. Consequently, the 
results (i)- (iii) for the value of the limit of the sum (7.10) have evident 
interpretations in probability. In. particular, if (a,b) is- regarded as an 
arbitrary neighborhood of p then the result (ii) is exactly the weak law of large 
numbers. (As a matter of fact this law can also be deduced from thé first 


part of Lemma (2.6) the proof of which does not involve the central limit . 


theorem.) It is therefore conceivable that the theory developed in this paper 
may find other applications to questions in probability. 
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ASYMPTOTIC EQUILIBRIA.* 


By AUREL WINTNER. 


a ee 


1. A class of standard problems concerning the asymptotic behavior of ” 
solutions of linear differential equations centers around a.simple “ Abelian ” 
„ theorem, which may be formulated as follows (cf. [3]): If (fi), where 

i, k = 1,: : -, n, is a matrix of continuous functions fix = felt), St oa, 
are ike n? conditions 


(1) f | fæ (t) | dt < 0, 


then each of the n REDDER Ti A of every solution of the linear differential 
equations 


(2) | ty = 3 f(t) 2x 


tends to a finite limit as ż—> œ. In view of the primitive nature of this 
Abelian fact, it can be expected that some corresponding result holds. in the 
general case of non-linear differential equations 


(3) l | BE = filt; tut > + En), l : 


where fı,* © *, fn are continuous functions of position on the (n 4- 1)-dimen- 
sional region 


(4) OSt< o; — o LT [LE e,o L En L wo 


and satisfy an additional restriction which, corresponding to (1), compels the 
existence of n. finite limits 2;(0o) for every solution 2;(¢) of (3). In other 
words, every solution path x;==2i(t) should tend, as t—> ©, to a certain 
point of the z-space, a point of asymptotic equilibrium. 

The relevant Abelian theorem delimiting this situation will turn out to be 
as follows: 


(i) Let n real-valued, continuous functions f; of the position (t; ay" “+ On) 
on the (n aa 1)- -dimensional region (4) be such that 


(5) | OF | f(t; 0, e <a 
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and that there exists a matrix (Aix) of n? non-negative, measurable functions 


(6) Aix = Aix (t), OXti< ow 
satisfuing 
| 3 
(7) f Niz(t)dt < œ 
` and > l 


(8) [A (fmt e ymt) f(t n a) E Shalt) at a |, 

d 
where t, Tr”, t,** are arbitrary. Suppose, in addition, that the functions 
A(t) are bounded for OS t <T if T< œ (but not necessarily if T == œ). 
Then each of the n components x;(t) of a solution of the differential equations 
(3) tends to a finite limit, zi(%), as t—> œ, no matter what the n initial 
values x;(0) determining the solution may be. 


- Thus, (#,(0),° + -,¢n(0)) > Gale) -+,@,(c0)) is a mapping de- 
fined on the whole a-space. It is a question of stability whether the inverse 
- of this mapping exists on the whole x-space and is rents and continuous. 
Tn this connection, cf. [1]. 

' It may be mentioned that, in virtue of (8) and a ), condition (5) is 
equivalent to 


5 
(9) Pf Lets a alit o, 
where (Bye 25") Ia an = of the z-space. In order to see this, 
it is sufficient to choose m4” = 2;°, 0. 
2. The integral (5) is 0 if ` 
(10) fest: + te) = 3 fie (t)i 
k=1 


that is, if (3) is the linear system (2). It is also clear that condition (8) 
then is satisfied by the continuous functions Ass (t) = | fix (t) |; so that (7) 
becomes precisely (1). Hence, the fact quoted after (1) is contained in (i). 

Correspondingly, an application made in [3] of the linear case, (2), of 
(i) can now be extended to non-linear differential equations, as follows.: 


(ii) Let a matrix (cx) of n? real constants C11,* * *, Cnn be such as to 
have linear elementary divisors and purely imaginary characteristic numbers 
only (so that the general solution of the diferential equations 


n 
(11) Yë = 3 ay 
, kel 
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is represented by n almost-periodic polynomials i 


(12) | yi(t) = 30 cos (urt -+ Bix), 


where —| pı |?,- © +, — | pa |? are the squares of the characteristic. numbers 
of (Cix) and ain, Bix denote 2n? integration constants, only n of which are 
independent). Then, if fi,--°+ fn are functions satisfying the assumptions 
of (i), there belongs to every solution (z,(t),* ` `, En(t)) of the differential 
equations 


a 
(13) T E Cite + falt; Tis ©, En) 

=1 
a solution (12) of the trivial approximation, (11), to (18) in such a way that 
(14) m(t) —yi(t) +0 as to, 
where i= 1, >>, n. a 


Since 0 is a purely imaginary number, the algebraic assumptions of (i1) 
are satisfied if (cix) is the zero matrix. In this case, every component y(t) 
of every sclution (12) of (11) is constant. Hence, the assertion, (14), ol 
(ii) becomes the assertion of (i). Since (13) becomes (3), it follows that 
(ii) is a generalization of (i). 

Actually, the more elaborate theorem, (ii), is equivalent to the purely 
Abelian lemma, (i). In fact, (11) can be reduced to (i) by the same device 
of “variation of constants” which, in [3], reduced the linear case of (ii) tc 
the linear case of (i). Inasmuch as not even the details of this reduction need 
a rewording, it will be sufficient to prove (i). 


3. Even if the functions f; are of class O’ (or, for that matter, regular- . 
analytic) on the whole region (4), a solution 2;(¢) of (3) which is determined 
by a set of n initial values 7;(0) will not, in general. exist except for small t. 
In fact, the general existence theorem of non-linear differential equations is 
purely local in nature (even in the regular-analytic case). Hence, the unre- 
stricted existence of every solution x,(t) of (8), (18) throughout the whole’ 
range 0 =t < œ is part of the statements of (i), (ii). 

Correspondingly, the proof of (i) will fall into two parts. That part 
dealing with the unrestricted existence of the solutions will be taken care oi 
by (iv) below. The remaining part, that concerning the existence of the limits. 
vı( c), can then be formulated in a manner sharper than what is claimed by 
(i) ; namely, as follows: 


(ili) Let fi,---,fu satisfy the assumptions of (i) except its addition 
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assumption made after (8); so that the functions A(t) need not now be 
bounded on bounded t-intervals. The remaining assumptions of (i) imply 
the existence of a fixed value T having the following. property: Any solution 
(21(t),° + +,@n(t)) of (3) which exists at t=T (for ane, any solution 
of (3) eel ing the initial conditions 


(15) xi (T) = 7;°, 


where £,°,*.+ +, €n? are arbitrary) can be prolonged for every t past T, and 
ali n components x;(t), Tt < œ, of the kia solutions of (3) will tend 
to finite limits zi( œ). 


~ 


That assumption of (i) which is omitted in (ili) means the existence of | 


a Lipschitz constant L = Lyr satisfying 
nA 
(0 [Aa a) Aa n SL 3 laa 


for unspecified Gn te ae T <t T, where T is arbitrarily fixed (< œ). 
Hence, in order to SM (i) to (iii), it is sufficient to choose T so large as 
required by (iii) and then to apply, on the resulting ranges TS t < œ and 
0 tT, the respective assertions of (iii) and of the following lemma: 


(iv) Let n real-valued, continuous functions of position on an (n + 1)- 
dimensional region 


(17) ` OS #87: —wo cm < D, y O L mc ow: 


be such as to satisfy a uniform Lipschitz condition (16), where OS tST 
(and zi", 2%%** are arbitrary). Then the solution 2;(t) of (3) determined by 
any set of tre values 2,(0) exists not only for “ sufficiently small” t but 
on the whole t-range, OS t S T, admitted in (17). 


This lemma, which is undoubtedly well-known, is of independent interest, 


since it assures existence in the large for all solutions. It may be verified, . 


for instance, as follows: An application of (16) to T” == Tp, a** == 0 gives 
| fi (t; ti © ©, En) | SLE | 2x + | fe(t;0,: -,0)|, 
i . 


‘where L is constant on the region (17). Since fi(¢; 0, - + +, 0) is a continuous, 
hence bounded, function on the interval 0 = t= T, it follows that there exists 
a constant satisfying 


| f(t; By . | S const max (|z: |,- `s | &n |; 1) 


on the region (17). Hence, (iv) is contained in the criteria proved i in [2]. 
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“4, Since (iii) and (iv) imply (i), and since (ii) is equivalent to (i), 
only’ (iii) remains to be proved. | 

In the assumptions of (iii), the functions A(t) occurring in (8) can be 
unbounded on every interval to < t < to- e (in fact, they can be œ on a 
dense t-set, and remain,oo on a dense ¢-set after any alteration of their values 
on t-sets of measure 0), since only the Z-integrability of the functions Ai.(t) 
is required. In particular, (iii) does not assume any local Lipschitz condition 
(16) (for bounded f-ranges). Nevertheless, (iii) can be proved by the method 
of successive approximations. This will be shown by an adaptation of that 
“accruing” variant of the usual estimate of successive approximations on 
which Lichtenstein’s fundamental existence theorems for the movement of 
gravitating fluid masses are based (conditions (8), (7) there correspond to 
such data as a Holder condition and the behavior of potential or velocity 
fields at infinity). | a _ 

According to (7), 


oO 
(18) 5 f ra@atso< 1 (4 — 1,- t n), 
k=1 
T 


if T = Tọ is large enough. It will be shown that every T satisfying (18) for 
some == 67 < 1 is a T having the property claimed by (iii). 

For fixed @ and T, let ¢ be restricted to the interval T St < œ. Then 
all solutions of (3) can be thought of as belonging to initial conditions (15), 
where the n constants z;° are arbitrary. Let these initial values be fixed. 
According to (15), the Crna successive approximations are defined 
by the recursion formula 


(19) L(t) = q? +- Í fi(u; ay (u), © `, on™ (u) ) du, 
° i P . 


where m= ),1,:-: - and 

(20) z: (t) = x:° for all ¢ 

(i = 1,: n). This defines continuous functions sı™ (t),' > <, £a" (t) for 
every ¢ and for every m, since the functions fi(t; %,° * `, 2n) are defined and 


continuous on the whole range (4). 
Let Cu denote the least common upper bound of the n functions . 


(21) | m1 (¢) — g” (t) |; e, | Tn” (£) — a" (t) | 


on the interval T<t< ‘co (so that, for the present, Cm Œ œ). Since (20) 
and the case m= 0 of (19) imply that 


9 
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(LE) E f | falugas’y-- -,0°)| du, 
T 


the formulation (9) of the assumption (5) of (iii) assures that C, < œ. On 
the other hand, if m in ( 19) is replaced by m — 1, it follows ad subtraction 
that 


TL 
| e(t) -— ai" (t)| < f 3 Aa (u) | za" (u) — ew (u) | dus, 
i 1 
T 


by the case tg” = ty (u), Tr** = ri (u) of (8). But the definition. of Om 
shows that the last integral is majorized by a 


kzl 


t oe) 
> n n 
= Ain(u) Cn idu = Ones > T Aix(u) du, 
® A=1 
T T 


a value which, according to (18), does not exceed Cm-:0. Hence, if the 
definition of Cm is compared with, the last two formula lines, it follows that 
Cm E Cn16. In view of C, < œ, this means that there exists a constant 
Co = Co(0) satisfying Cm S C0" for every m. 

Since the constant Cm majorizes the n functions (21) for TSt< œ, 
the inequality Cm £ Co0™, where 0 < 1 by assumption, implies that the n series 


oO 
Z {r (t) — ai (2) } 
m=8 


are uniformly convergent on the interval T & t < œ and represent there n 
bounded functions. It follows therefore from the constancy of the functions 
(20) that, as m —> œ, each of the n functions v” (t) tends to a limit function 
uniformly for T <¢ < oo and that, if s(t) denotes the limit function, s; (t) 
remains bounded as t-> oo. . 

In particular, uniform convergence takes place on every bounded portion 
of the range T =: t < œ. This in itself implies that 2;(¢) represents a solu- 
tion of (3) for Tt < œ. Hence, the proof of (iii) will be complete if it is 
shown that the n limits 2;(00) exist for the ae just constructed. 

To this end, a Ty? Ao and 2%** — t4’ in (3). This gives 


Aha aD S| a sith inatt 


But the functions t, (£),* © “, &n(t) were seen to be bounded for T S t< œ. 
Hence, the function multiplying A(t) on the right of the last formula line 


ASYMPTOTIC EQUILIBRIA. _ 131 
remains bounded as t—> ©, every Tp’ being a constant. ‘Consequently, from 
the last formula line and from (9) and (7), | 


00 
c 
J | f(t; (t), Baa , Zn (t) )| di < 0, 
Since (21(¢),° © -, an (t) ) is a solution of (3), this means that the x integrals 
fo v] 


fj vi (t)di are absolutely convergent. In particular, they are convergent. 


But their convergence is equivalent to the existence of finite limits v.(), 
since Zi = dx,/dt. 


ð. The above formulations and proofs are within the real field. However, 
it is clear from the proofs that the results can immediately be transcribed to 
the analytic case of the complex field, where the real t-axis is replaced by the 
complex z-plane. What then corresponds to the half-line T < t< œ may, 
for instance, be a wedge | argz| < a, and what corresponds to ¢-> œ is the 
limit process z —> œ, where z is restricted to the wedge. . 

Needless to say, the theorems which thus result for a (partial) neighbor- 
hood of z = « can be transformed into corresponding theorems relating to 
the behavior of arbitrary solutions of certain non-linear analytic differential | 
equations near a singular point at z = 0, 


ADDENDUM (May 30, 1945). In correcting an impression I originally 


_ had concerning the possible instability of the mapping mentioned after (i), 


Professor Siegel observed that, under the assumptions of (i), the mapping 


(%,(0),° + `°, En(0)) > (t1(0),: + +,an(0)) of the z-space is continuous 
and on2-to-one. The proof is published here with his kind permission. 
Let u-v = UW + + + Unt and |u |= (u-u)4, where u =g, ft. 


Then (3) and (8) become a = f(t; s) and 


| F(t 2*) — f(b; o**) 
by (7). Let 





© 
= A(t)| a* — g** |, where J A(t) dt < œ, 


r= r(t) = | z” (t) —a**(t)|, 


where x == 2*(t) and «= «**(f) are two solutions of s’ = f(t;s). Then, 
by Schwarz’s inequality, o 


[rr | Sr {2t (t) — e*t (t) ¥| =r | f(t; s* (t)) — f(t; a**(t))|. 
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Since the last difference is majorized by A(¢)r, it follows that |+ | cannot 
exceed rà for any % It follows, therefore, from the absolute integrability of 
A(t) that the limit, r(œ%), of r(t) as t—> œ has a value contained between 
two bounds r(0)e*°, where c is independent of r(0). In other words, 


‘| a* (0) —a**(0)| ee S | g” (00) —2**(00)| < | 2*(0) — 2**(0)| e°, 





where the existence of ie limits is assured by (i). 

According to (i), the mapping <(0)—>s(œ) is defined on the whole 
_ æ-space. Let this mapping be denoted by ». Then the last formula line implies m 
that » is continuous and has a unique inverse w*. Hence, all that remains 
to be shown is that M is the whole a-space, if M denotes the p-image of the 
whole z-space. 

First, M is an open set, by Jordan’s theorem. Next, if 7'(0), g? (o), 
is a convergent sequence of points of M, the last formula line implies that 
x1(0),27(0),- ©- is & bounded sequence and that, if (0) denotes a cluster 
point of the latter sequence, then 2(0) is identical with the point lim z” (o) 
the existence of which is assumed. Accordingly, the set M is closed. Since 
it is open, it must be the whole space. 
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MONOTONE SERIES.* 
By R. W. HAMMING. 


A 


1. Introduction. Let 3c, be a monotone convergent series and let Sd, 
be a monotone divergent series. Pringsheim has shown, contrary to first 
impressions, that there exist monotone series such that 


lim sup ¢n/dn = œ. 
On the other hand 
lim inf ¢n/dn = 0, 


since otherwise ¢n/dy = e€ for all n would imply. žen = fdn. 

The object of the present paper is to study more closely tae possible 
behavior of Cn/da as n approaches infinity, in particular, the. question of how 
many of the terms of ¢,/d, may be bounded away from zero. By replacing 
Icn by 1/eSc, this is transformed into the question of how many of the Cn 
may be greater than the corresponding dn. Since this may happen infinitely 
often, we study the function A(n) which is defined as the average number of 
times Cy = dn. | 

The basic result is given in Theorem 1 of 2. Section 3 contains an ele- 
mentary example which shows that not only may ca be greater than or equal 
to dy infinitely often, but that for certain series 


lim sup A (n) = 1. 
Section 4 discusses the summability of the function A(n). 
2. Fundamental theorem. Throughout this paper Šen is a monotone 


convergent series and Xd, is a monotone divergent series. Let N{n) be the 
number of terms for which c; = di, +==1,2,-.--,n. Then the function 


A(n) = Nim) /n 


measures the average number of times the c; are at least as large as the 
corresponding d; terms. | ` 


THEOREM 1. For every e > 0 and any k > 1 there exist infinitely many 
rı (7; ©) such that throughout the interval ri Sn S keri we have A(n) <e. 


To prove the theorem we first develop two lemmas. 
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_ Lemma 1. If, for a given positive e less than 1, A(n) = e for sgme 
value or values of n in each of the intervals 


En Sn S km and KE S pn S km 


where K = 4/e, then for some value n = nm in the combined interval 


(2.1). | RE S n km 
both | l 
(2.2) A(nm) Ze and Can = dnm 


Proof. If the first interval begins with A(n) < e then the frst n for 
which A(n) =e will provide a suitable nm. The same argument can be 
applied to the second interval, so that the lemma is proved except in the case 
where the first interval begins and ends with A(n)= e. In this case there 
must be a. suitable nm in the first interval since otherwise we would have at 
the end of the interval 

A (Km) == N (Km) [Kemet — —= N(R) /Kea< = Sod oa = es <= e2. 


LEMMA 2, For every positive e less than 1 there exist infinitely many 
intervals fe 
K” Sn SK” and K&S na KK (K = 4/e?) . 


throughout which A(n) < e. 


Proof. We first assume, contrary to what we wish to prove, that in every 
interval A (n) = e for some value or values, and we apply Lemma 1 to con- 
clude that in the combined interval (2.1) there is an nm such that both parts 
of (2.2) hold. Thus, selecting every. other suitable n value, that is only nems, 
~ and using the monotoneity of the c» we have 

= S, Cn = 5 Enom {N (tem)! — N (tem-2)%} 
(2.8) m 
= 2. dnom (N (Rom) j — N (tema) 5. 


We now EN the function åm defined by 
= N (nam) — N (nom-2) 
E N (namaz) — N (nam) : 
By definition A (n) = N (n) /n S 1, so that A (nam) = e becomes 


nom = N (nom) = Enem- 


ô 


Applying this to 8, we have 


€ -e 
Sn > Nam amo 


Teme 
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But, Nem satisfies K?” <= nom = K”! go that - 


3. > eK 2m — Kema = rot ee djemt a 
norm Kms ee K+ = K+ > r 





Us 


Batons to (2.3) and using the result for òm as well as the monotcneity of 
aS dy, we have 


2 1 Gn = > Brion dm { N (tems) =i (as) = (3/K*) 2 dhe 


which is a contradiction. 

If now we assume that a finite number of the original intervals contained 
no suiteble n values, this would lead to at most a finite number of the double 
intervals failing to have the properties (2.2). By deleting a finite number of 
terms from Sd, to correspond to these exceptions the divergence is not affected, 
and hence the contradiction will still occur. Thus Lemma 2 is proved. With 
a change in notation it Is easily seen that Theorem 1 is a special case of 
Lemma 2. 


COROLLARY to Theorem 1. If A(n) approaches a limit, then this limit 
is zero. 


3. An example. The corollary discusses the case where A (n) approaches 
2 limit. Taat A(n) need not approach a limit is shown by the following 
example. Indeed the example shows that while according to Theorem 1 A(n) 
must become arbitrarily small throughout arbitrarily long intervals, neverthe- 
less the lim sup of A(n) may be 1. 
For the monotone divergent series let da —1/(nlogn). For Xen set 
an 
proof of its. convergence runs as follows: 


Cn = whenever 27°"? < n & 2°". Clearly Scn is monotone. The 


am 2» m 


2 2m oo gim-D <T ER 
a 2(2 e 3 2°" log 2?™ ~~ log 2 ~~ m 


We note that, as in Pringsheim’s example, lim sup Cn/dn = œ since for 
to a we have Cn/ Ay = 2m. 


For n satisfying = 92" < n < 2” we have 


Cn 2m z 
d, 2 ™log2?™ — m E ( 


log m 
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Now calculating A(n) at n = 2?” we have 


ZlrH ~- 


A(22") = G— G/m))2"" i 


ae 
and the lim sup A(n) = 1. | 


4. Summability of A(n). From the two given monotone series we 
have derived a sequence A(n) which, as we have shown in 2 and 8, may either 
approach zero or oscillate as n approaches infinity. One of the standard 
methods of treating an oscillating sequence is to calculate its Cesaro-Hélder 
means. Since the Cesdro and Hélder methods are equivalent we may use the ° 
Hölder method in proving the following general result. 


THEOREM 2. For every e> 0 and any k >1 there exist infinitely many 
Ti (rı > ©) such that throughout the interval rı S n S kri we have 
OO™ (n) < e, where O™ (n) is the m-th Cesàro-Hölder mean. 

Proof. The proof is by induction with Theorem 1 as a basis, m being 
zero. Thus we assume that we can pick any # and K and find infinitely many 
R; (Ri —-«) such that 

Q (m-1) (n) <E for RiS nS KR: 


Pick E = 6/2, K = 2k/e, and set g = 1/k. Thus, since O-H (n) S 1 for 
all n, 
(m) pe a S A N Soe ae, 
C n (aK Ri) = aK R; S ak +H (1 =z) 
. | | <2 + 6/2 =e 
and we have for all n satisfying aKR; S n S KR; . 


OM (n) <e. 


setting R; = er;/2 the above interval becomes 


or 
nEn SE kr; (1% > o). 


COROLLARY to Theorem 2. If A(n) is summable C™ (n) then the sum 
iS Zero, . 

In closing it is to be noted that examples, only slightly more complicated 
than that in 3, can be given to show that A(n) may be summable C™ (n) 
and not C1) (n), and thus Theorem 2 is not vacuous. 
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CONFORMAL MAPS WITH ISOTHERMAL SYSTEMS OF 
SCALE CURVES.* | 


_ By Joun Dz Crcoo. 


1. Introduction. Let a surface 3 be mapped in a point-to-point fashion 
upon a plane m. The scale function o = ds/dS, which is the ratio of the 
e differentials of arc lengths on the plane ~ and the surface 3, depends upon the 
position of the point and also upon the direction through the point. It is 
independent of the direction through the point if, and only if, the mapping ` 
of % upon ~ is conformal. The scale o is a constant only in the degenerate 
situation where X is developable and the mapping is an unrolling of $ uvon r, 
followed by a similitude in =. 
A scale curve is the locus of a point along which the scale « does not vary. 
For a non-conformal map of & upon ~, there are o? scale curves. Under a 
conformal map, there are co scale curves. In the degenerate situation men- 
tioned above, every curve is a scale curve. Henceforth we shall exclude this 
case from consideration so that the scale function e is a non-constant function. 
In the present paper, we shall be concerned chiefly with conformal maps. 
Hence o is a non-constant function which depends only upon the position of 
the point; and there are oo* scale curves. It is remarked that any family of 
co? scale curves in the plane m may represent the scale curves of a conformal 
map of some surface 3 upon the plane r. In particular, any isothermal system 
can be the scale curves of a conformal map of some surface 3 upon +. We 
shall consider the surfaces X applicable upon a surface of revolution for which 
there exists a conformal map of & upon the plane ~r with an isothermal family ~ 
of scale curves, which are neither parallel straight lines nor concentric circles. 
Since we shall be mainly concerned with surfaces applicable upon surfaces 
of revolution, it is convenient to introduce the following terminology. A 
sphere-like surface is any surface of constant, but not zero, gaussian curvature. 
A vase-like surface is any-surface which is applicable upon a stirface of revolu- 
tion of variable gaussian curvature. Thus a surface which is applicable upon a 
surface of revolution may be either developable, or sphere-like, or eae 
These three classes are mutually exclusive. 
Obviously there always exists a developable surface % for which any iso- 
thermal system of curves may represent the scale curves-of a conformal map 
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of X upon the plane x. We shall omit this case from consideration so, that 
henceforth the gaussian curvature is assumed to be not identically zero. 

Of course, any sphere-like or vase-like surface 3 may be conformally 
mapped upon the plane w such that the scale curves form an isothermal family. 
For any such X the scale curves‘are parallel straight lines or concentric circles. 
For a sphere-like surface we have proved that these are the only possible con- 
formal representations on m with an isothermal family of scale curves. The 
main problem of this paper is to discover the forms of the linear-elements of 
all vase-like surfaces Z for which there exist conformal maps upon a plane x 


with isothermal systems of scale curves which are neither parallel straight lines 5 


nor concentric circles. It is found that there are essentially seven types in 
the real domain, or stæ types in the complex domain. 

For our work, we shall obtain, in the case of a conformal representation, 
the analytic form of a theorem of Kasner which states that a surface is ap- 
plicable upon a surface of revolution if, and only if, it pogresi an isothermal 
system of geodesics, 


t 


2. Preliminary formulas. Consider any conformal map of a surface X 
upon a plane.z with minimal coordinates (u = z + Ww, v= s— ty). The 
linear-element of X is 


(1) ds? = Qe! dudv. 
The gaussian curvature G is defined by the formula 
(8) G —— oes, 
and its partial derivatives of the first order with respect to u and.v are 
(3) Gy = — e (Anuo — Audun), Oo = — E (Auvo — Achu). 


By (2), it is seen that the surface X is developable if, and only if, A is 
harmonic, that is, Aw = 0. From (3), it follows that X is sphere-like if, and 
only if, A satisfies the system of two partial differential equations of the third 
order: Noa — AuAur = 0, Auvo — Arduo = C. 

The differential equation of the co? geodesics of the surface % is © 


(4) Psi (Kua Nn), 


3. The analytic conditions in a conformal representation for a vase- 


1 Kasner, “ Isothermal systems -of geodesics,” Transactions of the American Mathe- 
matical Society, vol.5 (1904), pp. 55-60. See also De Cicco, “New proofs of the 
theorems of Beltrami and Kasner on linear families,” Bulletin of the American Mathe- 
matical Society, vol. 49 (19438), pp. 407-412. 
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like surface. The linear-element (1) represents a vase-like surface X if, and 
only if, A is given by an equation of the form 


(5) f A= Fl $(u) + 4 (v)] + log pup, 

where pu 5£0 and w= 0. This means that K F y] and [A— _ log Papo] are 
functionally dependent. Hence 

(6) dul bu — Av/ bo = buu/ bu? — Yor/ dr? 


, Therefore it remains to determine the conditions under which a function à can 
satisfy an equation of this form. 

Obtaining the cross derivative with respect to u and v and using this 
equation again, we find by (3) that, since the gaussian curvature G is not 
constant, there exists a function p(w, v) such that 


7 (7) | ou = pGu, par. 


l Since ¢ depends upon u only and y depends upon v only, the function p 
must satisfy the conditions 


(8)  (0/0u) log p = — (8/8u) log Ge, (8/0v) log p = — (8/00) log Ga. 
The compatibility condition for p yields the equation 

(9) | (8° /ðuðv) log Gu/G» = 0. 

This means that log Gu/G» is a harmonic function, or that the gaussian 


_ curvature G is a function of a harmonic function. 
Next substituting (7) into (6), we discover that 


(10) du/ Gu z Àv/ Ge = Guu Gu = Gur/ Gy". 


By equations (9) and (10), we have obtained the following analvtic form 
of Kasner’s theorem characterizing surfaces = applicable upon surfaces of 
revolution of variable gaussian curvature. - 


THEOREM 1. A surface Z with linear-element (1) is vase-like if, and only 
af, the. system of two partial diferential equations of the fourth order 


(11) Guur/ Gy — Gun/Ge == Gw ( Cuee/ Gy” — Gor/ Qv). 
i Àu/ Gy, = Av/ Cy = Gur/ Gu? — Gov/ Gy’, 


is identically satisfied. 


Geometrically this result means thaf the co! curves, v’ = Gu/G» are an 
isothermal system of’ geodesics, as may be verified by substituting into the 
‘differential equation (4) of geodesics, and into the condition for isothermal 
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families. This isothermal system of geodesics of 3 will correspond to the 
meridians of the isometric surface of revolution. The parallels correspond to 
the curves G = const., and also form an isothermal system. 


THEOREM 2. In any vase-like surface % which is conformally mapped 
upon a plane x, if the scale. curves à = const., coincide with the family G = 
const., then the scale curves are parallel straight lines or concentric circles 
mr. If G = const., form a parallel family in the plane r, they coincide with 
the scale curves à = const., and hence are parallel straight lines or concentric 
circles. è 


This is a consequence of the conditions (11) for a vase-like surface X 
and some theorems developed in one of our preceding papers.’ 


4. Vase-like surfaces 3 for which conformal maps exist such that the 


scale curves form isothermal systems which are neither parallel straight _ 


lines nor concentric circles. The reasons why we restrict ourselves to vase- 


like surfaces are the following. Let Z be any surface applicable upon a surface: 


of revolution.” Then X is either developable, or sphere-like, or vase-like. 

If 3 is developable, then in any conformal map of & upon a plane ~, the 
scale curves form an isothermal family. Conversely any isothermal system of 
curves can serve as the scale curves of a conformal map of some developable 
surface 3 upon a plane r. 

We have proved elsewhere that if a sphere-like surface 5 is conformally 
represented upon a-plane ~ such that the scale curves form an isothermal 
family, then the scale curves must be either parallel straight lines or con- 
centric circles. 

The preceding statements demonstrate the reasons why we must restrict 
ourselves to vase-like surfaces. Also the isothermal systems of scale curves 
must be neither parallel straight lines nor concentric circles, for it is well- 
known that any surface = applicable upor. a surface of revolution may be con- 
formally mapped upon a plane r such that the scale curves are either parallel 
straight lines or concentric circles. 

In the remainder of the paper, we shall prove the following result. 


FUNDAMENTAL THEOREM 3. The linear-elements of all the vase-like sur- 


2 Kasner and De Cicco, “ Scale curves in cartography,” Sctence, vol. 98 (1943), pp. 
324-325. Also “ Seale curves in conformal maps,” Proceedings of the National Academy 
of Sciences, vol. 30 (1944), pp. 162-164, and “Scale curves in’ general cartography,” 
Proceedings of the National Academy of Sciences, vol. 30 (1944), pp. 211-215. Finally 
see “Geometry of scale curves in conformal maps,” American Journal of Mathematics, 
vol. 67 (1945), pp. 157-166. ) 
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faces for which conformal maps exist such that the scale curves form isothermal 
systems which are neither parallel. straight lines nor concentric circles can be 
reduced to the following types by appropriate conformal transfor “mations 


(12.1) ds? = es upi dv, 

(12.2) ds? = en du dv, 

(12.3) ds = tien du dv, where n #0, 2, 

(12.4) ds? = aes SE du dv, where wA 0, 2, 

(12. 5) d3? om : a du dv, where n 50,2, 

(12. 6) t= ot dade where k 0, n—2, and n=~0, 2, 
(12.7) ds? = n du dv, where b =Æ 0, and n 5£0,2 


where c==0, n, a, b, d, k, are constants. 


In the real domain, there are essentially seven types of such vase-like 
surfaces, but in the imaginary domain there are only six types; the last two 
types, namely (12.6) and (12.7), can be made equivalent under an imaginary 
conformal trensformation. 


5. The beginning of the proof of our Fundamental Theorem 3. Any 
surface X, nct necessarily vase-like, for which a conformal map exists such 
that the scale curves form an isothermal system has the linear-element of 


the form 
(18) ds? = QeMaVi-BV GU AV, 


where «y £0 and By 0.. Let u=a(U), v= B(V). Noting that this 
transformation may be defined by log dU/du = $(u), log dV/dv = y(v), it is 
seen that the linear-element (13) may be written in the form 


(14) ds? = Rewe ht o dy dy, 


where w == u -+ v. This is the form of the linear-element of that class of 
surfaces X for which there exists a conformal map of = upon a plane m such 
that the scale curves form an isothermal system. 
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The gaussian curvature of the surface X with the linear-element (14) is 
== —¢*$-+),.4. The partial derivatives of the first order with respect to u 
and v of G are 


(15) Gy = — €* PV cw (9 — pu), Gy = — €* FP ww (9 — Wo), 
where ) 
(16) l g = g(w) = Awwn/Aww — Aw. 


Since Gy40 and Gy 30, we see that Aww 0, gy pu and g ~ yo 
We omit the case where u == Yw, because otherwise we have the cases where | 
the scale curves are parallel straight lines or concentric circles. 

The condition that the curves G= const., be an isothermal family 
reduces to 


(17) (0°/ðuðv) log (Gu/Gx) = (/ðuðv) log (g — pu) / (g — Yo) = 0. 
The other condition that the orthogonal trajectories of G == const., be-a system 
of geodesics becomes 
(18) (Aw + 9)/(9 — pu) — (Aw + 9)/ (9 — t) 

== (Jw — puu) / (9 — pu)? — (Jw — pw) / (9 — Yo)”. 


Upon expanding (17) and making use of (18), we discover, since du £ Wo, 
that . 
(19) > Jwe = Jwdwww/ Aww. 


~ 


From this, it is seen that there exist constants (a, b) such that 
(20) -g= (2@—1)Aw + 2b. 

Substituting this into (16), we find 

(21) Aww = làw + 2bAw -+ C, 


where (a,b,c) are constants, not all zero. This condition is only necessary 
for the solution of our problem. 


If a==0, we shall prove that the linear-element can be reduced to the form 
(22) - (I): ds? = Reret ua) du dw. 


If a == b = 0, then c+ 0 since sw £0. Thus A is a quadratic function 
of w= u-v. By an appropriate similitude in a, the linear-element (14) 
can be reduced to the form (I). | 

If a = 0 and 6=<0, it is found by (21) that A is given by an equation of 
the form 


(23) N A= a - + h2e2w -- k, 
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where h s+ 0 and k are constants. The transformation U = he“, F = he, 
reduces this to the form (I). 
If a 5&0, we shall prove that the linear-element can be reduced to the form 


of (u)+9(v) 


(24) i (II): d? =32 du dv, 


en (LY 
(u-+v)* 
where n is a non-zero constant. 


If a40 and b?— ac = 0, we find that A is given by 
* (25) = — (b/a) (w—w,) — (1/a) log (w — wo), 


where (wo, #1) are constants. Let n == 1/a and let U = u — to, V = V — Vo. 
Hence the linear-element (14) in this case is reduced to the form (II). 
Finally let a 4 0 and b? —acs40. The complete solution of (21) is 


(26) = — (b/a) (w — wr) — (1/a) log [eoe — grato], 


where d? == 3? — ac, Wo, #1, are constants. Hence the linear-element (14) in 
this case may be written as 


. f(u)t+g (a) 
(27) igied 


| [erw — TJ du dv, 
where n==1/a5<0. Now let 
(28) (2U —1)/(2U —1) =e), (2V -4 1)/(2V — 1) = etu, 


(If d is pur2 imaginary, replace the + 1 in the first equation by + i and the 
Æ+ 1 in the second equation by +7). Substituting (28) into (27), we see 
that the linear-element (14) is changed to the form (II). 


6. The discussion of the Case (I) where the linear-element of the 


surface 3 is given by (22). The gaussian curvature is G == — et-s, The 
condition that G == const., be an isothermal family becomes: 
(29) —— fuu/ (0 + fu)? = gw/ (U + gr)’. 


The other condition reduces to this also. 

If fuu CI Jy» is zero, then both are zero. Hence f and g are both linear 
functions in u and v separately. Under an appropriate translation, we find 
that case (T) in this instance can be reduced to (12.1), where n == 0, of our 
Fundamental Theorem 3. 2 

If fuu Or gw is not zero, then both are not zero. The cross derivative of 
the square root of the reciprocal of (29) is 


(30) (8/0u) (fun)? = = (6/80) (gu). 
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This demonstrates that | a 


(31) fu=—@/(u—U) +b, gu —a?/(v—%) +6, 
where (a£0,6,c¢) are constants. The substitution of (31) into (29) shows 
that c == —— uo, b = — vo Hence f and g are of the forms 


(32) f= — a? log (u — uo) — Vou + ur g = — a? log (v — vy — Uw + t 
where (@ +0, to, Vo, U1, Ui) are constants. Under an appropriate transiation, 


our linear-element can be reduced to the form (12.1) of our Fundamental ° 
Theorem 3. In the real domein, n is a positive real constant. 


7. The. discussion of the Case (II) where the linear-element of the 
surface X is given by (24). The gaussian curvature is G = — n(u + v)" 
X efl-9(X), Note that oaa 0. The condition that G = const., be an iso- 
thermal ae is 


(33) (n— 2) fun + fa? (n — 2) Jo + ge” ET 

[(u + v) fa — (a— 2) L(u + ¥)go-— (n—2) |? 
The other condition. that the orthogonal trajectories of G@ = const., form a 
geodesic system may be shown to be equivalent to this. 

If n= 2, the above equation is an identity yielding the ida 
(12.2) of our Fundamental Theorem 3. 

Note that n == 0 yields a developable surface, which case is excluded from 
consideration. Henceforth n æ 0, 2. 

Let fu==ge-=0. The linear-element in this case assumes the form 
(12.3), where a = c = 0, l 

In the imaginary domain, we may have the case where fe = 0 but g, s£ 0; 
or fu +0 but g,==0. Here we have the linear-element (12.3), where a = 0 
or ce =Q. - 

li n 0,2, and if either of the numerators of (38) is zero but f, 540 
and gy5<0, it follows that in this case the linear-element is of the form 
(12.3) where a ok 0 and c £0. 

Finally we consider the case where either numerator of (33) is not zero. 
Then both numerators are nct zero. Then the cross derivative of the square 
root of the reciprecal of (33), is . 


6 fu ĝ J» | | 
3 8 ee ee o a R ; 
ee) du [ (n — 2) fuu + fa'l” bv [ (n — 2) gu + ge? |” 
Hence each side represents the same constant. 
First we must consider the case when this constant is zero. We find: 


(35) (n—2)fuu/fu= 0? —1, — (N— 2) guno/ge? =b — 1, 
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where a and b are constants. — (35) into (83), we find 
; a?fu? bg? 
(u +o) fe (n=) [Fog (n—2)]? 
Since we are working under the condition where neithér numerator. of 
(33) is zero, we see that a40, D0, fus+0, gos*0. Taking the cross 
derivative cf the reciprocal of (36) and making use of (36) we find that 
a? == b°, From (386), we obtain 


e (37) Either fu == go, OF (n—2)/fu + (n—2)/go—2(u + v) =0. 


If n= 2, fr Æ 0, go 0 and fu = ge, it is found that under an appro- 
priate similitude the linear-element of X can be reduced to the form (12. =) 
of our Fundamental Theorem 3. 

Next if the second of the conditions (37) is valid, it is found, by (35) ; 
that b? == q?==--—-1, Thus we find by (85) and the second of the conditions 
(37) that l 
(38) ' f = [ (n — 2) /2] log (u — uo) + const., 

g = [(n— 2)/2] log (v + uo) + const. 
By an appropriate translation, we find that if n £ 0,2, and if the equation 
(35) together with the second of the conditions (37), hold, the linear-element 
can be reduced to the form (12. 5). 


Finally we have to consider the case where the equal constant of (34) is 
not zero. Hence we find 


(39) PYfwt fet at (m2) geet get at 

fu” (u — to)? go" (v— vo)” 
where (a £ 0, te, Yo) are constants. Substitute this into (33) and we find | 
| te o Qu" : 
(u— uo) (u + 0) fu— (n—2)]* — (v—0)*[ (w+ ¥) ge— (n— 2)? 
From this ecuation, it follows that | 
(41) (u— tw) [ (u-+ 0) —(n —2) /fu] = + (v— v) [ (u+ v)—(n—2) /gul 


Differentiating this equation with respect to v and also with respect to u 
and making use of oe we discover that the minus sign is impossible and 
we get 


(36) 


(40) 


(n — 2) (u — uo) (n — 2) (v — vo) 
(2) fem Foun) fae? PT UF no n) F 


The equation (33) is obviously satisfied by these. 
10 


X 
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For this general case, let us apply the translation U =u + 4 (= Up +e vo), 
F = v -+ 4 (uo — v). Of course, the -linear-element of = is of the same form 
(IT) but 7 and g are now given.by 


(n — 2) (u— a) (n— 2) (v— a) 
(43) f= e p o H= = 


where g = $ (uo ++ vo) and 6? = g? —a’. Since a 0, it follows that b cannot 
be equal to + a. 
If b == 0, then.« £0, and we find that f and g are ‘given by 


(44) f=(n— 2) (log u + a/u)-+ const., g =(n — 2) (log v + a/v) + const. 


Substituting these into Case (II) and then using the substitution U == 1/u, 
V = 1/v, we see that our linear-elément.is reduced to the form (12.4) of our 
Fundamental Theorem 3. 

Finaily if b 540, then f and g are given by 


(45) f = [(n—2)/2b][ (b — a)log (u — b)+ (b + a)log(u + b)] + const. 
g = [ (n — 2) 72b][ (b — a)log(v — b)+ (b + a)log(v + b) ] + const. 
It follows that the linear-element of X is of the form 
(46) ds? = Lene eo) ee bee 
x {(u + 5) i F b) } (a/b) | (n-22dy dw, 

where a = 0, b =< 0, and eres b. 

If 6 is real, the transformation: 
(47) u=b(U—1)/(U +1), v= b(V—1)/(V +1), 
will change the form of (46) into the form (12.6). 

‘On the other hand if b is pure imaginary, the transformataion: 
(48) UU R tat Ae), 
will change the form (46) into the form (12.7). 

This completes the proof of our Fundamental Theorem 3. 


8. Tonclusion. It is remarked that the conformal maps with iso- 
thermal systems of scdle curves of the vase-like surfaces 'of-our Fundamental 
Theorem 3, can be obtained by compounding inversely the various corre- ` 
spondences which were used in order to reduce the linear-element (13) to 
these linear-elements (12). 
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COMPLEX FUNCTIONS POSSESSING DIFFERENTIALS.* 


By Vincent C. Poor. 


titrate 


I. THE DIFFERENTIALS OF FUNCTIONS. 


1. Introduction. We shall be interested in the complex function f(z, 2’) 

e of two complex variables z and 2’. We shall also consider incidentally the 

polygenic function f(z) obtained by replacing 2’ by Z the conjugate of z. It is 

polygenic in the sense that its z derivative at a point depends on the direction 
of approach to the point. 


2. Purpose and content. The purpose of this paper is to study dif- 
ferentials af complex functions, in particular the restricted Hamilton + and the 
Young * differentials and their relations to each other. Closely related to the 
restricted Hamilton differential are the Stolz è and the Rainich * differentials; 
the latter is a Hamilton differential restricted by the linearity property and 
in addition:a property something less.than continuity. 

The Young definition is also given by Mrs. Young in discussing func- 
tions possessing differentials. In her paper necessary and sufficient conditions _ 
for the existence of a Young differential of a complex function are given. 
However, some of these conditions, to say the least, are superfluous, and. 
properly fcrmulated the theorem is not proved. __ 

The necessary and sufficient conditions for the existence of a Young ~ 
differential will be set up here and proved. Also certain results of the Funda- 

- menta paper will be generalized to the complex plane. Finally, a power-series 
expansion of a polygenic function will be given. 


3. Regularity. The Hamilton differential was invented to make the 
absolute geometric development of vector analysis possible; the differential 
quotient or derivative of a point function is non-existent. since division by a 


* Received March 23, 1945, 

1V. C. Poor, “On the Hamilton differential, > Bulletin re the American Mathe- 
matical Society, vol. 51 (1945), pp. 945-948. 

°? W. H. Young, “ On differentials,” Proceedings of the London Mathematical Society, 
Series 2, vol. 7 (1908)-, p. 162. 

. 30. Stolz, Differential und integral Rechnung, vol. I, p. 132.: 

4G. Y. Rainich, American Journal of Mathematics, vol. 46 (1924), .p. 78 

" Grace Chisholm Young, “On functions possessing differentials,” Fundamenta 
Mathematicce, Tome 15 :(1930), pp. .61-94. 
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vector is excluded. This definition will be restricted by a linearity coadiéion . 
making it essentially equivalent to the Stolz differential. For brevity we shall 
call a function regular if it possesses a differential, #-regular if it possesses 
a restricted Hamilton differential and F -regular if it possesses a Young 
differential. 


4. The restricted Hamilton differential. The Hamilton differential 
may be expressed by the equation 


(4. 1 a) T(P dP) — lin mit EEA) 


where P, is a point of the two-dimensional vector space 2,2’, while dP is an 
arbitrary displacement of Pı. The restricted Hamilton differential is a 
Hamilton differential (4.1 a) which satisfies the requirement that it be linear. 
The linearity property is given by 


(4. 1b) F (Pi, dat + de'i) = F (Pi, t)da + F (Ps, i) dz’ 
where i and į are unit vectors in the complex vector space. 


THEOREM 1. The necessary and sufficient condition for the complex func- 
tion f(z,2’) to be B-regular at a point Py == (21,21) ts that f(z, 2’) be es- 
_ pressible in the form 


(4.2) fe) =f) + 26-2) +h) +0 


` where y, is an infinitesimal function of z— 2, and 2’ — 2’, of an order higher 
than the first. 
In proving the necessity of the condition one observes that 


f (Py -- dP) =f (Ps) FAF (Pa AP) +m 


follows from (4.1 a), while the Hemini condon (4.1 b) changes this 
equation into 


(4.3)  F(Pi +AdP) =F (P) + PP, ijade + P (P,, DAdZ + 91 


where ņ is an infinitesimal function of A of order higher than the first. Evi- 
dently (4.3) maybe put into the coordinate form 


f (21 + Adz, 2’: + Ad2’) = f(z 21) + F (P1, 1) Adz’ -+ F (Pr, Jade’ + m 


and when 2-2, and 2’—2z’, replace Adz and Adz’ respectively, this last 
equation becomes . 


Har) =t) HPP i e—a) HPP i—i) +n 
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whese 7, is now an infinitesimal function of z — 2, and 7 — 2, of higher order 
than the first. That F (P, i) and f (Pu, j) are the partial derivatives is shown 
by expanding the right member of 1 a), when expressed in coordinate form. 
Thus, 


f(z =r Adz, g’ 1 + Adz’) — f (4,2 s) 


limit 
i790 À 
— limit f (@ + Adz, 2’, +- Adz’) — f(z, 2/1 + Adz’) ke 
70 Adz 
f (41, 21 - Adz’) — f (21, 21) 
i Adz’ da 
= ka s+ Ja dz’. 


âz 


and when this. is identified with the right member of (4. 1 b) the statement is 
proved and also the necessity of the condition. 

The proof of the sufficiency is very simple. Our hypothesis is given by 
(4.2). Using the results obtained (4.3) follows when z— z, and z — z 
are replaced by Adz and Adz’ respectively in (4.2), making y an infinitesimal 
function of A of higher order than the first. Thus when f(P,) is transposed 
and a divisicn by A made in (4. 3), one finds in the limit that 

F (Pa dP) = F (Pa, 1) dz + P (Pi, i) dz 
which shows that the Hamilton definition (4. 1 a) is satisfied and also that the 
linearity restriction (4. 1 b) holds. 

Another set of necessary and sufficient conditions for R-regularity is the 
existence and finiteness of the partial derivatives ĝf/ðzı, éf/d2’1. This is a 
consequence of Theorem 2. However, Theorem 1, which implies (4.2), also 
implies the existence and finiteness of these partial derivatives. ‘he conditions 
are thus necessary. a 

For the sufficiency proof one can construct (4.2) from the hypothesis, 
since Of/0z, and Of/éz’, imply the continuity of f(z,2’1) and f(%,2’) at 
(z,,2’,) and thus the existence and finiteness of f at (2:,2’,). But (4.2) 
. implies R-regularity. It may be observed that f(z, 2/1) and f(#1,2’) are each | 
analytic at (2:,2/,). Incidentally the theorem makes the et Hamilton 
and the Stolz differentials essentially equivalent. 


5. The Young differential. This differential is given in the Funda- 
menta paper as follows: 


If 
(5.1) Na tadni Hadt) — flane zs) 
= [A + e: (à, p) Jade + [B + e@2(A, Dui 
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where A and B are constants depending on the values of 2, and 2’, and à and p 
are arbitrary real scalar parameters, while e,(A,p) and-eé2(A, p) functions of 
z and 2’ are infinitesimal functions of A and p, going to zero when A and p 
are made to go to zero in any way whatever; then f(z, 2’) is said to possess ‘a 
differential at P, == (21, 2/1); which may be expressed in the form Adz + Baz’. 


In this form the factors X and u are thought of as absorbed by dz and dz’ 
respectively since dz and dz’ are just as arbitrary without these factors. Also, 
if, in the complex function f(z, 2’), z and 2’ are regarded as real variables the 
definition just given is exactly the one given in the Fundamenta paper aside j 
from a slight change of notation i.e. Adz and pdg replace h and k respectively. 
Thus the complex functions, treated there, are included in f(z, 2’). 


THEOREM 2. For the complex function f{z,2’) to be Y -regular at 
P, = (4, 21) tt is necessary and suficient that 


(5.2 a) Of /Az, and Of/d2’, exist and are finite, and 
(5. 2b). limit (à, p)/A==0; limit (A, 2) /p—=0 
_ Aept~?0 AsO 


where by definition 


(5.3) -b(A a) =f (21 + Ade, 1 + pde’) 
— F (2i 8 “cE pdz’) — f (z1 + Adz, 2’5) + fla, z’) 


To prove the necessity of the primary conditions (5. 2 a) we let » go to 
zero first in (5.1),; this makes 


Flza + idi gai — (41, 21) == [A + e (A, 0) Jàdz. 

. But 
paldian limit A + e, (à, 0) 

a Adz l A—>0 


Of /ðz, = 


or 


since ¢,(A,0) goes to zero with A by hypcthesis. In a similar way we find by 
letting A go to zero first in (&.1) that 


Of /O2’, = B. 


To prove the necessity of the secondary conditions (5.2b) we use the 
results just obtained to exhibit explicitly e, and ez for any comptex function. 
In fact (5.1) may be writter. in the form 


Ead 
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(5. 4) f(z- + Adz, 21 + pdz) —f (a, 21) | 
= == $ (å, p) HEC + Adz, g'i )— f (215 21) f (41, 241 + pdz’)— f (21, z 4) 
ane [20s p) uz A aoe -+ f(z, + Adz, zı) ay f (zi z’) he 
Adz 02, 


Adz 
$n) ip If, fla, 2's + pde) — (a, 2J ; 
+ [> nde? + Paget pda’ ‘a 
where r + c = 1. From this last fori we read off e, and bs: 
— $na) ar f (4. + Adz, 2’1) — fla, wy) - 
(5. 5) a1 (2, #) 7 Adz on Adz 
i g O eg oe) : RAO ACES te a nese 
PA s pdz’ 62’, pdz’ 


By hypothesis e, and e go to zero when à and p are made to zo to zero 
in any manner whatever and since the second and third terms of e, and ez 
cancel in the limit it follows that 


(5.6) limit rẹ (A, p) /A = limit of (A, p) /p = 0. 
; Asp-30 A,p~>0 


Since this is true for every choice of r and o one concludes that (5.2 b) holds. 
This proves the necessity of the condition. 


Suppos2 that as A,p—-0, r— 0 and. e— 1; this would make $(A, »)/p 
— 0 while an interchange of r and o makes $(A, p) /A—-> 0. The disturbing 
case is when r—> %, e—>— œo say, while r+ o—.1 with A,;p—>0. Since 
(5.6) has to be satisfied in this case it follows that 1/r and 1/o are in- 
finitesimal functions of À and p of a lower order than ¢ (A, w) /A and (A, ») /p 
respectively.. This result will be used in the sufficiency proof. 


In the sufficiency proof we may take 
Of/dz,=—A and 6f/02’,—B 


since by hypothesis these partial derivatives exist and are finite. This permits 
us to write (5.1) in form (5.4) from which we may again read off e, and ez 
as given in (5.5). The hypothesis (5.2b) together with the restrictions 
imposed on 7 and o in the last paragraph, evidently imply the. validity of 
(5.6). This makes the first- term in each of e, and ex zero in the limit while 
the second. terms in each cancel in the limit as before. From the hypotheses 
we have thus constructed (5.1) wherein e, and ez have the prescribed properties. 


X 
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6. Thomae’s test. The usual formulation of this test is as follows: he . 
existence and finiteness of @f/02,, 8f/02’, together with the continuity of one, 
say dx/dz, implies regularity. <tvidently continuity of a partial derivative is 
unnecessar y for R-regularity; while continuity of just one of the existing 
partial derivatives is not sufficient for Y-regularity. For if it were, the 
secondary conditions would be satisfied. We find that. ; 


it p (à, 1+) yas limit f(z: ri Adz, Zi T pdz’) mi f(t, z’: T pdz’) 


li - 
ene Adz Aest-90 AaZ 
_ fla -H Adz, 2’1) — Flas, 2 £9] 
Adz 
a mi Of (z, Za paz’) mers 
A-0 da, dz, ” 


which vanishes only if ĝf/ôz, is continuous in 2’. Ina similar way one finds 
that 


mat ce a E ele a 
Ay —>0 pdz os 02’; EAA 


vanishes if 0f/02’, i continuous in Zz. 

Continuity of one partial derivative seems to be of little value as a test 
for Y-regularity. The continu:ty of one must be supplemented by some other 
condition possibly by the continuity of the other. 


7. R-Y-regularity relations. It should be expected that Y-regularity 
implies A-regularity. That the latter is a special case of the former is seen by 
replacing p by A in #(A, ») as defined in (5.3). We find that 


(7.1) Pe) E(t Adz, zi t Ade’) — FO gi t Ada’) 
Adz 


which becomes zero in the limit. Thus the secondary conditions (5.2 b) are 
seen to be identically satisfied. ` 

The question naturally erises: What less restrictive condition on the 
definition for Y-regularity is sufficient for an H-regular function to be at 
the same time a Y-regular function.. A sufficient restriction is that A and p 
be infinitesimals of the same order. In fact when kà is substituted for p in 
(A, p) (7.1) will remain unchanged, since dz’ will mer ely carry the additional 
factor k which may be absorbed by it. 
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By imposing a restriction on the function rather than on the definition 
for Y-regulazity we have 


THEOREM 38. For an R- regular function f(z, 2’) to be at the same time 
a Y-regular function it 1s sufficient for Of/dz to be continuous in z’ and of /dz’ 
to be continuous tn z at Pi. 


That this theorem i 1s a follows from the discussion of the Themae test. 
In fact it was seen there that when the conditions of the theorem are applied 
eto f(z, 2’) tke secondary conditions (5.2 b) are identically satisfied. 


. 8. The geometry. The special class of polygenic functions considered 
here are obtained from the function f(z, 2’) by making z’ = ž the conjugate of 
z. We. first superimpose the z’ complex plane on the z plane making the origins 
and corresponding axes incident. If we now replace 2’ by Z in f(z, 2’) this 
function becomes the polygenic function f(z) in the sense that its z derivative 
at a point depends on the direction of. approach to the point. 


9, R-regularity of f(x). The replacement of z’ by 2 changes (4.2) into 


(9.1) Ke) = Fes) + E (e—a) HE (8—8) +m 


where ôf/ĝðz, and 0f/02%, are written for df (41, 2’1) /041 and Of (ta, 2'1) /92"s 
respectively wherein z’, is replaced by 2,. 


THEOREM 4. The necessary and sufficient conditions that the pclygenic | 
function f(z) be R-regular at a point are the existence and finiteness of the 
. areal and mean derwatives at the point.® 


In the proof of this theorem we note that (4.2) furnished the necessary 
and sufficient condition for R-regularity of f(z,2’). Thus (9.1), a conse- 
quence of (4.2), furnishes the necessary and sufficient condition for R- 
regularity of f(z). Also since the existence and finiteness of 3f/9z, and 
df/d2’, furnished a second set of necessary and sufficient conditions for R- 
regularity of f(z,2’) all that is left to do is to prove that df/éz, and éf/02, 
are the areal and mean derivatives respectively. 

By definition the areal derivative 





il == limit io J f(z) de = limit 


0a g9 2 t 


ae f. f(2)dz 


*V. C. Poor, Transactions of the American Mathematical Society, vol. 32 (1930), 
p. 216. 
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where œ is chosen as the area of the circle radius 1 center at z = 2) while the 
integral is to be taken around the circle. Briefly then we put z — 2, == rett 
and replace f(z) by the right member of (9.1); we find that 


of et. 


reall a is: 20 
da eo Barr 02, Jo (A= Riaz sea EA = 02, Lf ER 


All other integrals vanish or become zero in the limit. - In exactly the same 
way we show that 


H= imit $3 f o=, 


10. Y-regularity of f(z, 2’). 





THEOREM 5. The necessary and sufficient conditions for the existence of a 
Y-dufferential of the polygemc function f(z) at z = z, are 


(a) the existence and finiteness of the areal and mean derivatives 


aun and of/dB 
and 





(b) - limit =- A H) 0 == limit Aea. ; 
, A p—>0 Ast 0 jt 
' This should be evident from the geometry. However, there is a lack of 
symmetry due to the p. Putting z— z, == Adz and therefore a— by == Adz 
into f(z; + Adz, Z, + dž) we find that 


A142 + (#/A) (2 —4) J 
~ = f (4, %) + [A + e: (à; n) ] (2—21) + LB + @2(A, u) ] (u/A) (2—4%). 


This however may be used for f(z) since as r approaches zero this approaches | 
1(z,) as a limit. We may thus use this for f(z) in determining the areal 
and mean derivatives so that df/da — B and 0f/68 — A as before. 

Also e, (à, p) and é@2.(A, p) may be constructed as previously, noting that 
0f/02, and 6f/0z, which are defined above are the areal and mean derivatives 
respectively. Further argumert follows that in Theorem 2. This should be 
conclusive without further deteil. | 


II. THE SUGGESTED GENERALIZATIONS. 


11. The line integral. We have seen that the regular function f(z, 2) 
is analytic in z and 2’ in their separate domains. The line integral of this 
function from Ze to 2, is thus independent of the path of integration. 
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We define (2, 2/1) by the equation 


(11. 1) F (a1, 2's) = f f(z, z’ }dz 
| f Zo | 
where the integral is to be taken along a rectifiable path in the domain D. 


TuroremM 6. If f(z,2’) is Y-regular at (2, 2/1) its integral F(2,, 271) | 
has a double incrementary ratio which tends to the limit Of (41, 2’1)/02', or 
olf (; 2’) /02 at (2,21) that iè 


D(A, p) 
aes Adzpdz’ 
. ., F(z, + Adz, 271 + pdz’ jPi aa ae 2.) — F(a, 21+ sh fas F (25. 21) 
= limit Sr 
Ayo ` Adzpda’ 
_ oF (a; z1) l 
Oz’ 1 i 





Expressed in terms of the integral 
, 2tAdz ` as 
(11.2) Ssa) = Flees + nde’)de— Fe, ede 
a? Zo žo 
- f (f(e, z + ude’) —f (2, 21) Jde 
RO í 
zı+tÀdz ; R 
= f [f (z, 2, + pede’) — f (z, 2/1) de. 


If this integral is transformed by the substitution z = 2; + As one finds that 


g (A, u) a) 
nmi ar àdzudz’ 


| = limit re ae 
0 


Asf30 paz’ 


ut limit = i j Of (21; Z TE __ of (a; Z a) 
hiro AZ Jo 02", Gz’, 


However if » is made to go to zero. first the Limit is Of (2; + As, 2’,) /é2’, whick 
becomes Of(2:, 2’:)/6z’, if 6f/éz’, is continuous at (41, 2’1). 

We may observe, as a corollary, that if f(z, 2’) is R-regular at (a, 24 
the theorem is valid without the continuity condition since, in this case p = kh. 
Also, since the above result is true at any point 2,2’, in the domain D and 
its conjugate D’ =D, 2’, may be replaced by 2; the conjugate to z. But we 
have seen that f(z., 21) /0Z, is the areal derivative of f(z) at z =z. Ths 
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result, of course, does not imply that the integrand in F(z, 2’) is f(z)¢ the 
integral would in that case depend on the path. A similar result may be 
obtained by taking the path of integration from z's to 2’; in the conjugate 
domain D’ with z’ as the variable of integration, leading ay to the mean 
derivative in the limit. 


Turorem 7. If the integral f ý f(z,2’ı)dz is independent of the path 
Zo 


and if f(2,2’) is Y-regular not only at (z-, 21) but also at every point of the 
path of integration from z, to z, then Of /6z’, is an integrable function of z and , 
OF /0z’, exists and is given by differentiation under the integral sign. 


In the proof we write the previous theorem 


zthdz ) i 0 r` 
imiti S Uer + de’) —f (222) Jde = Ee 


Hence 


imit y Fess H mde’) — f(a va) Jae — POZE pe (nde! 


where e(#) is an EER function of » But according to Lebesgue’s. 
theorem 7 the left member is equal to the integrand at z == zı. Thus 


<; [f (2, 7s + paz) — f(z, 21) ] — Tee) 5 e() 


where we have written z for z. When this result is multiplied by dz and 
integrated along the rectifiable path one finds that 


Sg fee tad Hee) [LEY ae f” ode 


When the left member is identified through the definition (11.1) of F(z 2’1) 
we find that | 


F (21, 21 + pdz’) — F (24 21) =f" Of (z, 2) a, F fea 
n j 


pdz’ 


In making » go to zero and noting that the second integral goes to zero with 
u we find that 
OF (z2) i Of (z, za) 
oe L CEU y: 
627, a . DEG - 


‘Lebesgue, Annales de. V École Normale, vol. 27, pp. 363-387. 
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Tuerorew 8. If f(z, 2’) is Y-regular then F(z,,2’1) is Y-regular. 


We have already seen that 
OF is f Of (z, z1) dz 
z ' 


aa Ja dz 
while 


ON /dz, = f (21, 21). 


Thus the primary conditions (5.2 a) for Y-regularity are satisfied. 
For the secondary conditions we have by (11. 2) 


Dir, a 1 — parthde p ] f 
Dt ar [F (2, 2/1 + pdz’) — f (2,2 ) Jdz. 


Here, if » goes to zero first the integrand becomes identically zero so that 


limit Pi = 0.. 
Asp 0 ; 


If à goes to zero first one has 


Ary—>0 


limit cd = Ey limit f(a, 2’, + pdz) — f(t, 21) = 0. 
: —>0 
` Further - i l | 





PO = iy S T ra + ade!) Hees) des 


paz’ 


when à goes to zero first here, the integral vanishes while if » goes to zero first 





zı+Adz af 
limit BA, H) = limit f Ot, 21) gy 0. 
d 4 02’. 


Ago paz A0 . 
Thus in all cases the secondary conditions (5.2b) are satisfied. 


"A . THEOREM 9. H f(z, 2’) and g(2, 2’) are each LIE a their vroduct is 
Y-regular. 


If this theorem were not true the utility of-the definition would be in 
question. Its proof will be left to the reader with the suggestion ‘that ${f) — 
and (g) be constructed. Transpose f(P) and g{P), P= (a + Adz, 241+ 
paz’) and form the product. From this ¢(fg) may be constructed. 
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III. TAYLOR SERIES EXPANSION OF A POLYGENIC 
. l FUNCTION. 


i2. Taylor series for f(s, 2). Let f(z,z) be R-regular at every point 
ofa neighborhood of z == z, and of a neighborhood of 2’ == 2’;. Let C and C’ 
be the hounding curves, without double points, of the respective neighborhoods 
and so chosen that C does not contain the point 2’; nor C” the point z, in their 
bounded areas. ‘Then it is well known that the Cauchy second law generalize» 
into ê 


| , FOWO O Py at’ | 
(12. 1) f (4, 2 . -afa o e a (t—2)(Vv—2’) 


where as usual ¢ and ¥ are points on C and C” respectively. From this it will 
be evident that 


(12. 2) amen( (2,2) an! TF if f(t, dt 


ada’ (t TER z) mii (¢—2)™(¥ — 7) a z’) nei ° 


We now restrict the contours C and C’ to be circles, with centers at 
zı and 2’, and radii R and FR’ respectively, and so chosen that neither circle 
contains the center of the other in its interior or on its boundary. Further 





1 1 ` 1 : 
(t—2)(¥—#) ti—z,— (e—x4) "WaS ae 
eee eee eee ee eee ee ee: 
(ta) (t — 2) A ee o grh 
t— 2 P —2'; 


may be expanded into a power series by simply performing the indicated 
division in the last two factors and multiplying the resulting series. One 
finds that 


. 1 1. co V fz— z \” (=) 
12.3 a a oaeee eet ; 
( (t — 2’) (E — 2°) (t — 2) (Y — 2; pa 2 (=) ¥— 2’; 


If now two other concentric circles radii 7 and r’ are so chosen that 








j}e—al[<r<cR and |y rij er cr’ 


8 Goursat, Cours d'Analyse, vol. II, p. 272. 
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then the serias (12.3) will be uniformly convergent, for 
|G GB l= ae GY 
t— 2, eee ee T RR NRJ Epo 
From (12.1) and (12.3) we fnd that 


PPOR SIN O MEDO 
Har) = ia fo # Sot ESE A 


—— 1 & m fit, t”) at’ 
eka = 2 > (z — 21) (z — z a)r fia at qr (t — u) (Y — 27.) 











and applying (12. 2) to the integral we find that 





(z Tinn z)” {z — g)" 


, 1 g gonf (21, zy) 
ee a) -> È min! 0era" 
‘where, by Sadie zero factorial is 1 and the zero derivative of the function 
is the function itself. 


Tf the maximum value ‘of | f(z, 2’)|-on the circles radii r and ‘7’ is M then 


is, e) a = Jar Rh Qa’, = E 


grea) min! 02,702," < Ge mn Rips RR 


which is obtained by applying (12.2) to the integral form of the coefficient. 
Thus our series (12. 4) is convergent. 


13. The Taylor expansion of the polygenic function. We have seen 
that when f(z, 2’) is R-regular f(z, 2’) is given by equation (4.2). Also when 
“is replaced by 2 this becomes 


HO) = f(a) HE e—a) +E a) +m 


6f/dz, and Of/0%, are, respectively, ðf (zı, 21) /0z, and Of (zı 2’1)/0e’; wherein 
2’, has been replaced by Z. It has also been shown that 6f/dz, — 0f/@B- 
Of /02, == Of /0a at z = z, are the areal and mean derivatives respectively. Since 
all derivatives of f(z, 2’) are regular it follows that all derivatives of f(z) will 
be areal and mean derivatives. Hence 


gminf /0z" z 1” = gminf jô priar. 
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A substitution of this result into (12.4) makes | i 


1 i DEE) 
(18. 1) HOR -5 = m! t n! “OB™a” 





(z Bid Z,)™(Z— z,)” 


which is the required expansion of f(z) into a Taylor Series. 


(a) The Taylor expansion for f(z, 2’) Includes the case when the domain 
D’ is identified with the conjugate domain D of D, ee zı == 2, the center 
of the circle C’;. 


(b) When 2 is replaced by 2 (12.1) is no longer valid, i.e. the polygenice 
function f(z) cannot be expressed in any such form. - 

(c) The derivative 6f(2,, 2’,)/02, can be obtained from the function 
itself and from the double inieerel in (12.1), but 0f/02, can be obtained only 
from Of (2, 21) [a2 1 by a J omy. A in situation arises for 0f/ bzs, 
of course. : 

(d) We obtain the right member of (12.5) from the ti member of . 
(12.2) while the left member may be obtained from the function f(z, 21) 
itself, 

(e) The point 2’, is by our geometric set up the very same point as 2. 
Thus the left member of (12.5) will retain the same value when 2’; is replaced 
by 2, and therefore the, inequality persists. .But in this case the left member 
of (12.5) becomes a combination of areal and mean derivatives as indicated ; 
The convergence of the series is thus established. 

(f) This expansion of a polygenic function into a Taylor series is at least 
a partial solution of this classical problem. The method used should be of 
some future value. 
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CONJUGAL QUADRICS AND THE QUADRIC OF MOUTARD.* 
| By M. L. MACQUEEN. 


_ 1. Introduction. Among the three-parameter family of quadrics having 
contact of the second order with a surface at a po:nt, Grove [1; p. 231] has 
introduced a two-parameter family of quadrics, called conjugal quadrics, - 

ewhich are associated with a given conjugate net on the surface. They are 
found to include certain pencils of quadrics which are of interest, namely, the 
quadrics of Darboux, the quadrics which have third-order contact [2; p. 421] 
with both carves of a conjugate net at a point, and the quadrics of Davis 
[83; p.12]. , 

The corjugal quadrics which are associated with the curves of a peau 
net at a point Ps of a surface and the quadric of Moutard in the direction A 
of a tangent of a curve of the net intersect in the asymptotic tangents through 
the point Ps and in a conic which lies in a plane through Pe. It, is the 
purpose of this paper to study the envelope of this plane when A varies. 

In 2, we are concerned with the calculation of the equatiors of the 
envelope, wkich is found to be a cone of the sixth class with its vertex at the 
point Ps. A study of the envelope and its polars, in 3, enables us to obtain 
characterizations of certain conjugal quadrics which appear to be of some 
interest. Among other things, we present several geometric definitions cf the 
general canonical line of the first kind. The lass four sections, which are 
devoted to a brief study’ of special cases, contain geometric characterizations 
of unique conjugal quadrics and new interpretations of particular canonical 
lines. 

In a rezent paper, Chang [4; p. 926] studied the envelope of the plane 
containing the residual conic of intersection of the quadrics of Darboux and 
the quadric of Moutard for a direction A at a point Ps when A varies. Conse- 
quently, it is of interest to obtain some of his rane as a special cese of the 
problem considered here. 


2. The envelope. Let the differential equations of a non-ruled surface 8 
in ordinary projective space bé written in the Fubini canonical form [5; p. 69] 


(2.1) Tuu = pE + butu + Boos. Ero = ga + ytu + Prete 
| (0 = log By). 


* Received March 20, 1945, 
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We select an ordinary point F of the surface 8 as one vertex of the usual 
local tetrahedron of reference z, Zu, Zv, Luv. A conjugate net Na on the surface 
S can be represented by a curviinear differential equation of the form 


(2.2) du=— Adu? = 0 (A0), 


where A is a function of u, v. The two curves of the net Ny that pass through 
the point Ps may be denoted by C\ and C-n according as the direction dv/du 
_ has the value A or —A. 
With the introduction of nonhomogeneous projective eee L,Y, Z 
defined in the customary way, the equation of the conjugal quadrics ad 
with the net Ma at the point Ps can be written in the form 


(2. 3) sy — z + hi yàra + Byz/r?) + lz? = 0, 


in which h, £ are arbitrary parameters. 

Among the conjugal quadrics, perhaps thè most important are those for 
which & is a constant. Such cuadrics include the quadrics of Darboux with 
h == 0, the quadrics of Davis with A == 1, the quadrics with k = — 4 which 
have third-order contact with both curves of the net Ny, and the quadrics 
corresponding to various conssant values of h for which Grove has given 
geometric characterizations [1_ p. 233]. 

We shall suppose from now on that h is a constant which is independent 
of u and v. 

The quadric of Moutard Dr a direction à at the point Ps of the surface 
has the equation _ 


36.3 (zy — z) + 1202 (yA! 28) a2 — 12A (27A — B) yz 
+ [88pA— 12BYA? — 180 ud — 12yga* + Byya¥ —4 (B + ya?) "Je? = 0, 
where the functions ¢ and y are defined by 


$= (log By°)u, = (log B*y)c. 


The two quadrics (2.3) aad (2.4) intersect in a curve consisting of the 
asymptotic tangents at the point Ps of the surface, and in a conic which lies 
in the plane my whose equation is 


12A? (2B — yA + Shy) e + 12A(3hB — B + 2yA°)y 


(2.5) + [48° — 3A + 12Byr? + (88y + 86LBy)A + 12ypd* - 
— ByyA5 + dya z = 0, 


(2.4) 


in which we have placed 
(2. 6) l == LBy — $buw. 
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The homogeneous plane codrdinates of the plane my are given by the equations 


pui = 0, 
ptiz = 248A? — 12(1 — 3h) yA, 
(2.7) pus = — 12 (1 — 3h) BA + 24yA4, 


ptt, — 48? — BB Gd + 128ya? + (8By + 36LBy)d + 1274" 
— Byyr® + Ayas, 


where p is a proportionality factor not zero. 

The envelope of the plane my when A varies may be found by homogeneous 
elimination of À from equations (2.7). For convenience, we follow Chang 
[4; p.927] and obtain, after some calculation based on equations (2.7), an 
equivalent system of equations, namely, 


TA? + wor? + fA +5 <0, 

oN? + th? + A + p == 0, 

whose coefficients are given by the following domla which preserve Cur S 
notation: 


(2.8) 


— B14 84) Ah) 
aaa Yue + (1 — 6h) yus, 
w == F(T + 3h)yus + $(7 + 8h) hus — 6 (1 + 3h) (1—h) tte 


a ee yy Ee) MEA OE au, 


1 — 3h 
(2:9) g= [4(1—h) + 6(1—3h)L] Pu, 
se FA aha Ti, 
te 2(1— 38h) 
r= (16h), +6 [EAE aa E] yus 
p= (1— 6h)gu— = Bus, 


in which we have assumed h £1 and hÆ + 4. These excluded cases will be 
considered in the last three sections. 

If we eliminate A from equations (2.8), we find that the PE of the 
plane my 1s the cone whose equations in local plane coordinates are u, = 0 and 


T 4) $ § 
o T O p 

(2. 10) 0 pr — as wp — TS pi —~ ws 0. 
wo —— TT of — wr os — np () 


In the first place, if L has the value given by 


2 (1—h 
(2.11) | p——2 (=) 
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equations (2.9) show that t =p, t= 7, and s= s= 0, in consequente of 
which it is not difficult to verify that the determinant appearing in .equation 
(2.10) is identically zero. From this fact we infer that the envelope of the 
plane m differs from the cone (2.10), in case L is defined by equation (2.11). 
Consequently we shall assume, for the present, that the parameter L is arbitrary — 
and is not given by (2.11). 


| 8. Properties of the envelope. The third polar of the tangent plane 
2 == 0 of the surface at the point Pe with respect to the cone (2.19) isa cone | 
of class three which is found to have the equations wu, == 0 and 


Gusta — ET SEO 
(2 — 4h — 3h?) 
et) —~ FT Bh) (1 — 3h) (1 hy Y! 


1 
~~ (1—-8h)? (Bus? -+ yt) = 0. 


It will be observed that this equation is independent of L, so that all of the 
cones (2.10) with different values of the parameter L have in common the 
‘same third polar with respect to the tangent plane z = 0. 


The cusp-axis of the cone (3. 1) is the canonical line l(k) for which 
| E (2 — 4h — 3h? 
4 (1 + 3h) (1—8h)(1— kh) ` 
Thus we have a construction which yields the general canonical line of the. 
first kind and which may be described in the following theorem: 


(3. 2) k= 


If the parameter L is not defined by.{2.11), corresponding to each con- 
jugal quadric (2.3), except those with h == 1 and h = + 4, there is a canonical 
line l(k) for which k is defined by the formula (8.2), and this line ts the 
cusp-axis of the cone (8.1). 


In particular, it is perhaps worthy of remark that the conjugal quadrics 
with h = 0, h = 1/6, and A = 2/3 all correspond in this manner to the first 
directrix of Wilczynski. 

The second polar of the tangent plane 20 with respect to the cone 
(2.10) is a cone of the fourth class with the equations u, = 0 and 


6Usttgw? — 6 cess) (Yiia + pig) etl 
(3. 3) #14 8h) (1 


ce pa) (Bus? + yur*) jet [... [Uatt == 0, 


where [...] is independent of œ but does contain the parameter L. 
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he equation of any plane through the v-tangent s == z= 0, distinct 
from the tangent plane, can be written in the form T 


(3. 4) z+ az = 0, 


in which a is a parameter. If the homogeneous plane coördinates of this plene 
are substituted in equation (3.3), we find that the plane (3.4), is tangent to 
the cone (3.3) if, and only if, 

_ Y+ 3h 

- (3.5) e= RaT eh)(1-—k) 


Similarly, a plane through the u-tangent y == z = 0 has the equation 


y + bz = 
in which b is a parameter, and is tangent to the cone (3.3) in case 


| 7 + 3h 
Ge) PE Te Bh) ny 


Thus we prove the following theorem: 


Through each asymptotic tangent at the pont Pa of the surface S there 
is a plane which is tangent to all of the cones (3.3) with variable L. These 
two planes intersect in the canomcal line l(k) for which 


ł 


(3.7) | pasm eee 


12(1-+8k)(1—h) ` 


The ecuation of any plane, except the tangent plane z = 0, through the 
tangent line in the direction A at the point Ps of the surface is 


(8. 8) ee 


where u is a parameter. If the plane coérdinates of this plane are substituted 
in equation (3.3), we find 
(3. 9) Ap? + But C=0, 
in which 
A==12(1+ 3h)(1—h)A, 


(3.10) =o | _ 
B = ee) oe ie ($ aag a TN u (8 — °), 
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the definition of C not being essential to our work. Hence, through the tan- 
gent line in the direction A there are two planes pı, p2, besides the tangent 
plane of the surface, which are tangent to the cone (3.3). The harmonic 
conjugate of the tangent plane z= 0 with respect to the two planes pu, po 
is the plane p* whose coérdinates are given by 


(3. 11) pu, = 0, pu: == — Ad, pus == A, pls = B. 
The plane p* is tangent. to the cona (3.1) if, and only if, 


(3.12)  8&(1 + 8h) (1 — h) (B—yr*} 
— 3h (1 — 3k) (2 — 4h — 3h?) (p — yA Jà =O. 


This condition is obviously satisfied if h == 0, that is, if the conjugal quadric 
(2.3) is a quadric of Darboux. If h40, equation: (3.12) represents the 
triple of directions D» which are conjugate to the Dy directions introduced, 
respectively, by Wilkins [6; p. 177] and Bell [7; p. 787]. Moreover, condi- 
tion (3.12) is satisfied if ¢— yA = 0, B — yà? = 0, so that the curve C) is a 
curve of Segre which is tangent to the first canonical tangent at Pz. These 
results may be summarized in the following statement: 


There are two planes pı, pe, besides the tangent plane of the surface NS, 
through the tangent line in the direction à at the pot Pz which are tangent 
to the cone (3.3). The plane p* which is the harmonic conjugate of the tan- 
gent plane z = 0 with respect to the planes p, and pz envelopes the cone (3.1) 
in case any one of the following conditions holds: 


(i) the conjugal quadric (2.3) ts a quadric-of Darbous ; 
(ii) the direction of the curve Oy 1s a direction D*;; 
(iii) the curve C) is a curve of Segre which is tangent to the first canonical 
tangent at Pz. 
Moreover, it is not difficult to verify the truth of the following theorem: 


At a point Ps of the surface S, let pi, pz denote the two planes through 
the tangent line in the direction A at the point Po which are tangent to the 
cone (3,3). Let p* denote the plane which is the harmonic conjugate of the 
tangent plane z = 0. with respect to the planes Pı; po. Then, the three planes 
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p: (t = 1, 2,3) corresponding to the Segre tangerts at Pe are consurrent in 
the canonical line h(k) for which k is given by the formula (3.2). 


4. The case when L = — (2/3)[(1—h)/(1—3h)]. In this section 
we assume that L is defined by equation (2. fue . Equation (2.3% becomes, 
in ‘consequence of (2.6) and (2.11), 


(4.1) wy—2-+ hlydaz + By2/d’?) — p2(1= a, F Hay | gO, 


where % is a constant which is independent of u and v. Thus, the conjugal 
quadrics (4.1) are characterized by the property that the envelope of the plane 
(2.5) is diferent fromthe cone (2.10) Ea i 

It may be remarked that the quadric (4.1) with h = 0 is the quadric of 
Darboux which Chang introduced [4; p. 928]. 

We now proceed to find the envelope of the plane =’, for the quadries 
represented by equation (4.1). For this purpose we eae equations (2. 8) 
by the equetions 


[(1 — Bh )yotts — Pyrus |A? + (1 — 3k ) Y pusà? 
(4.2) . + °Brtsr + (1— 8h) Brus = 0, 
peak geet: 


in which œ, 7, and p are given by ` 


o = 4 (7 + Bh) pue + (7 + 8h) bua — 6 (1 + 3h) (1—h) wa, 
(1 + 3h) (1—h) 


ae 


Ga) em a lin (1— 6h) us, 
2(1 + 3h if 
p = (1 — 6h) us A EENS ps 


Elimination of A from equations (4.2) shows that the envelope of the plane 
x’, is a cone of the sixth class whose equation: in plane coérdinates are 


Ui = 0 and 
(4. 4) a. | 
(1—3h) yous —2yrt2 (1—3h)ypus 2 Brits =-  (1—8h) Brus 
T ae : W “Me p 2). as 0 
0 T w p 


The second polar of the tangent plane z = ù ‘with respect to the cone 
(4.4) has the equations t == 0 and 
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(4. 5) (1 — 8h) wou? + (1 — 3h) pot? ° 
a (1 — 8h) uus + 2h (3h — 2) Tpuzus = 0. 


If h = 0, the second polar (4.5) decomposes into a cone of the third class 
and a pencil of planes whose. axis is the canonical line l(k) for which 
k = — 7/12, as Chang has shown. Moreover, if h == 2/3, the second polar 
also decomposes into a cone of the third class and a pencil of planes whose 
axis is the canonical line l(k} for which k =— 3/4. We: summarize these 
results in the following statement: 


Among the quadrics (4.1), there are two quadrics, namely, those with 
k=0 and h = 2/3, which are characterized by the property that the corre- 
sponding cone (4.5) decomposes into a cone of the third class and a pencil of 
planes. The axes of these two pencils of planes are the canonical lines h(k) 
for which k has the respective values k == — 17/12 and k = — 3/4. 


Lf we exclude the two values of h for which! the cone (4.5) is composite, 
it is easy to show that the tangent planes of the cone (4.5) which pass through 
the asymptotic tangents at the point Pa intersect in the canonical line l(k) 
for which k is gwen by the formula (3.7). . 

The third polar of the tangent plane z = 0 with respect to the cone 
(4.4) is the cone (3.1). Finally, the fourth polar of the tangent plane z== 0 
with respect to the cone (4.4) consists of two pencils of planes each having 
the asymptotic tangents at Pe for an axis. 


5. The case when h=—1/3. It has been remarked that equation 
(2.3) with h = — 1/3 defines a pencil of quadrics each of which has third 
order contact with the curves of the net My at Pe. 

In this case the homogeneous plane codrdinates of the plane (2.5) are 


pi, = 0, 
pl, = 24°(8 — yr}, 
(5.1) pus = — 24A (8 — yà), 


pua = 4B? — BBpA + 1284A? + (88y + B6LBY)A + 12ypà* 
— By + 4y?A°, 


Homogeneous elimination of A from these equations yields a cone of the sixth 
class whose equations are 


4 ( Bus? +- yu) (Bus? + yu? + pusta? + Zyta — 6urtistts) 


(5.3) 9Byrutust + Dy pucts?— (16By + 36LBy) uu? =0, m — 0. 
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The folowing statement may be easily verified. 


The first polar of planes through the asymptotic u-tangent (v-tangent) 
at the point Pa with respect to the cone (5.2) contains a plane pi(p2) which 
passes through the v-tangent (u-tangent) at Pz. The intersection of the planes 
pı and pz is the canonical line l(k) for which k = —1/8. 


Moreover, the first polar of planes through the u-tangent at P. with 
respect to the cone (5.2) contains a plane through each of the three tangents 
. © of Segre at Pz. The equations of these planes m; (i = 1, 2,3) are. 


(5.3) 24 (48 — ya) (Az — y) + [2487/A — 1584 
+ 48BYA + 3 (88y + B6LBY)A? + 24ypr* — 3ypa*]z = D, 
where 
à = w (B/y)* ; == 1,2,8; oF 1, wl. 


The polar line of the tangent plane z == 0 with respect to the trihedron formed 
by the planas m; is the line , which joins Ps to the point whose loca: point 
coordinates are | 


(5. 4) (0,— 3y, ġġ, 1). 


In a similar manner, we find that the first polar of planes through the 
v-tangent with respect to the cone (5.2) contains a plane through each of the 
tangents of Segre at Ps. These three planes z*; (i= 1,2,3) are given by 
-the equations 


/ (5.5) 24(4yAS — B) (Az — y) + [886 — 24ByA — 3 (88y 
+. 36LBy)A? — 48y? + 1Syyat — 24y°A°]2 = 0, 
where l 
= wt (8/y)ź; t= 1,2,3; o =], osl. 


The polar l:ne of the tangent plane z == 0 with respect to the trihedron formed 
by the planes m”; is the line /*,; joining Ps to the point E 
(5. 6) (0, BY, — #4, 1). 


The plane determined by the lines l, and 1*, thus defined intersects the 
canonical plane in the first edge of Green. 


We present a geometric characterization of a unique conjugal quadric 
(2.3) with A == — 173 which is contained in the following theorem: 
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The third polar of planes through the u-tangent (v-tangent) , with 
respect to the cone (5.2) contains a plane which passes through the v-tangent 
(u-tangent ) fs and or 1f, L==—2/9. In this case the quadric has the 
. equation ° 


(5. 7) -TY — 2 — t (yA°axz -+ Byz/d’*) a (%By + VY, buv) z? == 0, 


Finally, direct calculation, which will be omitted, yields the following 
result: , 


. + 


At a point Pz of a surface, the fourth polar of planes through the -> 
u-tangent (v-tangent) with respect*to the cone (5.2) is independent of L 
and contains a plane which passes through the v-tangent (u-tangent). The 
line of intersection of these two planes is the first directrix of Wilczynski. 


6. The case when h — 1/3. The quadric (2.3) with k = 1/3 is related 
_to the associate conjugate net of the net Ny in the same way that the quadric 
with k == — 1/3 is related to the net My. 

The plane codrdinates of the plane (2.5) are 


pl, = 0, pua == R4 BX, pis = RAyM, 
(6.1) pity = 48° — 386A + 1289a" + (8y + 36LBy)A + 1276 
—~ dypr® 4- 478. 


The envelope of this plane when A varies is found to be a cone of the sixth 
class whose equations are 


(6. 2) 16By[Bus® + yu? — 3 (Rus — pts — Puz) Uzus]? 
l — [3 (yu: + mene) — (88y + 36L By) uzus] uzus == 0, u = 0. 


, The first polar of the tangent se z = 0 with respect to this cone decomposes 
into a cone of the third class 
N 


(6.3) Bus? A ytte® — 3 (Rus - 





pus — Wun) uzis = 0, u,—0, 


and two pencils of planes each having an asymptotic tangent as axis. It will 
be observed that the cusp-aris of the cone (6.3) is the first directrix of 
Wilezynskr. 

There are two planes fi, p2 aigoust the tangent line in the direction A 
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at the point Pe which are tangent to the cone (6.2). The harmonic cone 
of the tangent plane z == 0 with respect to the planes pı, pa is the plane p* 
who equation is 


(6. £) 6A (Ts — Ave) + [3 (p — YA)A— (B — yA?) Jea = 0. 


The planes ‘p*; (t = 1,2,3) corresponding to the three tangents of Segre are ` 
concurrent in the first directrix of Wilczynski. 


7. The case when h == 1. The quadrics of Davis for the net Wy are the 
quadrics (2.3) with h=1. In this case the plane codrdinates of the plane 
(2.5) are 


ply == 0, pus == 24A2(B-+ yà), pis = 24A(B + yd’), 
(7.1) pta = 48? — BBA + 12Bya? + (88y + B6LBy)A? + 12yha4 
— By? den’. 


The envelope of this plane is a cone e of the sixth gins with the equations 


4 ( Buz? + yuz?) (Bus® -- Yua? = $ htbelis" —_e Fyn Us — 6 tbothg ths ) 
+ 15BYU ua 4- Liypue*us” -+ 36 LB ys? U" == 0, Wh ="), 


It is rot difficult to show that the first polar of planes throuzh the 
u-tangent at Pa with respect to the cone (7.2) contains a plane through each 
of the tangents of Segre at Pz. The polar line of the tangent plane z == 0 
with respect to the tribedron formed by these three planes is the line J, which 
joins Pz to the point 


(7.3) (0, — 14y, 149; 1). 


(a. 2) 


Simila-ly, the first polar of planes through the v-tangent with respect tò . 
the cone (7.2) contains a plane through each of the Segre tangents. The 
polar line of the tangent plane z = 0 with respect to. this trihedron is the line 
1*, which joins Ps to the point 


(7.4) (0, 1H ay, — liad, 1). 


The plane determined by the lines lh, *, intersects the canonical plane in 
the canonical line h(k) for which k =—1/12. 


Finally, direct calculation yields the following result: 


The taird polar of planes through the u-tangent (v-tangent) wrth 
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l respect to the cone (7.2) contains a plane which passes through the v-taygent 
(u-tangent) if, and only if, L = — 2/9. Consequently, we have a geometric 
characterization of the unique quadric represented by the equation. 


(7.5) © wy — e + yMaz + Bya/a® — (%By + Ybu) = 0. 


SOUTHWESTERN COLLEGE, 
MEMPHIS, TENN. 


REFERENCES. 





1. V. G. Grove, “ The transformation of Cech,” eee of the American Mathe- 
matical Society, vol. 50 (1944), pp. 231-234. 

2. M. L. MacQueen, “ Pencils of quadrics associated with a conjugate net,” J ournal 
of the Tennessee Academy of Science, vol. 15 (1940), pp. 420-423. 

3. W. M. Davis, Contributions to the Theory of Conjugate Nets, Chicago doctoral 
dissertation, 1932. 

‘4. S.C. Chang, “On the quadrics associated with a point of a surface,” Bulletin 
of the American Mathematical Society, vol. 50 (1944), pp. 926-930. 

5. E. P. Lane, Projective Differential Geometry of Curves and Surfaces, Chicago, 
1932. 

6. J. E. Wilkins, “The first canonical pencil,” Duke Mathematical Journal, vol. 
10 (1943), pp. 173-178. 

7. P. O. Bell, “The first canonical pencil,’ Duke Mathematical Journal, vol. 5 
(1939), pp. 784-788. 


THE INFINITIES IN THE NON-LOCAL EXISTENCE PROBLEM 
CF ORDINARY DIFFERENTIAL EQUATIONS.* 


By .AUREL WINTNER. 


l The standard general existence theorem for the problem of initial values 

assigned for systems of ordinary differential equations is strictly local in 
nature. There seem to be just two standard types which are particular 
enough to allow a control of the solutions in the large. The first of these 
classical cases is represented by systems of linear differential equations, the 
second by those systems the solutions of which depend on inversions of 
quadratures. 

This latter type is exemplified, in the complex domain, by the differential 
equation dp/dz = (p° -+ ap + b)? of the elliptic function .p(z) and, in the 
real domain, by Liouvilles separable conservative systems with n Cegrees of . 
freedom: In fact, if æ denotes any of the n separating coordinates, the energy 
relation ‘of each degree of freedom is a differential equation of the form 
dx/dt == f(x). As illustrated by the example f(x) — 2°, where — œ <2 
< o, the mere continuity of f(x) is insufficient for the uniqueness of the 
solution z(t belonging to a given initial value x(0), since c(t) « | t |3 sgn 
then is a solution of da/dt = f(x), (0) = 0, for two non-vanishing values 
of a (and also for a = 0). 

However, since the zeros of a continuous function form a closed set (and 
possess, therefore, a complement consisting of a sequence of mutually disjoint 
open intervels), it is easily realized that, no matter how complicated the real, 
continuous function f (£), — œ <a < œ, may be,a solution x(t) of dx/dt =f 
cannot cease to exist at a finite t = t, without tending either to + œ or to 
—o as t—>t, (That such a value tọ can actually occur, is shown by the 
movable sirgularity of the solutions s(t) = (t,—7t)* of the differential 
equation dx/dt = 2z?, in which f(z) is regular throughout.) In the elliptic 
case of the complex field, the italicized remark manifests itself in the fact 
that the only points z (s£ œ) at which w = p(z + const.) fails to satisfy 
its (not rational, though algebraic) differential equation dw/dz—f(w) are 
infinities proper, since all of its singularities are poles, and so, in particular, 
neither of the type (z — 2}: nor of the type exp(z—-2)~. And all singu- 
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larities of w(z) (for z4 co) remain infinities proper in all hyperelliptic eases 
of dw/dz = f(w). In this regard, it is besides the point that there are no 
branch points at all, not even infinities proper of the type (z-— 2), in the 
unramified case. With regard to branch points of infinite order, it is under- 
stood that a logarithmic singularity represents an infinity proper, if it is of 
the type log(z— zo), but does not, if it is of the type (2-— 2 )log{z—- zo) or 
1/log (4— Zo). | 
What concerns the first of the two standard cases mentioned at the very 
beginning, it was shown in [3] that, by a repeated application of ‘the local 
existenc2 theorem, it is possible to delimit a class of non-linear’.systems for 
which the behavior of all solutions in the large is typified by the classical 
case of :inear, systems. In the present note, there will be delimited a class of 
differential equations for which the other case, that depending on inversions 
of quadratures, is the prototype. Bv this is implied that, in the real domain, 
the property italicized above will hold for all solutions. In the complex 
domain, this must be replaced by the property that all (finite) singularities 
of all solutions are infinities proper in the sense described above. The principal 
- device will consist of an adaptation of that application of the local existence 
theorem of arbitrary ordinary differential equations which was used by 
Painlevé both in the complex field (cf., e. g., [2], p. 23) and in his discussion 
of the real singularities of the problem of three bodies (tbid., pp. 584-586). 
In the real domain, the theorem to be proved becomes the following fact: 


If 7(t, 2) is a peal aben. continuous function on a strip — 
0S tsa, — o <r <1 w, 
and if a real-valued function 
= e(t), 0St<t, 
where to < a (and to œ), is a solution of the differential equation 
v = f(t, £), 

then, as t tends from the left to the excluded value to, 

either there exists a finite limit æ(to— 0), in which case the function 
w(t) can be extended to the closed interval OS t S to (and, if tos&a, to an 


interval OS tS", where to < t* <a) in such a way as to possess a con- 
tinuous derivative and to satisfy the differential equation, ` 
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or else | x(t) | tends to œ, which, since x(t) is continuous for 0 & t < by, 
means that the limit x(t)—0) eaists either as +- © or as — œ. 


In particular, lim inf | e(t)| < œ is impossible unless lim-sup | z(t) | 
< oœ, as t—>t,—0. Actually, what the theorem really claims is that 
lim inf! a(¢)| < oo is impossible unless there exists a (finite) lim æ(t), 
as t-> fa— 0. In fact, it is easy to see from well-known general properties 
of functions which are derivatives (and then, if to =< a, from the local existence 
theorem of ordinary differential equations), that this particular claim, though 
just a corollery, happens to be equivalent to the theorem. 

Correspondingly, the content of the theorem can be illustrated as follows: 
No matter wnat the continuous function f(t, x) (on a strip) may be, g solution 
a(t) cannot behave as 


‘sin (t—i) or (t—to)> sin (£—t)-, 


since both of these functions satisfy liminf|a#(t)| < œ but possess no 
lim a(t), as £— to— 0. In addition, the behavior of : 


(t— to) sin (t—t))* or (¢-—t))? sin (t— to)” 


is excluded, since, though both of these functions are continuous (if Cefined 
to be 0 at t: = ġo), the first of them has no derivative, and the second no 
continuous Cerivative. at $ == tp. 

It is easy to realize that generalizations for the case of an order higher 
than the first are not possible in certain directions. For instance, cne of the 
simplest cases not covered by the theorem is a system of n =? differential 
equations of the first order not containing the independent variable, say ` 


du/dt=f(2,y), dy/dt = g (2, y), 


where both functions f, g are regular on’ the whole (z, y)-plane. But the 
assertions ot the theorem may then become false, even if both functions are 
restricted to’ be polynomials. This is proved by the example (cf. [2], p. 545) 


foy(@ty)+ic(@tt+y), g= al g) la i), 
since, as is seen by differentiations and substitutions, 
x(t) = (te — t)> sin (to—t)*, y(t) == (to — t)? cos (to — tit 


is then a (real) solution (for — œ < t < to). 
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Let x(t), where 0 St < to be a solution satisfying lim inf | 2(¢)|< œ 
as t-—>t,—-0. This means that there exist an increasing sequence ti, tat * 
and a constant c satisfying tm—>% and | (tm)|¢. Corresponding to this 
c and to an arbitrary positive constant b, choose an M =— M (b, c) so large 
that the inequality | f(¢,2)| & M holds at every point of the rectangle 


ostit —b—ceSrSsb+e. 


The existence of such an M is assured by the assumption that f(t, z) is given 
as a continuous function on the strip 0 = t Sa of the (#, x)-plane. 
The rectangle defined by the last formula line contains the rectangle 


inStSa —bSx—x(tn) St 


for every m, since Ù S tm < to Sa and | x(tm)| Sc. Hence, | f(t,2)| SM 
holds at every point of the rectangle just mentioned, where m is arbitrary. 
It follows therefore from the-local existence theorem of ordinary differential © 
equations, that v’ =f (t,x) has on the closed ¢-interval 


in = t= tm + mene: b/M) 


a solution z(¢) attaining the given initial value v(tm) at t == im. Accordingly, 
in order to complete the proof of the theorem, it is sufficient to ascertain that, 
if m is large enough, the upper end-point, t = tm +- min, of this closed | 
t-interval is beyond or at the point t= to according as to < a or fo =a. But 
this is implied by the assumption fm —> to, since b/M is independent of m. 


Appendix. 


By an adaptation of the proof given above, it is possible to obtain, in a 
generalized form, a simple proof of the principal result of [3]. The 
generalization consists in omitting an assumption of monotony for the func- 
tion L(r) below. The resulting theorem, which is a complete dual of Osgood’s 
criterion for the uniqueness of the solutions, is as follows: 


Let fi,° + *sfn be real-valued; continuous functions on ‘the (n+ 1)- 
dimensional region 


(i) 0=tSa4, — o Ll (t= 1,---,m). 


Suppose that there exists a continuous function L(r), 0Sr< œ, satisfi ying 
on the region (i) the m inequalities 
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(ii), | falé; Tr + +, %m)| < L(r), 
where l 

(iii) r == m Hee o 2,7, 
and having the property that 

(a 6) 

(iv) f dr/L(r) = œ. 
Then, tf Cu’ `,Ca ts any set of integration constants, the differential 
equations | 

(v) we == filt; Ta e ty) 
and the invial conditions 

(vi) | a (0) = ci 


have a solution x; == m(t} on the whole t-range, O0St=a, admitted in (i). 


Suppose that this assertion is false. Then there exists a positive number 
fto not exceeding the value of a and having the property that (v) and (vi) 
have on the interval 0 = t < t, a solution z; == z(t) which cannot be extended 
to the closed interval Of to. Hence, if the local existence theorem of 
(v) and (vi) is applied in exactly the same way as above (where n = 1); 


it follows that there cannot exist an increasing sequence t, ta, ` + tending to to 
and having the property that each of the n sequences 2(t:),%:(f2),° °° is 
bounded. But the non-existence of such a sequence ¢,;%,- -- means, by 
(iii), that 

(vii) | r=r(t)—=> œ as t—>t)—0. 


. And it is easy to see that (vii) contradicts (ii) and (iv). 
In fact, differentiation of (iii), where r = r(t), gives 


(9? S (a? He i o H Ba?) (Ot te) mf? o O e e) 


by (v). Eence, from (ii), 
: dt = | dr |/L(r), 


> 


if the constant factor nt is thought of as absorbed by the function sign L. 
But the last formula line implies that the inequality 


R 


lim ¢—c= lim } dr/L(r) 
t—»to-0 R>% 
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holds for a certain pair of integration constants c, C. Since the limit on the 
left has a finite value, this inequality contradicts (iv). 

It is clear from the proof that the continuity of the positive function 
L(r) can be replaced by more general local assumptions. 
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REDUCTION OF AN n-TH ORDER LINEAR DIFFERENTIAL 
EQUATION AND m-POINT BOUNDARY CONDITIONS 
TO AN EQUIVALENT MATRIX SYSTEM.* 


By Ranpat H. Core. 


1. Introduction. The linear differential equation of order n, 
(1.1) uo d- Pund +- -4 Phu = 0, 


with boundary conditions of various types has been extensively discussed by 
Birkhoff [1], Wilder [2], Tamarkin [3], and others. Much attenticn has 
also been devoted to systems of first order equations,? and in particular to 
. systems which may be written in the matrix è form, 


(1.2) © Y= {A+ OV. 


Here, as before, the problems are largely characterized by the type of the 
adjoined borndarv relations. The results obtained by Birkhoff and Langer 
[5] in 1923 and by Langer [6] in 1939 may be cited as examples of significant 
developments in this field. 

Although (1.1) is readily reducible to a system of n first order linear 
equations, obvious reductions do not yield systems which are lineer in the 
parameter. A reduction of (1.1) to (1.2) has been obtained by Wilder [7], 
but it is not carried to the point where the matrices N and Q are in a form 
which permits the immediate application of known results for expansion 
problems. Further, the reducibility of boundary conditions associztec with 
= (1.1) to an equivalent set associated with (1.2) has not been considered. 

The present paper shows that (1.1) is reducible to a familiar anid con- 
venient form of system (1.2), and that a set of m-point boundary conditions 
applying to (1.1) admits of a corresponding reduction to a set cf matrix 
boundary conditions applying to (1.2). The theory of differential matrix 


* Received May 1, 1945. 

t Numbers in brackets refer to the bibliography. 

* A review of the literature associated with such systems has been given by W. M. 
Whyburn [4]. 

* Square matrices of order n will be designated by German capital letters and their 
components will be represented by the corresponding lower case italic letters, that is, 
B(s) = (0; ;(@)). Similarly the lower case German letters will be reserved exclusively 
for the representation of -vectors. 
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equations is, therefore, made available for the extension and generalization 
of the classical boundary and erpansion problems associated with the n-th order 
linear differential equation. 


op 


2. Reduction of the n-th order equation to matrix form. The equation 
to be considered is (1.1) for which it is assumed that ` 


(a) each coeficient Py is a polynomial in à of the form 


= 
P=, Pp, ls), 
i20 
with Pyi(a) free from à and indefinitely differentiable, 
(b) the algebraic equatior., | 


yr + Pir? + su + Fam — 0, 


has n distinct roots, tı(£), r2{2),° - -, (x), for all values of x on a funda- 
mental interval (a,b). 


Under these assumptions there are known to exist [7] two indefinitely 
differentiable matrices, B(x) and C(s), free from A and such that any matrix 
solution of 


(2. 1) | Y = AL (2) + C(2)}3 


has solutions of (1.1) as the @mponents of its first row. Further, B(x) and 
C(x} are such that | 

b: (£) = 0, j>4, 

bia (2) = ri (2), 
and 

cij (£) =0, . g>t+1, 


Cite t=: 


A matrix of the form of H(z) will henceforth be referred to as a lower 
triangular matrix and one of tae form of © (s) as a bordered lower triangular 
matrix. | 
In view of the form of B(x) there exists a non-singular matrix % (s) 
such that | 
T- (1)B(1)T (z) = R(2), 
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where * 


R(x) = (siri (e)). 


Since & satisfies the relation 8X — TR, it may be chosen of lower trāngular 
form with 1’s on the main diagonal. The matrix = will then be smilarly 
constituted. With this choice of % it may be verified that O(a), deaned by 


O(a) = T(x) C(x) (x) — T (1) X% (2), 


is a borderec lower triangular matrix. For St and Q so defined, a sclation of 
(2.1) y-elds, through the relation 8(2z,A) = Z(x)Y(z,A), a solution of 


(2. 2) Y = {AR (x) + Q(z) }Y. 


In view of the form of &, it follows that any matrix solution o` (2.2) 
will have solutions of (1.1) as components of its first row. Further if any 
solution of '2.2) is non-singular, the components of its first row ccustitute 
a fundamenzal set of solutions of (1.1). This fact may be established by 
considering she relations, defined by (2.2), which the components of 2) must. 
satisfy. The form of R and © is such that these relations reduce to 


4 
Yig = Ary + È qiyi + Yir j 
pz 


It is, tharefore, clear thdt if the first 1 components of the j-th colur-n of ?) 
are idenzically zero, the (4 J 1)-th component is also identically zero. Thus, 
‘if the first component of the j-th column is zero, all the components of that 
column are zero and 9) is singular. This implies that if 2) is-non-cngular, 
no component of its first row is zero. If Œ is any non-singular matrix free 
from z, JC is also a non-singular solution and, by the same argument has no 
zero Components in its first row. Hence, if the components of the frst row 
of 9) were not linearly independent, an Avene choice of © woul: furnish 
a contradiction. 

We have shown that the first row of 2) is made up of ws, but there is 
still the question of the relationship: between the derivatives of these -ws and 
the components of Y. With this question in view, let the square: matrix 
(Uy, U2,* © *, Un), associated with any n functions us (£Y, Ua (x), - +5 Un(2), 
each possessing (n— 1) derivatives, be defined by 


Ce ee m) — (uD (2) ). 


ae ; is used in the sense, 5, ;= 0, if i£ j; 3, = 1, if ¢ == j. 
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We shall show that there exists a non-singular matrix © (s, A), such that, if 
d (z, 4) is any matrix solution of. (2.2), 


(2. 8) © (x, À) 9) (a, À) = R413; EE TA Yin); 
Where 4'1,1,° * *» Yım, being components of the first row of Y (x, A), are solutions 
of (1.1). 


To derive ©, let the matrix S be defined by the recurrence relation 
SM — dr /de + GOGH, 
with G) =: (8;;) and 6% — {AR (z) + O(x)}. The n-th derivative of any 
matrix solution 9 is, therefore, given by 


9) (7) ame SY, (7 d 0, 1, 2, or Fe 


The first row of ©- is clearly the n-th row of R(y11,° © +; Yin) so that 
Ras" © aam) = È (Bini SOY. 

The relation (2.3) follows immediately with © (x, à) defined by 

(2.4) S(z, à) = Š (Sind G., 


When so defined, © (x, à) is readily seen to have components which are poly- 
nom‘als.in A. We may show that it is non-singular by assuming that the 
components of 6‘ are such that ` 


i,j P = 0 if >in; s™ =]. 


i ith 


The component in the 1-th row and j-th column of SY is therefore given by 


itn 
sig TD = dsi; /de + B sirv Psr”, 
p=j- 


which implies that 


si PO =O if j >ti; smi) ==], 


fitnt 


That is, the matrix 6") is also of the assumed form and, since G9 and S9 
are Enown to be of this form, the validity of the assumption is established by 
induction. In view of (2.4), therefore, © (z, à) is a lower triangular matrix 
with unit components on the main diagonal and is non-singular. 


3. Boundary conditions. The boundary conditions to be adjoined ‘to 
(1.1) apply at the end points of the fundamental interval and also at an 
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arbitrary set of intermediate points, @2,@3,- * *,@m-1. If the end points a and 
b, are denoted by a, and am, respectively, and if the designation is such that 
üp < dyn, (= 1,2, - -,m— 1), these conditions are given by 


(8.1) Fi- (u) + Vs (u) +: -+ Vs (u) =0, (i=1,2,: - n), 


where 
Vie (u) = v1. (ap, A) + Via Ul (ap, A) FHH Vin PUD (ap, A) 


with coefficients, v;,;“, analytic functions of A. If f(s,à) is defirec to be 
the vector whose components are u(z,A) and its first (n — 1) derivatives. 
these relations may be written in the matrix form, 


S BO (AJE (dy, A) = 0, 
with = 

B (A) = (04,5 (A)). 
Consider the system 


(3. 2a) y = AR (z) + Q(2)}y 
(3.20) S 1 (a)y (aw à) = 0, 


where Ww (4) is defined as a matrix of analytic functions of A by 
BW (a) = BW (r)S (ay, A). 


The equatior (83.2a) is the vector equation corresponding to (2.2) aad has 
the general solution (z, A)c(à), where J (z, à) is any non-singular selution 
of (2.2) and c(A) is an arbitrary vector free from s. The first camzonent ’ 
of any solution of (3.2) is clearly a solution of (1.1) and (3.1), and con- 
versely, any solution of the latter system will yield, under appropriate trans- 
formations, a solution of (3.2). 

The results obtained by Langer [6] for a Syn in the complex comain 
represent significant developments when specialized to the present problem. 
It is, therefore, worthy of note that the substitution (cf. [6, p. 154] 1 


(a, A) = (bieh Jura, A), 


where œi (x) = q; (x), reduces (3.2) to Langers system. The sukst-cution 
has the effect of replacing (3.2) by an equivalent and similar system in which 
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 _R(z) is unchanged and Q(z" is replaced by a matrix whose main diągonal 
components are identically zero. 
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LINEAR VARIATIONS OF CONSTANTS.* 


By AUREL WINTNER. 


1. Let D= D; be an homogeneous, linear differential operator o2 order 
n, with coefficients which are single-valued and regular near a point, say the 
origin, of the z-plane. Then every solution w = w (z) of Dw =—0 is a linear, 
combination of a finite number of functions each of which is of the form 
z\(log z)'Z(z), where A is one of the “characteristic exponents,” J a non- 
negative integer not exceeding n— 1, and L(z) a Laurent series con~2argent 
near 2z = 0. This is a classical result of Fuchs (1866), who also determined 
the conditions under which no Z(z) has an essential singularity at z == 0, 
that is, under which the expansion. (near z= 0) of every solution w(z) can 
be calculated recursively (rather than only by using infinite determinants or — 
equivalent processes). These conditions, subsequently found in Riemanns 
posthumous notes also, prove to be fundamental, since they do not invelve the 
knowledge of any solution :: Necessary and sufficient is that, when the 2oefficient 
of the n-th derivative of w in Dz = 0 is 1, the singularity of the coefficient of 
the k-th derivative be a pole of order n— k (at most), where k =—0,1,---. 

The necessity of this criterion, though essential in the hypergezmetric 
theory and its generalizations (Riemann; Pochhammer), is quite on the 
' surface. In addition, it is of an accidental nature, in-the sense that iz ceases 
to hold when Dw = 0 is generalized to a system of n linear differential equa- 
tions of the first order, w == F (z)w, where w = w(z) now is a vector with n 
components and F(z) a matrix of n times n functions, 

On the other hand; the sufficiency of the criterion can be transferred to 
this, more general and symmetric, case without any additional trouble. In 
fact, the su<ficiency of the criterion then states simply that all Laurerz series 
occurring in the general solution of w == '(z)w are free of essentia. singu- 
larities whenever the matrix F(z) has at z—0 a simple pole (at most). 

_ All the known proofs of this criterion (as well as of its particular case 
belonging to Dw = 0) are arduous. They are more or less straightforward 
variants of two main types. The first type of proof is substantially that of 
Fuchs. This proof considers, first under the mere assumption thet #"(z) is 
single-valued and regular near z == 0, the local monodromy group, ccnsisting 
of the substitutions to which the solution vectors w == w(z) are subj2cted by 
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a circuit about z= 0. It then puts the monodromy. ‘matrices into their- 
(common) Jordan normal. form. From this, it is possible to conclude that 
all solutions are linear combinations of a finite number of functions each of 
‘which is-composed of three factors z^, (logz)', L(z). Finally, it is shown | 
(and this can be effected in various ways) that no D(z) can have an essential — 
singularity if the singularity of the coefficient matrix is a simple pole. 

In contrast, the second. type of proof (which, in the particular .case of 
Dw == 0, goes back to Frobenius) confines.itself to the case of a simple pole 
from the beginning. It consists in proving, by the method of undetermined 
‘coefficients, that the expansions of the solutions to be supplied by the answer 
all exist and form n, and not less than n, linearly independent solution vectors. 
And this requires, besides a convergence proof, a counting of constants, which 
becomes elaborate not only when one of the above integers / becomes distinct 
from 0 (that is, when the matrices of the monodromy group have-a multiple 
invariant factor) but also when the difference of two of the (normalized) 
characteristic exponents A happens to be a real integer.. What makes matters 
worse in this formal theory is that, just as in. the.theory of the hypergeometric 
equation, the case of (ostensibly) exceptional A-sets has no function-theoretical 
significance, since the monodromy group determines. just the residue class 
(mod 1) of an exponent .d, rather. than A itself, 

Both of these proofs (the “Riemannian” and the “ Weierstrassian ”) 
apply the full force of the theory of. the elementary divisors; the first, via the 
normal form of the monodromy group, the second,-as a counting machine. 
But a glance at the explicit form of the final result shows that what-is actually 
proved can finally be worded so as to involve neither the characteristic numbers 
(== e/?"t) nor the elementary divisors of the monodromy group; namely, as 
follows: | | 


(i) If all n? elements of the coefficient matrix, F = F (2), of w =F (z)w 
are regular in a circle | z| < a except for simple poles at z= 0, and if R= Rr 
denotes the residue (zF (2) )z20, then one solution matris is a matrix product 
of the form P(z)z®, where P(z) is a matris regular at 2==0 (that is, 
P(z) = P(0) + P (0)2 + 4P7(0)22 + -, if |z| <a) and det P(z) 0, 
fo<|z| <a. 


It is understood that by a “solution matrix” is meant any matrix the 
columns of which are solution vectors (cf. (12) below), and that det P(z) 0 
makes the solution matrix in question a “fundamental matrix.” 

The matrix multiplying P(z) is defined, of goure; by 2 = eFlogz, 
where e4 denotes the matrix 


co 
eå = A™/m! 
m=0 - 
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and log z is thought of on its Riemann surface. Since’e4 has the period 27iF, 
this agrees with the fact that only et, that is, only the residue class (mod 1) 
of a characteristic exponent A, is T by the monodromy group. 

If Jordan’s normal form, say J; `of A is known, it can be used in order 
to “sum” the infinite series of e4. In fact, if A = TJT, then e4 =Te’T™, 
and g” can be “summed” by using, for the powers of J, the recursion formula 
supphed by Cayley’s theorem, f(B) == 0, where f(s) = det (s#—B). But 
the significance of such “summations” is secondary indeed, and so the truly 
function-theoretical wording of the classical result, a wording based on the 
exponential function zë rather than on the counting machine of the elementary 
divisors of È, is just (i). 

An experimentum crucis is aetna by infinite matrices R which are 
bounded in Hilbert’s sense. Then z? is defined as before and is a-non-singular, 
bounded matrix (at every 2540). But now there is no Cayley theorem 
available for “summation” purposes and, what is much worse, no analogue 
of the Jordan-Weierstrass theory can exist (Toeplitz),.not even in the 
apparently harmless case of a completely continuous Æ. 


2.: Let the dotted circle, 0 < |z| <a, be replaced by an interval, 
0<t<a, aad let the pole of the coefficient matrix be split off by placing 
F(t) =t"T + G(¢) in (i). Then the “exponential” wording of the classical 
theorem suggests the possibility of an extension to the case in wich the 
deviation, G (t), of F(t) from the principal part, ¢2R, is not a regular power 
series but a function restricted by “real” smoothness assumptions only. 
Neither of the classical types of proof, sketched above, is then available (the 
second not, because there are no coefficients to be compared, and the ‘irst not, 
because there are no “circuits,” hence no monodromy matrices, in the one- 
dimensional case). Nevertheless, the extensions in question prove to exist, 
at least under the assumption that the constant matrix E, represerting the 
formal residue.of F(t), is “small” enough; the limitation of its “size” 
depending only on the dimension number, (rather than ‘on the choice of 
G(t) =t'T — F(t) also). 

In order to define this notion, let | A | denote the sealant amorg the n” 
absolute values | ax |, if (aw) is thé matrix 4. Then it is clear that 


(1) ` JABl Sn [A] |B] ad |4+B|S|4|+]B]. 
Hence, if [X] = [X]r denotes the matrix 


(2). Bote) ee as) 
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there exists a number r satisfying the inequality 
(3) [x] Sr|Z|, 


where the matrix X is arbitrary, the matrix R is fixed, and the factor r = rr 
is independent of X. Let r be the least factor satisfying (3) for every X. 
This unique r==rg will be called the cross-modulus of the matris R. 
According to (1) and (2), the cross-modulus is subject to the inequality 


(4) l rS2n| PI, 


no matter what R may be. 

By using the appropriate metric, it is possible to extend the definition of 
| A|, and therefore that of the cross-modulus, to the case of Hilbert’s, space 
(and other linear spaces). The following proofs then require nothing but the 
customary transcription. | 

A “size” of the formal residue being defined by its cross-modulus, me 
theorem announced above can now be formulated as follows: 


i (29) Let R bea coastal matriz the cross-modulus of which is less than 
1, ana let G(t) be a matria function which is continuous on an half-open 
interval, 0 < tE to and remains bounded, 


(5) a) =0(1), as t+. 
Then one solution matria of 
(6) a’ = F (t)z, where F(t) = R/t + G(t), 


is a matrix product of the form 


(7) P(tye®, (iE == ehloet, Jog i—+— oo), 
where | 
(8) | P(+0) exists 


(as a finite limit) and | 
(9) det P(+ 0) 0. 
[ Actually, (8) can be improved to 
(10) P(t) = P(-+0) +-0(t), 
as t— + 0.] 
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If (io) did not restrict the residue of the principal part of F, it would 
represent a complete dual of (i) for the non-analytic case. What concerns 
the secondary part of F, the assumption (5) is sure to be satisfied if G(t) 
is uniformly continuous. But (5) does not assume this, that is, F (+ 0) 
need. not exist. 

The procf of (io) will depend on a simple “ Abelian ” lemma (in ontras 
to some “ Tanaberian ” consideration). 


3. Let X, U, A,- - denote matrices (with n rows and n columrs), 
and let a’ denote da/dt, whether a = X or a = zg, where t is a real variable. 
If A(t) is a continuous function on an interval, then 


(11) v = A(t)e 


has on the whole interval a unique solution s = s(t) which, at a point te of 
the interval, becomes an arbitrary initial vector, s(t). If X =Z a denotes 


the matrix the columns of which are n solutions, say s == 2',---, g= 2”, 
then, since 
(12) X = (#,- + -, 2%), 


(11) is equivalent to 
(13) X’ = A(t) X, 


and the determination of the general solution of (11) is equivalent to the - 
determination of a solution of (13) in which the columns are lineerly 
independent, that is, 


(14) det X(t) = 0. 


Sincs, if tr A denotes the sum of the diagonal elements of A,’ 
t 
(15) det X(t) — det X (to) - exp f tr A(s)ds 


is an identity in ¢ by virtue of (13) alone (Jacobi), it is needless to specify 
whether the linear independence ‘of the columns of (12) be meant for some t 
or for every $. Clearly, (13) remains true if XY is replaced by XC “but not 
by CX), where ( is any constant matrix. Hence, if a solution of (13) satis- 
fying (14) is called a fundamental matrix of (11), a matrix is a fundamental 
matrix o (11) if and only if it is a product X(¢)C, where X(t) is some 
fundamental matrix and C denotes a constant matrix’ of non-vanishing 
determinant. 
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Irstead of considering, as before, just one system of TE linear 
differential equations, consider two of them, (11) and 


(46) y = Bt)y 
or, equivalently, (13) and 
(17) | Y’ = B(tyY, 


where 4 and B are arbitrary 2ontinuous functions on a (common) t-interval. 
If (11) is to be transformed into (16).by the procedure of the variation of 
constants (Lagrange), then, ance Y(t) had to be placed in front of the con- 
stant matrix O, the “varied” form, say U = U(t), of C = const. must be set 
up as tollows: ) 


(18) Peary 
Ane this ead oie: . | 


Rule for the Variation of Constants from the Right. Jf X(t) is a 
fixed fundamental matrix of (11), ell the fundamental matrices Y (t) of (16), 
and only these matrices, are represented by the product (18) in which U(t) 
denotes an arbitrary fundamerial matri iz of w =— K (t)u, that is, any solution 
U =U (t) of 


(19) U’ == K (t) U 
satisfying 
(19 bis) det U (hì =£ 0, 


where the coeficient matris, K = K (i), is the ordinary transform of the 
perturbation B(t) — A(t), taat rs, 


(20) K = X71(B—A)X. 


This follows by direct sukstitutions. In fact, if U is thought of as defined 
by (18) (which is possible, since det X +4 0), differentiation of (18) gives 


Ti ee 
Hence, if Y’, Y, X’ are substituted frora (17), (18), (18) respectively, 
BZU = AXU 4+ XU’. 


But this can be written in the form (19), if K — K (tY is defined by (20). 
If (18) is replaced by 
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(21), Y = VX, 
what results is the 


Rule for the Variation of Constants from the Left. If A(t) isa 
fundamenta: matrix of (11), all fundamental matrices Y(t) of (16), and 
only these matrices, are represented by the product (21) in which V = V(t) 
denotes any solution of 


(22) V =B(t)V —VA(t) 
satisfying 
(22 bis) det V(t) 0. 


The verification proceeds in the same way as before. But the two rules 
are quite different in structure. First, (19) is equivalent to w = K (t)u, 
- a homogeneous, linear system of order n, whereas the “ unsymmetric bracket ” 
condition for the elements of the matrix V represents a homogeneous, linear 
system of order n’. Next, the initial fundamental matrix X(t) occurs, via 
(20), in (19) but does not enter into (22). Finally, the second ruls is not a 
true process of variation of constants, since it is based on (21), where, if V 
is replaced by a constant matrix, C, the product CX does not become (in 
general) a solution of (13). E 

To what the second rule actually corresponds is a local formulation of the 
Riemann-Fuchs equivalence problem of species (= rt = Poincaré’s espéce). 
If this is compared with Schlesinger’s theory of simply canonical systems,* 
then, since the prototype of the problem of (i) is Cauchy’s elementary system 
zw’ = Rw (a system possessing the solution matrix z£), it is clear that 
anything pertaining to (i) should be based on (21), (22), rather than on 
(18), (19), (20), the method of the variation of constants in its strict sense. 


4. Since the substitution 


(23) t (—) et, (lim > lim), 

, t—>+0 t>0o 
transforms she prototype, ta’ — Raz, of (6) into z = Rx, where k = Const., 
it is convenient to transform (6) itself by (23). Then (6) becomes 

— e'g = F(et)e, where F(e*) = 6&F + G(e*), 


` 


* L. Schlesinger, “ Ueber eine Klasse von Differentialsystemen beliebiger Ordnung 
mit festen kritischen Punkten,” Crelle’s Journal fiir die reine und angewandte Mathe- 
matik, vol. 141 (1912), pp. 96-145, where further references will be found. 
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that is, F 
z’ = A(t)a, where A(t) =— R — eta (et). 


Since (11) is equivalent to (18) and (12), this can be written in the form 


(24) E S Gaye 
where l 
(25) HG) = eae), G8). 


Baot to (25), the assumption (8) is Pay to 
(26) H(t) =O(¢"*) as t>o. 


In particular, the prototype of (25) is X’ =—=— RX, where — R = Const. 
Since X = e? is a solution of this prototype, and since the second of the 
rules of the variation of constants should be applied, what suggests itself or 
(24) is the substitution 


(27) | | Xx Zerk 
| (and not X = e+#Z, which would correspond to the first iia But, since 
(Get)! — (Z! — ZR) eR, 
the substitution (27) transforms (24) into 
Z — ZR = — RZ + H (t)Z; 
and hera the principal term is the Poissonian bracket, (2), of Z: 
(28) Z == — [Z| + H(t)Z, where [Z| — RZ — ZR. 


The formal properties of the bracket will how. make posgibie a very easy 
proof for a general “ Abelian” limit theorem.. 


5. The lemma in question is as follows: 


(iic) If the cross-modulus of the constant matris R is less than 1, and 
if the matrix function H(t) is continuous on an half-line; to St < œ, and 
satisfies (26), then (28) has a (unique) solution Z = = Z (t) aang 


(29) .- Z>E. as too, 


[Actually, (29) can be improved to 
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(29 bis) Z(t) =E+ O(e*), 
which, in view of (28) and (26), implies that Z’(t) = O(e).] 


Here E denotes the unit matrix. ‘In reality, what concerns the rôle of 
(iio), an arbitrary C = Const. of non-vanishing determinant, rather than. just 
C = F, is needed in the boundary condition (29). But the normalization 
C= E is essential in the following proof of (ii9) itself, since the non- 
commutative nature of the operations connected with (2) prevents the use of 
an arbitrary C. | 

The standard form of the successive approximations to (28) and (29) is 


(30) Zines (t) =E + f [Zn (8) ]ds— f H(s)Zm(s)ds, 
where 
(1) Z(t) = E. 


The convergence of the integrals (30) will have to be ascertained, of course. 

The point in choosing precisely # in (29) is that ¥ — E is the only 
matrix (54) for which (2) vanishes when È is unspecified. Thus, from (31) 
and (30), 


Z(t) =r- Í H(s)ds. 
t 


This means that 


OO 
(32) Vi(t)—=— f H(s)ds, 
. t 
-if Yui(t) denotes the difference 
(33) Vali) SZ At 37250), 


But it is clear from (33) that (30) is equivalent to 


(34) Pa = f [Y¥n(s) ]ds — f H(s) ¥n(s) ds, 


since [A — B] = [A] — [B], by (2). Furthermore, (82) and (23) agstre 
the existence of Y(t). Consequently, the integrals (30) will be proved to 
be convergent if the same is proved. of the integrals (34). 
. Let r denote the cross-modulus of R. Then, according to (3), (1) 
and (34), | 
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(Pa Sef’ Fe) lds +n f [H(s)| |%m(s)| ds. À 


Hence, 

Bme (È) < r f Bu(s)ds + 278m (t) f | H (s)| ds, 
where t i l 
(35) Bm (E) aoo | Yin(s)|- 


For the present, Bm(t) = œ is not precluded. But, by the assumption (26), 
(36) | [EG] < per, | 


where p is a positive constant. Hence, by the inequality preceding (35), | 


(3%) Bna(t) <r f Pa(s)ds + 2npBn (i)e, 
| 


where, according to (82) and (35), 


(3%) p(t) Sf | H(s)| ds < per. 


Thus, from (37,), | 
Bo(t. < rpe* + 2npe*?. 


Hence, if te is so large that 
(38) Inpe t <e when &<t<o, 


where «e > 0 is arbitrary, 


. Bait) < plr tee. 
Consequently, from (372), 


B3(t) < v(r +e) (re> + 2npe *) 


_and so, if ¢ satisfies (38), , 
Batt) < p(r+e)%e* 


It is now-clear that (37m) and (38) lead to 
| Banalt) < p(r-+e)met, 


where m = 1,2," » and te < t < œ. 
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Accordingly, from (35) and (33), 
(39) ` | Zn ( (ty) — Zm-1(t)| < pomtet if Pct< oo, 


if @ denotes the sum r + and t° is the te belonging to a fixed 6 = be. 
Let e ba chosen so as to make 9 = r + e less than 1 (this is possikle, since r, 


the cross-modulus of F, is supposed to be less than 1). Then (89) and (31) 
show that the limit process 


Zal SZ), i m > œ% 


defines, by uniform convergence, a (continuous) function Z(t) which satisfies 
the relation (29 bis) and, in view of (36) and (2), the limiting case of the 
recursion formula (30), that is, the identity 


Z(t) == H+ f [2(s)]ds— f H (s) Z (s) ds. 


Finally, since Z(t) and H(t) are continuous, this identity implies that Z (t) 
has a (continuous) derivative and is a solution of (28). 

This proves (ilọ), except for the parenthetical ‘assertion claiming the 
uniqueness of Z(t). But this follows by applying the successive approxima- 
tions to the difference of two (allegedly distinct) solutions in the usual manner. — 

In order to deduce (ij) from (iio), let X be defined by (12). Then the 
substitutions (23), (25), (27) transform (6) and (5) into (28) and (26) 
respectively. Hence, if the assumptions of (io) are satisfied, it follows from 
(iio) that (6) has a fundamental matrix, X oa which is a the form (7), 
where, in view of (23)-and (29 bis); . 


P(t) —EB+0(t) u t>+0. 
Accordingly, (10) and (9) are satisfied, the limit (8) being the unit matrix. 


6. If Rin (6), (7) is the zero matrix, ee (8), (9) remain true if (5) 
is relaxed to 


ficos: A 


+0 
This known Abelian fact can be formulated as follows: 
(iiio) Zf A(t) ts continuous on an half-open interval 0 < t SE to and 


behaves, as t—> +- 0, so as to become absolutely integrable, and if X(t) denotes 
a fundamental matrix of £ = A(t}x, then X(+0) egzistis (as a finite limit). 


196 AJREL WINTNER. 


The proof is the same as, though of course simpler than, that of (lio). 

In fact, if the interval 0 < t & to is short enough, then, by the assumptions 
of (iio), 

to 

(40) nN ( 


+= 





ES. 


(n denotes the dimension number). In view of the principle of superposition, 
it is sufficient to prove (iiio) Zor the fundamental matrix, X(t), which is 
assigned by the initial condition X (to) = F. Then, according to the formu- 
lation (13) of (11), the successive approximations are defined by 


to 
“nt 


(41) Xma(t) =E— | A(s)Xn(s)ds, 


fo 
where X(t) =E; hence X, (t = FE — f A(s)ds. But, if 


t 


(42) an(t) =L u. b. | Zn (8) —Xm-a(s)|, 


b. 
sto 
(so that, for the present, %,(¢) — æ is allowed), it is clear from (41) and 
(1) that 


Gig) = f | A (S) | nam(S ds S n%(t) f | A(s)| ds. 


It follows, therefore, from (40) that @mii(t) S4amn(t); hence &m+(t) 
< (4)™a,(¢). Finally, the diference of the matrices Xo (t), Xi({t), which 
were given after (41), is majozized by the integral (40), and so a(t) S3, 
by the case m = 1 of the definition (42). Consequently, &m(t) S (4)™, In 
view of (42), this implies that the convergence of the successive approxima- 
tions is uniform (on the half-open interval 0 < ¢S to). Since this, in turn, 
implies that the limit function is uniformly continuous (the funczions (41) 
being continuous), the proof oi (iiio) :s complete. 


(iii, bis). Under the assumptions of (iiio), 
(43) čet X(+ 0) 40 
(if X(t) is a fundamental morris). 


This is a corollary of (iiio . In fact, if (43) were false, it would follow 
from (15) and (14), where 0 < ¢ S to. that the integral on the right of (15) 
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is not O (1) as ¿—> -+ 0. But this is excluded by the (absolute) integrability 
of A(t), which is assumed in (iiio). . . 
Another corollary of (iiio) is the following theorem : 


(iim) If A(t) has on an half-line m(=0) continuous derivatives 


satisfying 2 


aa f [Aa <m, SLOE o 


f im | A™ (t) | dt < œ, 


then every solution vector of s = x(t) of € = A (t)z possesses an asymptotic 
representatcon of the form 


ni 
(45) r(t) = X ct + o(t™) as too. 
k=0 
Moreover, tf co is any constant vector, there exists one and only one solution 
x(t) = s(t; co) satisfying (45), where 
) Cı = C1 (Co), C2 =C (Co); Ce Cm = Cm( Co). 
First, she substitution 


(46) to ft, (lim —> lim} 
, t>00 3—>+0 


transforms z’ = A(t) into a’ = *A(t)z, where, if *A (t) is denoted just by 
A(t), : 
A(t)dt > — A(t) dt 


holds in virtue of (46). Hence, in virtue of (46), 


(S lala o) of [A@la o). 


But the existence of r(+ 0) means the existence of some c satisfying z(t) 
—c-+o(1) as t—>-+0. Consequently, the case m = 0 of (ilim) is equivalent 
to (iiio) and (ilis bis) together. ; 

Next, let A(t) have a first derivative on an interval 0 < t & 4%. Then 


=A (t)r t A(t)a’, since 2! = A(t)a. 


But what is in this formula line can simply be written as 2’ = A (t)z, if 
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My 2 oe | A(t) : 
are replaced by ae 
2 fe A(t) 0) | 
mm (Es (20) a) p 


respectively, where n is the dimension number and 0 denotes the n-rowed zero 
matrix. In particular, the new A(t! sgtisfies the conditions of (iiip) if and 
only if the old A(t) has a continuous first derivative and 


© SAOL o, fla lat o. 


+6 


[Actually, the latter two conditions are tautological, since the convergence of 
the second integral implies that of the first and, as a matter of fact, the 
existence of a finite limit for A(t) as t—> + 0.] 

Hence, if the conditions just mentioned are satisfied, it follows from 
(iiio) that the old #(¢) .and its derivative have finite limits, (+0) and 
z (+0). Consequently, if x(t), where 0 < # to, is defined to be «(+ 0) 
at t = 0, then, by a standard theorem of differential calculus, x(t) will have 
a continuous first derivative on the closed interval OS t S fo. Accordingly, 
an application of Taylor’s rule gives s(¢) —=«(0) +z (0)t + 0(#) ast>-+0. 

Finally, it is clear from the remarks following (46) that, in virtue of the 
transformation (46), the case m = 1 of the m — 1 conditions (44) is equiva- 
lent to the pair of conditions represented by the last formula line. This proves ` 
(iiim) for the case m =—=1. -And the case of an arbitrary m contains nothing 
new, since the above processes of differentiation can of course be repeated. 


Remark. It is clear, from this reduction of (iiim) to (iiio) that (iio) 
implies a theorem, say (iim), which corresponds to (ilim) in the same way as 
(iio) to (iiio). However, the condition r < 1, the first assumption of (iio), 
must then be replaced by r< 1/(m +1). In fact, if m = 1, then what 
correspond to the dimension number n and to the matrices | 


B, Z, H, 


of (iio) become, in (ii), the dimension number 2n and the matrices 
Rk O\ > (7 —ZR . 0 ) : = 0 ) 
0 RJ?’ . 0 RZ—ZR}’ H H 


respectively. Hence, if r denotes the cross-modulus of the old R, all that is 
clear is that the cross-molulus of the new R cannot exceed 2r. Thus, the limi- 
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tation whick, either just by the proof or by the ba nature of (iim), 13 imposed 
on the cross-modulus of R becomes with increasing m so severe that no R 
distinct from the R = 0 of (iti) remains admitted in (iio). 


: % The-proof of (ig) depended on an application of the second rule for 
the linear variation of constants. In what follows, the first rule will be used 
in order to extend (iiio) in a direction assigned by the applications. To this 
end, it will be convenient to list a few formal ‘facts. 


(I) If X= X(t) is differentiable and of non-vanishing determinant 
at a given £ then X= is differentiable, and has the derivative —-47X’X+, 
at that t. 

In fact, since the differentiability of x means the differentiability of all 
elements of X, it implies the differentiability of the polynomials representing 
det X and its minors. This proves the first assertion of (I) ; whence the second 
can be concluded by differentiating the po XX, which is E = Const. 


(II) If A(t) is continuous on a ‘interval: and if X é) is a funda- 
mental matrix of 2 = A(t), then, the inverse of X* (t) (which, by (14), 
exists) is a fundamental matrix of 2’ = — A*(t)z. 

The latter is called the adjoint of 2 — A(t)s, the asterisk being the 
symbol of Hermitian transposition. In ‘particular, 2’ == A(t)a is self-adjoint 
when 7A is Hermitian, that is, when A + A* == 0 (for every £). 

The assertion of (II) is that the derivative of (X*)7 is —-A*(A*)™, 
"if X= AX (and det X 0). But this follows from the rules 


(XA ENE, (y= (A) (EY, 
since (AX)* = X*A*, 


If A(t) is continuous (on an open or infinite t-interval) , and if a’ == A (e 
is- self-adjoint, then every solution vector x(t) i8 a bounded function of t (even 
if A(t) as oO 


This eines no matter how trivial, contains abotir all that can be assured 
concerning “ stability ”'in general (except when a’ == A(t)a can be integrated 
by known. functions, for instance). . The sufficiency. of A(t) = A* (t) follows 
from the fact that |s(t)j|? then is a first integral, since the (Hermitian) 
scalar product of two solutions is independent of tł. This is seen by differen- 
tiation. But the true source is the general fact expressed by (IL). The latter 
implies that, in the self-adjoint case, (X*)-* is a fundamental matrix of 
a’ = A (t)z, if X is. Hence, by the principle of superposition, X = (X*)“*C, 
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where C is independent of ¢. In particular, X = X(t) is unitary (for every 
t) if, without loss of generality, C= E. ; 

If A = — A*, then every diagonal element of A, and therefore tr A, 
purely imaginary. This and the remark italicized above imply the eE oe 
criterion asserted after (47) in the following theorem : 


' (ivo) Suppose that every solution s(t) of a = sáa where AUA is 
continuous on an half-line, is bounded as t—> œ, and that l 


P ` 


t 
(47) | lim inf R ( tr A(s)ds > — œ 
to A i 


(both of these assumptions are satisfied in the self-adjoint case, (47) being 
implied by 
(47 bis) R tr A(t) 0 


as t—> œ). Let B(t) be any continuous coefficient matrix which is so “close” 
to A(t) that . 
oo 


(48) f | B(t) —A(2)| dt < o. 


Then, corresponding to every solution x(t) of 2’ == A (t)z, there exists a solution 
y(t) of y = B(t)y satisfying 
y(t) —az(t)-0 as too. 


Moreover, this y(t) is uniquely determined by w(t), every solution of 
y = B(t)y corresponds to a solution of t’ = A (t)z, and the correspondence 
“us continuous in terms of the respective intial data x(to), y(to). 


Clearly, the existence of such a correspondence will be proved if it is 
shown that, if X(t), Y (t) are fundamental matrices of a’ = A(t)x, y = B(t)y 
respectively, the matrix U(t) = Uxy(t) defined by (18) tends to a limit, 

U(o), of non-vanishing determinant. In fact, the last formula ‘Line and 
what follows it are then implied by the principle of superposition: A matrix 
is a fundamental matrix of 7 = G (t)z if and only if it is of the form 2(¢) 0, 
where Z(t) is an arbitrarily fixed fundamental matrix and C a unique (but 
unrestricted) constant matrix of non-vanishing determinant. 

Ii A, X, t— +0 in (iiio) are replaced by K, U, t—> œ respectively (cf. 
the mapping (46) and the remarks following this mapping), it is seen from 
(iiio) and (iiio bis) that the existence of a limit U(%) of non-vanishing 
determinant will be proved if it is shown that 
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f | K(t)! dt < œ 


is satisfied by the coefficient matrix of u’ = K(t)u, where U = (t,- © °, un). 
But (13), (17) and the definition, (18), of U imply (19) and (20). Hence, 
it is sufficient to show that what is required by the last formula line is 
satisfied wher K is the matrix (20). 

In view of (48), this will be’ proved if it is ascertained that both XY (t) 
and X= (t) are O(1) as é—> œ. But X(t) ~O(1) is just the assumotion 
made before (47). This assumption also implies that every minor of cet X (t) 
is O(1). Hence, X*(¢) —O(1) can fail to hold only if the denominator, 
represented by det X(t), comes arbitrarily. close to 0 as i> œ. And (15) 
shows that (47) excludes this possibility. 7 | 

Lt is clear from this proof of (ivo) that (ivo) can be refined to a theorem, 
say (ivm), which relates to (ivo) in the same way as (illm) to (iiie). The 
situation is made clear enough by the remark that the particular case A = 0 
of (ivo) is ecuivalent to (iiio). | 


8. None of the above results contains the classical theorem, mentioned 
in the introduction. But if the theorem is observed to be ‘equivalent. to its 
wording (i), in which nothing refers to the theory of elementary -livisors, 
there arises tae question whether the classical theorem is or is not so general 
as to be indevendent of the existence of a Jordan-Weierstrass theory for the 
underlying space. . It turns out that the answer is in the affirmative.. 

Needless to say, the resulting possibility of generalizing (i) in an abstract 
direction must be interpreted as just a symptom of the fact that neither of 
the classical types of proof, sketched in the introduction, takes into accourt 
the true formal-algebraic foundations of the problem (which, in reality, rest 
on the properties of the bracket operator). In other words, it will suffice to - 
give a direct proof for (i) itself, since the possibility of generalizations will 
then become trivial. Such a proof of (1) will be seen to be contained in the 
following fact: 


Liouvillian Lemma, ` In case of n-rowed matrices, the (linear) 2quation 
(49) tee whe: [xp er we. 
has a. (unique) solution X == X®(C) TRT 
(50) |\X)/=|Cl\/A—2n|R|), i£ Wwl|R| <1. 
Here R is fixed (in accordance with the hypothesis of (50) ), C is arbitrary, 
2 
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and the sign of absolute valte is that defined before (1). A straightfprward 
proof results by using, in the fashion of the theory of integral equations and 
infinite bounded matrices (Liouville, Neumann, Benne Hilb), a “resolvent ” 
series, as follows: | 


Tet a scalar parameter, s, be inserted in front of the bracket. Then (49) 
becomes the case s = 1 of 


X —s[X] =0, where [X] = XR — RX. 


If one tries to solve this equation by a power series 


rs f 


m=0 


where the (unknown) matrices Om are functions of & and C, the comparison 
of equal powers of s clearly lads to the recursion formula Cm — [Cu-1] = 0, 
where m = 1,2,; ©- and Cce= C. Hence, Cn = [C]m, if the subscript of 
the bracket denotes m-fold application of (2) to X — C (when È is fixed). 
Accordingly, if (m); denotes the binomial coefficient, 


Cm = 3 (—~1)"*(m), RORI, 
e=0 


Hence, from (1), 
| Om | Sr" (m) |B LC] [RD 
_ which. means that 


Cm |S" |C] [RIE (m) — |0| | ame | 


‘In view of this inequalisy, the power series which has been tried for X 
is majorized by | 


OLS | 2nsR |" 
m=0 i 


and will, therefore, supply a solution, X, if this geometric progression is con- ’ 
vergent. In the case of (49), where s= 1, this requires the inequality 
2n | E| <1 which, when satisfied, leads to 


XIs A 
as claimed in (50). 


The proof of (i) now becomes of such a trivial nature that the compli- 
cated analytical result of the local Fuchsian theory appears as a mere restate- 


i 
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ment of the formal-algebraical fact expressed by the primitive lemma, just 
proved, and cf the other “linear” properties of the bracket (2). 


9. The assumption of (i) is that, in W = F(z) W, 
(51) F(z) — AR = 3 Aga”, 
m=0 ' 


where & and Am are constant matrices and the power series (51) conrerges 
near z = 0. The assertion is that there exists a solution matrix which can be 
factorized into contributions, P(z) and z£; of the secondary part, (£1), and 
of the principal part, z+, of the coefficient matrix F(z), in such a waz that 
P(2) in 


(52) W(z) Puy 


becomes, as (51), a regular power series, 
oo 

(53) P(2) = 3 Bme”, 
m=0 


which converges near z = 0 and has a determinant which does not vanish 
identically. 

The latter condition requires, of course, the existence of a (unique) non- 
negatwe integer l = I(E) such that the power series (53) becomes 


(53 bis) P(z) =2'(Bi+ 2Bur+:-+ +), where Bi=0. 


After this 1, the index -of the first non-vanishing Bm, has been deternined, 
all the remaining coefficients Bm of (53) will follow uniquely. Finally, t will 
be shown that the resulting power series (53) is convergent near z ==), 
In terms of the notation defined before (1), this means that 


(54) | | Ba | <0" 


holds for every m and for some 6 > 0. Correspondingly, He assumption made 
as to F(z) is that, in ery 
(55) | Am| Lan 


where a > 0 is independent of m. 
First, if (52) and (51) are substituted into W’ = F(z) W, there results 
for P(z) the differential equation 


P’(2) + zP (2)R = (R+ 3 Amz”) P (2). 
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If a power series (53) is tried for P(z (2), this differential equation çan be 
written 1 in the form 


, S mB,,2" == g1 $ | Bm |2 yt -+ S A mee 3 But, 
mal meg im=0 


where [Bn] = KB,—B,R. Hence, the comparison of the coefficients of z+ 
and z™, where m—0,1,-- -, gives 


(56) | [Bo] =0 
~ and | 
(57) (m + IDni e [Bm] + Cn 


respectively, where Cm is an abbreviation for the matrix which is supplied by 
Cauchy’s multiplication of the last two power series, that is, 


(58) CaS Aner 


. In order to see that this infinite sequence of conditions for the unknowns 
Bo, B,,--* can be satisfied, let the arbitrary n-rowed matrix, X, which occurs 
in the definition, (2), of [X] be thought of as a vector with n? components. 
Then ¥ — [X] is a linear transformation representable by an n°-rowed matrix 
(which is determined by R, a fixed n-rcwed matrix). Consider the charac- 
teristic numbers of this n’-rowed matrix. If one of them happens to be the 
reciprocal value of a positive integer (that is, if there exists a non-negative 
integer, m, for which 


X—s[X]=0, where s= (m +1)*, 


has a solution X 4 0), let 7 dencte the greatest of these positive integers 
(=m-+1). Otherwise put /=0. Thus ? =} (R) is a unique non-negative 
integer which, when it is pcsitive, is characterised by the following pair of 
properties: 


(59) 1X — [X] = 0 
has a solution X 0, and, if m+1> 1, 
(60) (m + DX — [X] =C 


has a solution X for every C. And this pair of properties-is characteristic of 
1-=1(R) in the case = 0 also. In fact, (59) then becomes — [X] =0 and 
has therefore the solution X == F Æ 0, the bracket (2) being the zero matrix 
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when X is the unit matrix. [It will be observed that, if 7 > 0, this definition 
of l= 1(R) Zails to apply in the case of infinite bounded matrices, first of all 
because the non-existence of a unique bounded reciprocal matrix fails to remain 
equivalent tc the existence of a non-trivial solution of the homogeneous 
equations.] The coefficients Bm of (53) can now be determined as fallows: 

Whether J = 0 or J > 0, let B: be a solution X s£ 0 of (59). In the first 
case, this implies that (56) is satisfied. In the second case, that is, if there 
exists at least one Bm preceding Bi, let By —0,---, Bis+==0. Then (56) 
remains fulfilled, since the matrix (2) is 0 when ¥ = 0, and (58) becomes 
satisfied for avery non-negative m < l, the corresponding matrices Cm being 
Co = 0,---, Cr, = 0. Consequently, (57) is satisfied for every non-negative 
m < l— 1 (provided that there exists such an m, i. e., that l > 1). But (57) 
_ is satisfied for m = l — 1 also (whether 1 > 1 or 11), since, in view of 
C1, = 0, the condition assigned for Bm: —= B: by (57) is identical with the 
assumption that X = B; is a solution of (59). 

Accordingly, whether != 0 or / > 0, the /-+- 1 matrices Bo,- - -, Br are 
defined so as to satisfy the initial condition (56) and those of the equations 
(57) and (53) which belong to any non-negative m < } (provided that there 
exists such an m, i. e., that 1 > 0). Now let m =} (whether? > 0 or l = 0). 
` Then (58) defines Ci as a function of Bo,’ * +, Bı. Hence, the case mn = 1 of 
(57) becomes a condition for Bi.;. But this condition has a unique solution, 
since (60) kas a unique solution X == X° whenever m+1>1. And it is 
now clear that the possibility of a complete induction, leading from a given 
Bm to the ccrresponding Bri, is never arrested. l 

This proves the existence of a (formal) power series (53 bis). What 
remains to be shown is wee this power series has .a Lee radius of 
convergence. 

To this end, let (57) be multiplied by (m-+1)-*; and let m-+1 de 
replaced by m. Then it is seen from (2) that the resulting representation of 
(57) can be written in the form (49), by choosing 


X, C, È to Je Bai M Cmi MIR 


respectively. It follows therefore from the Liouvillian lemma, that Bm (exists, 
is unique ani) is subject to the inequality — 3 


| Bm | S | Cm |/ (m — 27 | R |), 


if the proviso of (50) is satisfied, that is, if the denominator is positive. 
In the present case, this proviso is satisfied whenever the first term, m*, of the 
denominator ‘is large enough, since the second term, — 2n | R F depends only 
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on the dimension number and the residue, which are fixed. Consequently, 
there exists a positive constant, say d, satisfying 


“|B | S| Cna |/m 


from a certain m = m, onward. l 

In. particular, if d is chosen large enough, | Bm! S d | Cm-ı | holds from 
m = û onward (provided that Cı is declared to denote 1, for instance). 
Hence, it is seen from (58) and (1) that 


N 


 |Om| Sand S| Anr! | Oral: 
k=0 


Consequently, if Cm denotes the greatest of the values | Cy-.|, where k & m, 
then the last two formula lines imply that | Bm | == O (cm) and 


Cnet SS Ndén 3 amk, 
k=0 


by (65). Hence, 
Cmi == NACmO(a™), where g == max (2,2), 


and so, by induction, 
Cm = O(8™), where B= nda. 


It follows therefore from | Ba | = O (cm) that (54) is satisfied by some b >0, 
which proves that (53) has a circle of convergence. 


19. For a definitive nature of the formal algebra in the above treatment 
of a Fuchsian point, a test case quite different from the resulting possibility 
of extending the Fuchsian theory to generalized linear spaces will now be 
considered. In fact, the Fuchsian character of the singular point, that is, the 
assumption of a vanishing rank (Poincaré), will now be transferred to the 
non-degenerate case of a positive rank, leading to normal series (Thomé). 

= In this case of (in general) divergent expansions, the standard formal 
complications arising from a multiple invariant factor, and (even if all these 
factors are simple) from a characteristic exponent which is multiple (mod 1), 
are nct usually treated in detail. But it turns out that, in the proof for the 
existence of the full number of formal expansions, the classical method of 
counting the constants, that is, the machinery of the theory of. elementary 
divisors, achieves, again, more harm than good. In fact, a more direct procedure 
is able to lead to explicit results corresponding to the factor z? == exp (# log z) 
> in (52). : 
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The reasons for the above wording, (i), of the theorem dealing with the 
case of renk D, and for the possibility of a straightforward verification of this 
wording, were two-fold:' The first factor in (52), that is, the perturbation 
due to (51) was automatically prescribed by the “second method of the 
variations of constants,” and the explicit factor, z*, in (52) was a funda- 
mental matrix of the undisturbed system. In view of (51), the latter belongs 
to the coaffictent matrix F(z) = z*R, that is, to Cauchy’s élementary system, 
zW = RW, where R = Const. Precisely this system and this reasoning are 
the formal foundations of the non-local theory of Schlesinger, quoted above. 

Correspondingly, the prototype of a singularity of arbitrary rank, say pz, 
is the singularity of the system z**W’ = RW (at z= 0), where R = Const. 
But a differentiation verifies that a solution matrix, W==W(z). oz this 
prototype is simply 


(61) Ru(z) = exp (— az "R) 


(if p0; if p= 0, then —p tz" must be interpreted as its limit when 
— 0, that is, as log z; so that Ryo(z) becomes exp (Rlogz) = 2"). Conse- 
quently, if the trivial coefficient matrix of the prototype is disturked some- 
what, tha “second method of the variation of constants ” assigns a fundamental 
matrix of the form P(z)Ry(z), where the matrix P (which must be written 
in front of Ry) represents the perturbation. . 

It surns out that this plan, leading to an explicit representation, (61), 
of the principal terms in a complete set of linearly independent “ normal” 
(or “anormal”) series, can be carried out without any difficulty. The reason 
is precisely the avoidance of characteristic numbers and elementary diviscrs, 
which only disguise the simple exponential factor, (61). In other words, the 
leading terms of the expansions, the terms responsible for the formal diff- 
culties of tke usual treatment, can be split off en bloc, since they happen to be 
identical with the exact solution, (61), of the elementary prototype. This is 
the content of the following formal extension of (i), where u = 0, to the case 
of an azbitrary rank p: 


FES If the n-rowed matric F is an analytic function having a pole at 
the point z = 0 of the z-plane, then w == F(z)w has a formal solution matrix 
of the form P(z)Ru(z), where the matric P(2) is a power series (53), with 
a (unique) non-negative I = 1(R) in (53 bis), and the second factor ts the 
exponential matric (61) in which p+ 1. denotes the order of the pole, and 
R == Const. the coefficient of the leading term, of F(z) at z =C (that is, 
uF (z) has a simple pole, of residue R, at z = 0, the subscript of 161) d 
identical with Poincaré s non-negative index of rani). 
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In other words, the assumption is that 
F(z) — 2**k = H(z), `, | j 


where H(z) has at z = 0 a pole of order »(= 0), at most. And the assertion 
is that W == F (z)W can formally be satisfied by . 


W (2) = P(2) Bu (2), 


where P(z) is some power series of the form. (53), (53 bis). 
First, the substitutions defined by the last two formula lines transform 
W = FW into | | 
P’Ry + PRY = 2" RPRy + HPRz. 
Since, by (61), | | 
Rg = 2 -#B Ru, 


it follows that the differential oiauen to be satisfied by P = P(z) can be 
written in the form 


P —= riL P] + H(2)P, 


if use is made of the abbreviation (2). 
If » == 0, the assertion of (i*) is contained in that of (i). Since, as will 
be clear from the proof, there is no difference between the treatment of u = 1 
and that of an arbitrary » > 0, let the formulae be curtailed by choosing 
— 1. Then, the pole of H(z) being of order p (at most), 


P=27[P]+27°8P + G(z)P, . 


where S denotes the residue of A(z) at z= 0 and @(z) is a regular power 
serles, 


oo 

| G (2) == Z Amz". 
m=0> 

Thus, from (53) and (2), — 

3 MByZ = z? E [Bm |Z" -+ oe z Baz” pa z Ana: 3 Brat. 


m=O 
If this is written in the form 
733 mBah = 23 (Balen +, 3 SBm” 4 23 (3 An eBe)2™, 
mM=1 


then, since S = Const., the comparison of the coefficients of <*, 2° and 
z+, 27,- "> is seen to lead to 
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0 = [Bo], B, = [B] T S Bo 
and’ 


. M2 a 
, mB, an [Bm | -+ SBm- + Z Am-2nBr 


respectively, where m = 2, 3,; > +. But the first of these three conditions is 
precisely (£6), whereas the’ second and the third’ can be united, and appear in 
the form (27), where m + 1 commences with m + 1 = 1 and, in view of the 
last two formula lines, Cm must be defined as follows: 


5 m—1 
(62) Co = 0, Cm zme SBm + > Am+z-«By, if m > 0. 
: i - k=0 


Accordingly, the full system of conditions is just the same as above, since 
it consists >f (56) and (57), where m == 0, 1,7 : -. However, (58) must 
now be rep_aced by (62). But this shift in the structure of Om prevents a 
repetition of the proof of convergence by means.of a dominating geometrical 
progression. as given above for the case, p == 0,.of (i). And, as-is well known, 
the radius of convergence of the resulting power series (53) is 0 even in the 
simplest examples of rank u = 1340. | 

Correspondingly, (i*) does not contain any statement concerning the 
existence of actual solutions (functions) to which the formal power series 
“belong.” However, it could be proved that the formal power series, (53 bis), 
is summabe in Borel’s sense (if. ~=1, and in the sense of Le Roy’s 
generalized Laplace-Borel ‘transforms, if » is arbitrary). 


11. In his fundamental paper referred to above (and, at least between 
the lines, in his earlier investigations which he mentions but does not pre- 
suppose there), Schlesinger is led to the quadratic system of k -+ 1 matrix 
differential equations 


Yess (t — am) [Xo Xm] ([4, B] = AB— BA) 


(63) aA 

= (t — üm) [Xm Xo] 5 : al a "k, 
where d, ` `~ , @ are (distinct) points of the complex ees and X.,°°',Xm 
are n-rowed matrices. Hence, in terms of scalars, ti, 
(64) al = Dig (2u «+ Ep3 t) + Qe (ais - “, mp3), 


where the order, p, of the system is (k + 1)n, and Li and Q; denote linear 
and quadratic forms respectively (actually, L; vanishes identically). However, 
it is clear that (63) ‘has the linear integral 
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i k | 
(63 bis)’ aa) == const., : 


by means of which it is reducible to a system of the form’ (64) and: of order 


p= kn’. 

By connecting (63) with his schlechthin canonical linear eee of ie 
Fuchsian type, Schlesinger reccgnizes in the quadratic system (63) a class of - 
non-linear differential equations (substantially of order mn?) which, precisely 
because of its connection with the Riemann-Fuchs problem, has only solutions 
with fixed “critical” singularities. In other words, all movable singularities 
of any of the functions 2;(¢) (that is, those of their singular points, t = t°, 
which depend on integration constants) are poles. And the fact is that, no 
matter how transparent the function-theoretical situation may be, the formu- 
lation (64) of (63) exhausts, in case of the lowest values of p, all types con- 
tained in the work of Painlevé and his pupils, and leads, with increasing p, 
to an infinity of new “ Painlevé transcendents.” 

It seems to be worth observing (if it has not been observed before), that 
there is a class of systems of the same type as (63) but depending on purely 
formal considerations, rather than on function-theoretical arguments. The 
systems in question are again of the form (64), result again from linear 
matrix differential equations, and all the critical singularities are again fixed, 
but this time for an explicit reason: The solutions X(t) depend on the 
reciprocal matrices U~ == U(t) of solutions U = U (t) of a linear differen- 
tial equation of tHe second order for the matrix U (cf. (70) and (71) below), 
and so the only movable singular points, t = 2°, of the elements, z:(t), of the 
matrix X (t) are those at which the determinant of a particular U (4) happens 
to vanish; a situation corresponding to that dealt within the theory of con- 
jugate points. ? 


12. The nature of the class in question being of a formal origin, it is 
- unnecessary to assume analyticity. In fact, all that is needed is.a transcription 
of Riccati’s quadratic equation, 

(65) | aw =a(t) + b(t)2 + c(t) 2’, 

to the case of matrices. The sole trick is that the e term, c(t)2”, 
in (65) must then be written as ve(t)s: 

(66) A’ = A(t) + B(X + XC(A)X. . 


If the matrices are aaoi (66) is a system (64) of order p =n’. 
In order to simplify the situation, suppose first that the third coefficient 
of (66) is the unit matrix: 


(67) | X=A(t) + BUX + X. 
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As to A(t) and B(¢), it is sufficient to assume mere continuity on a ¢-interval. 


Every pair of initial vectors, say u(to) and w (to), determines a solution 
vector u == u(t) of 


(68) u” — B(t)w + A(t)u=0. 

If u = u ($), ©, U= U (t) are n solution vectors of (68), the matrix 
(69) U (t) = (Ur, © +5 Un) 

is a solution of 

(70) 0” BOU + A(t)U =0, 


and conversely. However, even if the columns of (69) are linearly inde- 
pendent, tke n-rowed matrix (69) cannot be a fundamental matrix of (€8), 
since (68), being of order 2n, has 2n, instead of just n, linearly independent 
solutions u = u(t). In particular, det U (t) can have an isolated zero, say 
¿= 1°, within the ¢-interval of continuity (or, for that matter, regular- 
analyticity: of the coefficient functions A(t), B(¢). 

It is precisely the possibility of such zeros t = 7° that leads to “movable 
singularities” of X(t). All the other “singular” points of X (t) are “ fixed,” 
namely, sueh as to be “singularities” of the coefficient functions A(t), B(t) | 
themselves. For, on the one hand, (70) is linear and, on the other hand, the 
connection between (70) and (67) is simply as follows: . 


(71) ka 


Here U == U (i) denotes any set (69) of n linearly independent solutions 
of (68). Hence, det U (t) does not vanish identically. Consider a t-interval 
on which det U (t) has no zero. On such an interval, (71) defines a function 
X == X(t). The latter has a continuous first derivative, since U = U {t), 
being a solution of (70), has a continuous second derivative. But, since 
(U-+)’ = — U“U’U (cf. p. 199 above), the derivative of (71) is 

X’ == — UUS 4+ UA". 
Hence, direct substitutions show that (67) becomes an identity in + by virtue 
of (71) anid (70). 

In the more general case, (66), the assumption of mere continuity remains 

sufficient for.A (t) and B(t), but C(t) must be assumed to have a continuous 


first derivative and a non-vanishing determinant. In fact, (71) must now be 
replaced by 


(72) | | X = — CU’, 
and (70) ty 
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(73) © OU” —*B(T)’ + A(t) = 0, 
where *B is an abbreviation for | w 
(74) *B = BC14+ 070'C1. 
The verification is the same as before, the derivative of (72) being 
X = DUU- — CU"U + CU’U0,7 


where D denotes the second term, C-1C’C", of (74). 
It will be observed that, in view of (69); the system (70) is equivalent to 


C(t) u” —*B(t)u’ + A(t)u=0, 


a linear system of order 2n, whereas (66) is a quadratic system of order n’. 
Thus, the reduction effected sy Riccati’s substitution, (72), in the classical 
case, n = 1, is quite accidental, sinze 2n becomes equal to n? when n= 2, 
and is less than n? from n= 3 onward. It follows that, in'contrast to the 
classical case, the connection between (66} and (73) does not play the rôle 
of “reducing the order,” a rôle somewhat insignificant since about Riemann’s 
time, but rather the rôle of a funczion-theoretical reduction, leading, via a 
linear system, to ‘a non-linear system with fixed critical singularities. 

The exceptional standing of the scalar case in question concerning a 
reduction of 


(75) of Pty + Q(t)y =0 


can also be seen from what results if a “ Tschirnhaus transformation” is tried 
for (75), where both n-rowed matrices, P(t) and Q(t), are given as con- 
tinuous functions on a ¢-interval. In fact, if n = 1, just the quadrature of 
P (t) is needed in order to transform (75) into an equation, say 


(76) 7?’ + R(t)z=0, 


in which the first derivative does not occur. But if n > 1, what is needed to 
this end is the general solution of 


(77) w =— 3P (t)u, 


that is, of a system of order n (so that (76) and (77) together represent a 
system of order 3n, whereas (75) itself is of order 2n). That the general 
solution of (77), that'is, a fundamental matrix (69), actually leads to a 
reduction of (75) to (76), can be verified by what amounts to an application 
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of the variation of constants which, however, fails under the mere assumption 
of continuicy for the matrices P(t), Q(t). 

Suppose therefore that P(t) has a continuous first derivative. Then every 
fundamental matrix, U (t), of (77) has a continuous second derivative. In 
order to “vary the constants,” put 


(78) Y om UZ, 


where Y — Y(t) denotes a matrix formed by n linearly independent solution 
vectors of (75). Then Z == Z(t) supplies a corresponding solution of (76), 
where the coefficient matrix is the continuous function FE = R(t) defined by 


(79) ` © R=— 40+ (P —4P?—2Q)U - 


(U exists. since U = U(t) is a fundamental matrix). 
In fac, from (78), 


Y = UZ 4U, Y= UZ +202 + U2". 


If this pair of relations'and (78) are substituted into what results. when y is 
replaced by FY in (75), then, since the assumption (77) is equivalent to 
2U’ + PU =0, it follows that 


UZ” + (U” + PU’ + QU)Z = 0. 
Since p eS 
U’ = — }4PU, hence U” =—4(P’ —iP’)U, 


this can be written in the form Z” -+ RZ = 0 or (76), if R is defined by (79). 
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FIXED POINT THEOREMS FOR MULTI-VALUED 
TRANSFORMATIONS.* 


By SAMUEL EILENBERG and DEANE MONTGOMERY. 


i, Introduction. Recently there have been several extensions of known 
fixed point theorems in which the transformation T takes each point of a com- 
pact metric space M into a closed subset of M. For such a transformation a 
point x is said to be a fixed point if s is in T(x). These extensions first 
occurred in von Neumann’s work on the theory of games (see [8] where 
earlier references are also given). Kakutani [3] proved a theorem which we 
shall formulate below, and Wallace [9] also has a theorem in this direction. 

Our purpose in the present paper is to present a general fixed point 
theorem which on the one hand includes a very general form of the famous 
fixed point formula of Lefschetz [4], [5], [6] and on the other hand implies 
the fixed point theorems of Kakutani and Wallace. 

= We rely heavily on a theorem proved by Vietoris [7] and with this as a 
tool the proof for the case at hand resembles the proof given by Lefschetz. 


2. Definitions and theorems. Let M and N be metric compact spaces 
and let T: M — N be a multi-valued function, i. e., a correspondence which to 
each se M assigns one or more points of N. For every xe M, T(x) will denote 
the set of all “images” of æ. The function T is continuous provided Sn > q, 
Yn y and yne T (2n) imply ye T(z). The graph T of T is the subset of the 
cartesian product M X N consisting of points (z,y ) with ye T (x). The conti- 
nuity of T is equivalent with the condition that T is closed. The continuity of 
T implies that the sets T(z) are closed. If we regard T as a point-to-set func- 
tion then the continuity of the multi-valued function T is equivalent with the 
upper semi-continuity of the set-valued function. 

Unless otherwise stated, we shell use Vietoris cycles and homologies over 
a field F of coefficients. 


Definition. A compact metric space X is said to be acyclic provided 
1°) X,is non-vacuous, 2°) the homology groups Hą(s) vanish for g >C, 
` 8°) the reduced 0-th homology group Ho(x) vanishes. 


* Received J anuary 4, 1946. 
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, The reduced 0-th homology group is obtained by considering only cycles 
in which tke sum of coefficients is zero. | 


THEOREM 1. Let M be an acyclic absolute neighborhood ret-act and 
T:M —> M a continuous multi-valued function such that for every reM the 
set T(x) ts acyclic. Then T has a fixed point. 


Since every compact convex set in a Euclidean space is an ebsolute 
neighborhood retract and is acyclic, Theorem 1 yields: 


Kakuvtanl’s THEOREM. Let M be'a compact convex subset of Euclidean 
n-space and let T: M-> M be a continuous multi-valued function such that 
for every se M the set T(x) is convex. Then T has a fixed point. 


Wallace’s theorem (in the metric case) follows from Theorem 1 by assum- 
ing that M is a tree. We also note that the case when Jf is an acyclic (finite) 
polyhedron is included in Theorem 1 since polyhedra are absolute neighborhood 
- retracts. 


3. .Reformulation of the problem. We first formulate Theorem 1 in 
a somewhas more general fashion. 


THEOEEM 2. Let M be anacycltc absolute neighborhood retract, N a com- 
pact metric space, r: N —> M a continuous single valued mapping and T: MN 
a multi-valued continuous mapping such that all the sets T(x) are acyclic for 
zeM. Then the combined (multi-valued) mapping rT: M— M kaz a fired 
point. 


Taking N = M and r(x) =v for all ce M yields Theorem 1. 


Definition. A; continuous mapping f: V.— M, where N and H are com- 
pact metric spaces will be said to have property (V) provided for every s eM 
the antececent set f*(x) is acyclic. | . 

It follows that if f satisfies property (V) then it maps N onto If. 


Using the property (V) we can replace Theorem 2 by an equivalent 
theorem involving only singled valued transformations. 


THEOREM 3. Let M bean acyclic absolute neighborhood retract, N a com- 
pact metric space and r: N —> M, t: N—> M continuous mappings. If t satis- 
fies property (V) then r and t have a coincidence, 1. e., r(x) = t(x) for some 
nel, 


We first show that Theorem 3 implies Theorem 2. Let M, N, r and T 
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satisfy the conditions of Theorem 2. Consider in the cartesian product M X N, 
the subset V* consisting of all points of the form (x,y) where we M, ye T (a). 
Define the mappings 7: N*—» M and t*: N*—> M by setting 


r* (æ, y) =r(y), (a,y) =z. 


Since ¢*"*(z) is homeomorphic with 7 (æ), the mapping t* satisfies property 
(V). Hence by Theorem 3 r* and t* have a. coincidence; this means that 
there is an ve M anda y eT (æ) such that r(y) =a. Consequently xe T(x). 

Conversely suppose that Theorem 2 holds. Let M, N, r and t satisfy the 
conditions of Theorem 3. Define T(z) = t> (æ) for each ee M. It is then 
clear that Wf, N, r and T satisfy the conditions of Theorem 2 and there is a 
point ve M such that verT (x). Hence the sets r-*(a) and (2) =T (s>) 
intersect. Let 2’ ert(æ)at>(s); then r(a’) = t(2’). 


4, The Lefschetz number. Given a continuous mapping f: N —> M oi 
a compact metric space N into another such space M we shall denote by fi the 
homomorphism of the homology groups, f;:H;(N) > H:(M), induced by f. 

The following theorem established by Vietoris [7] is of fundamental im- 
portance here. . 

VIBTORIS THEOREM. If t: N — M has property (V) then t; maps Hi (N) 
isomorphically onto Hi(M). | 


We are now in a position to formulate the theorem that we propose to 
prove. 


THEOREM 4. Let M be an absolute neighborhood retract, N a compact 
metric space, r: N —> M, t: N—>M continuous mappings of which t satisfies 
property (V). Consider the Lefschetz number: 


A(r,t) == 3(— 1)? trace (1t,7): 
If A(r,t) 0 then r and t have a coincidence. 


We first note that ¢;* is defined in view of Vietoris Theorem. Further 
since M is an absolute neighborhood retract H: (W) is a finite dimensiona: 
vector space (over the coefficient field) and the trace of the homomorphism 


rit: Hi( M) > Hi(M) 


is defined. Finally since H;() = 0 for sufficiently large i the summatior 
3(— 1)‘ trace (rit) is actually finite and A (r, t) is defined. 
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If M is acyclic then H:(M) =0 for +>0 and A(r,t)=1. Hence 
Theorem 4 implies Theorem 3. 

In the next section we shall prove Theorem 4 assuming that M is a poly- 
tope. From this partial result we derive in Section 6 Theorem 4 in full 
generality. | 

Before proceeding we point out that Theorem 4 implies Theorem & which 
is an extension of the Lefschetz fixed point formula. Let M be an absolute 
neighborhood retract and let T : M —> M be a continuous multi-valued frnction 
such that T(x) is acyclic. In the product of M and M let N be the grapa of T. 
Define the mappings r: N —>M and t: N.—> M as follows: | 


r(tjy)=4, . t(t,y) =z. 
Then ¢ satisfies property (V) and we may form the Lefschetz number 
ACT) =A). 3 (— 1) * trace (rl). 
Theorem 4 implies 


THEOREM 5. Let M be an absolute neighborhood retract and let T: JI > M 
be a continucus multi-valued function such that T (x) is acyclic for each x eM. 
If A(T) 0 then T has a fixed point. 


5. Proof of Theorem 4 for polyhedra, Assume that M is = finite 
polyhedron given in a simplicial decomposition, W. For each eM denote by 
v(x) a vertex of the lowest dimensional simplex containing x. We maz select 
e > 0 such taat 


(1) for every e-chain c.in M, v(c) is a chain on We. 


Assume now that r and ¢ do not have a coincidence; we may then select 
the simplicial decomposition Wt so fine that 


(2) for each z eN the vertices v(7(z)) and v(t(z)) are not in tke same 
simplex of W. | 


Since r and ¢ are continuous we may select « > 0 so that 
(3) for every «-chain c in N, r(c) and t(c) are e-chains in M. 
: 


Further it follows from Vietoris’ theorem that we may select e suzh that 
0 < e < & with the property that 


(4) if c is an e-cycle in N and vt(c) ~ 0 in M, then c Qin dt. 
Let s be any simplex of Wt. Since s is acyclic it follows from Vistoris? 


3 
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a! 


theorem that f(s) is acyclic. Hence we may select a sequence 0 < q <` ` 
< In < e where n is the dimension of Yt such that 


(5) if c isa (g — 1)-dimensioñal 74-,-cycle in t(s), where s is eny 
g-simplex of M, then c ~~ 0 in t> {s). 


For q = 1 we assume in (5) that the zero- -dimensional cycle c has thé 
sum of coefficients zero. 


We shail now define a chain transformation + with the following Ios 
(6) For every i-dimensional chain c on Mt, re is an i-dimensional y;-chein 
in Ñ. i l 

(7) r(e) = r(de). 
© (8) (er + c) —=7(¢1) T t (c2). 

(9) -fo = fr(c) for every f in the coefficient field F. 

(10) +(e) CH (le Do where [¢/| is the smallest sub-complex of Mt 
containing c. 

- (11) vir(c) =c. 

if c is a vertex in Wè taken with multiplicity one, we define r(c) to be 
any point of ¢*(c), also taken with multiplicity one. Conditions (8) and (9) 
then, determine r(c) for every 0-chain c. Suppose that the construction of r(c) 
has been carried out for dimensions < ¢ and let c be an oriented 1-dimensioral 
simplex of Mt taken with multiplicity 1. Since @[r(@c)] = 7(00c) = 0, it fol- 
lows that (ðc) is an (¢—~1)-dimensional y-.-cycle in f*({c|). Hence dy 
(5) there is an chain re in t*(|¢|) such that r(e) =+7(0c). Further 
vir(c) is a chain of Mt on |e and A[vir(c)] = vir(@c) = ðe. Hence 
vtr(c) =c. Using (8) and (9) the definitioh is extended to arbitrary 
i-dimensional chains on Mt. l 

Define a 


(12) pe = vrr (c) . ° 


for every chain con De. ‘Since m < es < s it follows from (6), (3) and (1) 
that pc is a well defined chain on Wè. By (7), (8) and (9), p-is a chain 


transformation, 1. €.;` 
b 


" .  p(e) =p (c), ples + êz) = ples) Hele), pfe) = fp (e). 
Consider the homomorphisms on the groups cf chains 


pi: Ox( Mt) > CO, (Me) 


` 
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and ‘the induced homomorphisms on the homology groups 
Pi: H (D) -> Hi (W). 


The well known argument involving the additivity of the traces ae 


[1], [5] 
X(— 1) trace pies A trace Pi» 


From (11), a) and (2) it follows that trace pi = v: Hence 
(13) | | os %(—1)¢ trace ame. | 


Pe z be Ba cycle in M. By Vietoris” theorem there is a convergeat cycle 
= (2,22: ` +) in N such that ¢(Z) ~z. For sufficiently large n, 7 (2) — Zn 
is an e.-cycle in N and vt (t (2) — Zn) = vtr(z) — vlan == z — vtz, ~ D. There- 
-fore by (4). t(z) Z Za in N. Consequently, by (1), p(2) = orr(s ) ~ DEn 
in Wè. This shows that p(z) ~r(Z) while z~ ¢(Z). If we recall the defini- 
tion of the homomorphisms 7; and t;, this shows`that p; == rit. Henze (13) 
implies that. l 
l f 3(— 1)! trace (rit) = 0 
contrary to assumption. a OE 


6. Completion of the meee. “As a elas we dispose. of zhe. case 
when M is the.cartesian product of a polytope P and the Hilbert cube Quy. 
By consider:ng the first n-coérdinates of Qu we represent Qo as the cartesian 
product- Qn X Rn of an n-dimensional cube Qn and a Hilbert cube Æn- Define 
Pan =P X Qn; then M = Pn X Ra. Let, mn: M —> Pa be the natural projection 
mn: (£, 4) >a. For. every ce Pn the set mn” (x) is homeomorphie with. Bn 
Hence 7 satisfies condition (V). Consider now the maps: 


rNoM, EN>M 
and the maps . ie _ 
i Tn = Tnt: N —> Pro, tn = mnt: N —> Pa. 


Since both rn and t satisfy condition (V), so does the combined map tn = Tnt. 
Since by Vietoris’ theorem rn; maps H; (W ) isomorphically onto H. i( Pn) 
“we have 


Tmin! = mpi tibi" nni. 


Hence trace (Taitni”) — trace (rete) and therefore Me. t) == A(tn tn). 

Assume now that A (r,t) £0. Since Px is a polytope and A (rn, in) 3&0, 
tn and tn have a cointidence. Hence Tat (En) == mnt (En) for some tre N. 
If z is a limit point of the set {tn}, it follows that r(z) = t(s). - 
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We now pass to the general case when’ M is an absolute neighborhood 
retract. We may assume tha: M is a subset of a larger space D with tie 
following properties [2]: 


(1) D is the cartesian product of some polytope with a Hilbert cube, 
(2) M isa retract of D 


Let p: D-> M be a map retracting M to D (i. e., p(t) =v for re M). 

- Consider in the cartesiar product D X N the set N, consisting of ell 
points (x, y) such that ve M end t{y) =z: For (yy), in N, define r: (x, v) 
—r(y) and t (z, y) —t(y) =x. The map g — (a,¢(x)) sets up a homeo- 
morphism Ñ — N, t— tı, r—r, and therefore 


(3) 7 A (r,t) SAIN 


Next consider in D X N zhe set N 2 consisting of points (z, y) satisfying 
the condition p(z) = t (y). For (2, y) in N, define 


rea y) a ry), ta (T, y) =z. 


Clearly r2: Na —> D and t2: Na— D. For xe D the set t(x) is the set of all 

pairs (z,y)eDX N satisfyirg the condition p(z) =t(y). Hence ¢.*(2) 

is homeomorphic with ¢(p(«"), and therefore tz satisfies condition (V). 
We shall prove that 


(4) Ale, to) = A (f3, ty) ° ` Ntr 


First note that NM, C N: and that r= r: and tı = t: on Ny. Since M is a 
retract of D, every cycle of M that bounds in D also bounds in M. Conse- 
quently we may TEES H; (i ) as a subgroup of H:(D). Consider’ the 
homomorphisms i : 


reites?:Hi(D)>HA(D), 9 rutigt: Hi(M) > Hi (M). 


These two homomorphisms ‘agrze on H,(Af). Moreover since re maps Ne into 
M the image of the homomorphism reit2; is in the subgroup H( M). Hence 
the theorem on the additivity oi traces implies trace (Teitei*) = trace (rit) 
and (4) follows. 

Assume now that A(r,t) +40. From (38) ad (4) it then follows thet 
A(12, t2) £0. Because of (1) the theorem can be applied to yield a coinci- 
dence for rz and tz. Hence there is a pair ce D, ye N such that | 


p(z) =t),  r(y) =e. 
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The second condition implies that ze M, hence p(«) =v and r(yi =t(y), 
q. e.d. 


7. A special case. In the special case when M is a euclidean n-cell 
Theorem 1 can be given a more direct and geometric proof leading to a slightly 
more general result. 

We shall denote the euclidean n-space by R. The elements v «F will be 
considered as vectors with |x| the norm of z. The n-cell E F and the (n —1)- 
sphere S are defined by the conditions |s| <1, |s| —1. 


THsorsM 6. Let T:E — R be a continuous multi-valued function such 
that T(x) CH for eS. If for some coefficient group GA0 all tie sets 
T(x) are acyclic then T has a fixed point. 


Proof. Consider the euclidean, 2n-space R'X R, compactified to the 
2n-sphere R X R by the addition of a point œ. In R X R consider the set 
Ty consisting of those pairs (x,y) satisfying the conditions eH and yeT (z). 
The subset Tg of Tg is defined by requiring ve 8. 





Considar the mappings rz: Tz— E'X 0 and rg: Tg —> S X 0 defined by 
(x,y) — (2,0). Both rg and rg satisfy condition (V) and therefore by 
Vietoris’ theorem ok | ' 


(1) There is an (7 —1)-dimensional cycle Z in Tg such that Z ~ C in 
Tz but rg(Z) non ~ 0 on S X 0. 

The cycle rs(Z) links some n-dimensional (integral) cycle on 0 X R. 
Since Z and rs(Z) are homologous (even homotopic) outside of 0 X OXR it 
follows that - 


(2) Z links some (integral) cycle on 0 X R. 


Consider the diagonal D consisting of points of the form (s, æ). Consider 
the homotopy, 


hi (0, x) = (tr,£), hi(o)=o for Ogis 
which deforms 0 X È isotopically onto D. 
Suppose first that the path of this kooo intersects Ts. Then 
(tx, £) «Ts or |tz | = 1 and zeT (tz). Since T(z) C E for ze 8, it follows 
that t= 1 andď'seT(s). This gives a fixed point. 
If the path of the homotopy h: does not intersect Ty then by (2) Z Enks 


` 
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some cycle of D. Since Z~ 0 in Ty it follows that Tga D 2 0. Henge 
Dza D0 and T must have a fixed point. | ak 
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THE VALUES OF THE NORMS IN ALGEBRAIC NUMBER FIELDS.* 


By AUREL WINTNER. 


1. Let F=F(n), where n—1,2,---, be a function the values of 
which are non-negative integers k. Let m(m) denote the probability that F 
` is in its k-th state when n does not exceed m, that is, let m times 7,(in). be 
the number of those among the first m positive integers n for which F(n) 
attains the value &. If the limit x,() exists for plats k (= 0, I: --) and 
if the sum of the infinite series mo( œ) + m(%) +>- is 1, the function 
F(m) is said to have an asymptotic distribution function. The latter is repre- 
sented by tha monotone step-function a(z), — œ <s < %, which is 0 when 
xz < 0 and has the (non-negative) jump m(o) at z = k. 

The second of the assumptions required for the existence of an asymptotic 
distribution function is independent of the first. In other words, if the limit 
ax(o) exists for every k, the “total probability” can be distinct from 1 
(though not of course greater than 1). In fact, it is easily realized that it is 
precisely this possibility that is responsible for the type of paradox represented 
by the so-called Petersburg problem (cf. [7], p. 184 and pp. 220-227). 

This possibility is just a manifestation of the fact that, whether a measure 
or probabilicy be relative or not, Fatou’s theorem in Lebesgue’s theory is an 
inequality which cannot in general be replaced by an equality. Correspond- 
ingly, even if F(n) has an asymptotic distribution function, and even ii here 
exists an asymptotic mean 


(1) -© M(P)= lim 3 F(n)/m, 


all that can be said is that the first moment of the env distr:bution 
function, 


(2) f zdala), i e Z bits), 


cannot be less than the value (1). However, if the function F(n) is almost- . 
periodic (B), then not only do both the mean and the asymptotic distribution 
function exist but, in addition, the mean is equal to the first moment, 
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(3) 3 M(F) = E krl). . 
Cf. [2], pp. 747-749. l 


2. With reference to ar algebraic number field 2 = (6), let F'(n) | 
== ’(n;8) denote the number of representations of a positive integer n as 
norms of integral ideals of &. In other words, F'(n) is the coefficient of 1/8 
in the Dirichlet series of Dedekind’s £(s) —{(s; 8), 


(4) (8) = (py), 


where s is greater than 1 and p runs through all prime ideals of ®. If & is 
the rational field, then. 


(5) | Ele) = 3 P(n) /nt 


becomes Riemann’s zeta-function, i. e., F (n) = 1 holds for all n. But it turns 
out that, except when & is tFe rational field, almost all positive integers n 
cannot be represented as norms of (integral) ideals of R, i.e., all but o(m) 
of the first m terms of the Dedekind zeta-series of & are missing. 


In the above terminology, this can be expressed by saying that F(n) 
possesses an asymptotic distribution function, a(s), since the asymptotic 
probabilities 7(o) of the var-ous states exist and are such as to make 


(6) (Ot lao ae) eo) ae 


except when & is the rational field. In this exceptional case, (6) must of 
course be replaced by 


ae ase hence m(o)=0 and m(%) =r; (%2) =: =), 


since 7:(z) is 1 for every z(= 1) in this case. 
According to Dirichlet-Dedekind (cf., e. g, [8], p. 230), the mean (1) 
of F (nì exists for every 8. In addition, 


l 


e) M(F) +0, 


since (1) is the residue (at s = 1) of the function (4), which has (at g == 1) 
a e pole. Finally, `+» 


(8) F(n) =0,1,2,---, hence FZO. 
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But the content of the assertion (6) is that “ F (n) is 0 almost-all of the time ”. 
It follows ‘therefore from (8), (7) and (1) that “in the mean, F (n) is very 
large when tt is not 0”. 

8. During the last decade, various classical results concerning the exist- 
ence of mean-values of arithmetical functions, and of remainder terms of 
“explicit sum formulae” in the analytic theory of numbers, have been replaced 
by results establishing the almost-periodicity (B) of these functicns. Such . 
results imply the corresponding classical results, since the existence cf a mean- 
value is necessary for almost-periodicity (B). On the other hand, it is easy 
to give examples of functions #(n), even of non-negative functions, which 
are not alxcost-periodic (B), although the mean-value (1) exists. However, 
such examples usually depend on artificial constructions and have tharefore no 
arithmetica_ significance. | 


Thus, :n order to show that the improvements of the classical results in 
question are not without arithmetical relevance, it is desirable to exaibiz a 
class of functions of arithmetical significance which are not almost periodic (B), 
although their mean-values exist. And, it is easy to conclude that the above 
functions F(n) are of this type, except when Ñ is the rational field. 


In fact, let us suppose that F(n) is almost-periodie (B). Then (8) is 
applicable. But the term belonging to k = 0 in (8) is 0, since the k-th term 
of (3) contains the factor &. It follows therefore from (6) that the expression 
(3) is 0. Sut this contradicts (7). 


Remars. The assertion (6) supplies, for every fixed k, limiting values, 
m( 0), for the probabilities m(m) as m— œ. There arises the finer ques- 
tion as to the asymptotic behavior of the error terms me( c) — rim) as 
m—> co, where k is arbitrarily fixed. The answer to this question is known in 
case & is auss’ quadratic field, R(t); cf. [8], pp. 61-66. Actually, the 
method applied in [8], pp. 61-66, to the Gaussian field could be transferred 
to the case of every algebraic number field & (excepting the trivial case of the 
rational field), if use is made of those asymptotic results concerning factoriza- 
tions in & which were announced (without proof; cf. pp. 263-265 and p. 537 
of Hilberts. Zahlbericht [3]) by Kronecker [5] and subsequently proved, in 
_ refined formulations, by Frobenius [1]. However, this procedure would involve 
the same aralytical machinery on which the Prime Number Theorem depends. 
In fact, it would involve extensions of Ikehara’s theorem; ef. [8], p. 65 and 
p. 66. On the other hand, the proof of (6) itself will be “elementary” (in 
every sense customary in the analytic theory of numbers). 

i 
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4. With reference to a ‘fixed field & and to every rational prime p, let 
J =j (p) 21 denote the number of the distinct prime ideals dividing the 
principal ideal [p], and let g =g (p) 21,-°-, g3~93(p) 21 be the’ 
respective degrees of these 7 = j(p) prime ideals. Then (4) can be neurranged 
into 


(9). : f(s) = Il (i ae he T PE | 


_ where s > 1. Since P(n) may be Jini by identifying (9) with (5), it 
follows that 


(10) F(mm) =F (m)F (n) iÈ (nmm) = 1 
l (i. e., 1f nı and m2 are relatively prime). 


If e = e (p) = 1,- -,e; =e (p) Z1 denote the respective multi- ` 
plicities of the 7 == 7j(p) distinct prime ideals occurring in the factorization 
of the principal ideal [p], then the sum esgı +° > + eg; is indepéndent 
of p, since it is the degree of &. But it is known that the factorization of [p] 
into prime ideals contains a multiple factor if and only if the rational prime p 
which defines [p] is a divisor of the discriminant of &. In particular, every 
En == €n(p) is 1 as soon as p° exceeds the discriminant of &. Consequently, 
the sum of-the j ==} (p) positive integers ga = gn(p) is the degree of & as 
soon as p is large enough: i 

Since (9) is identical with (5), it follows, in particular, that 
Gi e  B(p*) S const. 
holds for all rational primes ‘p, for all positive integers 1 and for a certain 
constant determined by & alone. | | e 

It also follows that the difference 

| 1 F(p) 
12 A. ee ee ee 
( ) l Neo N P pca P 
tends to a finite limit as x—> o. In order to see this, it is sufficient to identify 
both (5) and (9) with (4), and to observe that. 
s 3 const. < i oe const. CONS: 5 o 
p m=2 Pp p? 


5. A function F(n) of the positive integer n is called multiplicative if 
it satisfies condition (10). - 


_— 
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If g is a set of distinct positive integers, its characteristic function, 
8 (n), yas defned to be the function which is 1 or 0: according as n is or is 


not in S&. A set S having a multiplicative characteristic function is called a 
multiplicative set. 


If F(n) is any multiplicative function, and if Sr denotes the set of 
those positive integers n at which F(n) is distinct from 0,.then Spr is a 
multiplicative set. In order to see this, it is sufficient to compare condition 
(10) with tke definition of a multiplicative set. In fact, it is clear that a set 
8 is a multivlicative set if, and only if, it has the following property: The 
product ‘of two integers which are relatively prime is in S or is not in 8 
according as both factors are in 8 or at least one of them is not in’S. 


With reference to any multiplicative set S, let Sm denote the number of 
those of its elements which do not exceed m. Then the ratio Sm/m tends to a 
limit as m —> œ, and the value of this limit is 0 or positive (but of course 
not greater zhan 1) according as the sum of the reciprocal values of those 
prime numbers which are not contained in S is divergent or convergent. This 

_ig‘an immediate consequence of the sieve-process Eratosthenes; cf., e. g., 
[8], p. 68. 

Since the coefficients of (5) determine. a aia Teton of Ny 
the. corresponding: set F's, the n-set on which /’(m) does not vanish, is a multi- 
plicative set, and so the ratio Sm/m will tend:to 0 or to a positive limit 
according as the sum.of the reciprocal values of those primes p for which 
F(p) does rot. vanish is divergent or convergent. It follows -therefcre by. 
subtraction, that (6) is equivalent to the following statement: The sum of 
the. reciprocal values of all primes p satisfying F(p) == 0 is divergert, 


(13) D oF 3 i = Ù. 


F(p)= op 


Accordingly, everything will be proved if it is verified that (13) is true 
for every algebraic number field distinct’ from the rational field. (In the case 
of the rational field, the sum > (18), evens of being divergent, is vacuous, 
i. e., 0.) 


~ 


6. According to Mertens’ elementary approximation to the Prime 
Number Theorem, the difference 


1 l 
14) " i 5 — -lop log z 
(14) aca P Pere 
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tends to a finite limit as > œ. And all the, known proofs of this fact, (cf., 
e.g., [£], pp. 22-24) apply, without any change, to the case of any algebraic 
number field; in the sense that the difference 


(15) — log log x 


ee ip 
tends, as 2-> co; to.a finite limit in every & (for a detailed pee cx. [6], 
pp. 150-151). j 


Since all three differences (12), (14), (15) tend to finite limits as 
t —> œ, the same is true of the difference 


s f(y) _ 31 
a<a P p<a'P 


This means that the infinite series 


F(p)—1 
08 ee 


2 


in which p runs through:the (monotone) sequence of all rational primes p, 

is convərgent. But every F'(p) is a non-negative integer. Hence, the summa- 

tion in (13) runs over those primes p for which the corresponding term of the 

series (16) becomes negative. It follows, therefore, from the convergence of 

(16) that (13) must be true unless the complementary series, i. e., the series 

(17) | go L, 
l F (p) >0 p 


` 


is convergent. Consequently, it is sufficient to verify the divergence of the 
series (17). | l 

Since every F(p) is an integer, every P(p)— 1 occurring in (17) is 
either 0 or not less than 1. Hence, in order to assure the divergencé of the 
series (17), it is sufficient to ascertain that . 


we OO. 


1 
18 = 
(18) Fip) > Pp 


But the assertions of Kronecker [5], verified by Frobenius [1], imply the 
truth of (18) for every algebraic number field &, except for the rational field. 
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THE ASYMPTOTIC NUMBER OF LATIN RECTANGLES.* 


By Paur Erpés and Irvine KAPLANSKY 


1. Introduction. The problem of enumerating n by ic Latin rectangles 
was solved formaily by MacMahon [4] using his operational methods. For 
k = 3, more explicit solutions have been given in [1], [2], [8], and [5]. 
While further exact enumeration seems difficult,.it is an easy ‘heuristic 
conjecture that the number of n by & Latin rectangles is asvmptotic to 
(n!)* exp (—xzCz). Because cf an error, Jacob [2] was led to deny this con- 
jecture for k = 3; but Kerawala [3] rectified the error and then verified the 
conjecture to a high degree of approximation. The- first, paves for k= 3 
" appears to have been given ‘by Riordan [5]. l 

In this paper we shall prove the conjecture not only for & fixed (as 
n— œ) but for k < (log n)? 7, As indicated below, a considerably shorter 
proof could be given for the former case. The additional detail is perhaps 
justified by (1) the interest attachec to an approach to Latin squares (k =n), 
(2) the emergence of further terms of an asymptotic series (4), (3) the fact 
that (log n)*/? appears to be a “natural boundary” of the method. (We 
believe however that the actual break oceurs at k = m^.) 


2. Notation. An n by k Latin rectangle L is an ‘array of n rows and k 
columns, with the integers 1,- > -. in each row and all distinct integers in 
each column. Let N be the number of ways of adding a (k +-1)-st row to L 
so as to make the augmented array a Latin rectangle. We use the sieve method 
(method of inclusion and exclusion: to obtain an expression for N. From n!/, 
the total number of possible choices for the (k -+ 1)-st row, we take away 
those having a clash with L in a given column—summed over all choices of 
that column, then reinstate those having clashes in two given cclumns, etc. 
The result can be written 


n 
(1) N = X (—)*A4-(n—r1)! 
ar 
where Ar is the number of ways of choosing r distinct integers in L, no two 


in the same column. In particular Ao = 1, Ar = nk. To estimate the higher 
values of ‘A, we apply the sieve method again. The total number of ways of 


* Received November 30, 1945. 
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selecting r elements of L, not necessarily distinct integers but with no two in 
the same column, is »C,k’. This over-estimates Ar; we have to take away those 
selections waich include a specified pair of 1’s, Vs,’ >, or ws, then reinstate 
those which include two pairs, ete. We may write the result 


\ 


(2) © A= 5 (—)'B(r,8). 


Here B(r,s) is precisely defined as follows. Take any s of the nzC2 pairs of 
Ts, - +, ws which-can be formed in L. Suppose that this selection involves in 
all y elemerts; y may be as large as 2s, or as small as the integer for which 
„C2 =s. Find the number of ways of adj oining r— y further elements, so as 
to form a set of r elements with no two in the same column. The result of 
summing over all choices of s pairs. is, by definition, B(r,s). We note in 
particular taat 


(3) + B(r,0) ale kf 
(4) B(r,1) = aCe n-20 ra K. 


The B’s may be analyzed further as follows. Let F(s, t) be the number 
of ways of choosing s pairs of s, - -,n’s, which use up‘t. elements in all, 
and for whizh, no two of the ¢ elements lie in the same column. The number 
of ways of expanding this selection of t elements to r elements, with no two 
in the same column, is ntCr+k*. Hence 


(5) : B(r,8) =D F (8, t) ote krt. 
t 


It is to be observed that extreme limits for the summation i in (5) ar2 given by 
tS sand s SS +C or, more generously, VsSt. 

These quantities F(s, t) are the ultimate building blocks from which the 
exact value of N is constructed. We shall discuss them further in 4. For the 
present the following crude inequality will suffice: 


~~ 


(6) > F (3,4) < wP (kt)”. 


The proof af (6) is as follows. The left hand side is just the number of ways 
of choosing a set of (any number of) pairs which involve in all precisely ¢ 
elements. In such a choice at most [¢/2] distinct integers are permissible, 

and these may be taken in less than nt? ways. In all we have at most 


x 
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Ča < t pairs to dispose of in the selection. For each of these £ pairs we 
have 1.0, t/2 < kt possibilities and hence for all of them at most (k*t)” 
choices. This establishes (6). l 

. The various quantities defined in this section will be used without further 
explanation in the remainder of the paper. 


3. Proof of the main result. Wé first prove 


THEOREM 1. If k < logn)’, then for sufficiently large n 


(7) o | Nek /n!—+1) < ne 
where c is a posttwe constant depending only on e. 


Proof. Define A(r, x) by 


(8) A(r,2) =È (—)*B(r,8), 


} 


where «== | (log )**]. Then by the sieve’s well known property of being 
alternately in excess and defect we have 


(9) | A, — B(r, 0) — A (r,s)! SS B(r, 2). 
In (1) make the substitution 
Ar = {A — B(r,0) —A(r,2)} + B(r, 0) + A(1, 2) 


` 


and use (3) and (9). We find 


(10) [NÈ (0er)! |S] G] +H, 
where i 

(11) "G = > (—)rA(r, s) (nr) !, 

(12) H=SB(r, z)(n—r)!. 


Z 


We proceed to study. G. With the use of (8) and (5), and an interchange 
of summation signs, (11) becomes 


i 
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Inl =S (EPs t) $ (—)" nile k/ (n) 
s=i £ t= 


where (t),=n(n—1)--° > (m—r+ 1) is the Jordan factorial notation. 
. The change of variable r = t + u transforms the final sum into 


(=) (nm) S (b)i = (—) (oF —8)/(n) 


where ô is the remainder after n — t terms of the series for e*. Then 
a1 
(13) |G] e&/nt!S Ss E F(s, t) (1 + 0E)/(n)t 
i a=1 t. 


As noted above, the limits for t ie between V sand 2s. Hencet 2x < 2 logn. 
From this wə readily deduce . 


(14) | 1/ (n): < an, | 
(15) a Ge < C25 


where Cı, Cz are absolute constants. From (6), (13), (14), and (15) we 


obtain 
2 


|G | e/a! < cg X (PE Pnt, 
: t=1 i 


with Cs = C (1 -+ c2). In the fraction under the summation sign, the loga- 
rithms of numerator and denominator are respectively- of the orders ¢ log log n 
and tlogn. Since < 2(log n)**, it follows that for large n 


(Ht) 8 /nt?? < pots 


ł 


where c4 is a positive constant depending only on «. Hence 


i 


(16) | G| En! < Ireni < 07%, 


We next turn our attention to the term H given by (12). From (5) 
and an interchange of orders of summation, , 


H/n! =S F(z, t) Š nt0rt bt (a) 
- t, r=t a 


The final sum is the product of 1/(n): by a portion of the series for e*. 
Hence | 


—~ 


4 : = 
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H/n! < EE E(x, t)/(n)e < a D (ht) ?/nt? . 
t t 


by (6) and-(14). The fraczion to be éstimated is the same as above but 
the summation now starts at Vs = Ce (log n) (1-€) /2, It; follows that ¢ log pn: 
= tg(log n)*/*-*/2, and we-are able to swallow up a further term e% whose 
logarithm is less ‘en 2 (log r)’. Hence for large n 


e= (ht) OP /ntl? < noe j 
and o : DO g 


(17) Hen! < RLC IT < ns, 


Combining (16), (17), and (10), we obtain (7), for the sum on the left of 
(10) may rin to infinity at a cost of O(n). This concludes the proof. 

(We may note that for zhe case where k is fixed ds n—> œ, the proof 
could be abridged as follows. We take x-=1; then the term. G danar 
and an estimate of H is easily obtained from (4). ) 

From Theorem 1 we readily derive our main result: . 


THEOREM 2. Let f (n, k: be the number of n by k Latin rectangles and 
suppose k < (logn)*/**, Then 


(18) m f(n, k) (n!) exp CAS as neo. 


Proof. -From Theorem 1 it follows that. f(n, t + 1) hes between the 
limits F (n, i)ùlet (1 + n°). Taking the procuei from i= 1 to z 1, we 
find that f(n, k) lies between the limits 


(n!)®exp (— z0) (1 = ne)”, 

Since (1 -+ m°)" and 2) —>.1 as n— œ, we obtain (e : 

4, Further terms of the asymptotic series. A more careful argument 
reveals that the error term in (7) is actually of the order of ken. By detach- 
ing the term B(r, 1) as well as B(r,0) in (2), we.can reduce the error to 
the order of ktn. Continuing in this fashion, we may compute successive 
terms: of an asymptotic series. The existence of such'a series was conjectured 
by Jacob [2, 3837]. 

We shall merely sketch the results. JAPPIE (1), (2), and (5) ‘as we 
” did in 3, we find a Ea 


N/m! =I (>) E Ps, t) (0—0) / (ae 


$ “ 
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The emi 6 may 2e dropped and we tie 


HED):  F(2,3) 3) , F(2,4) 
“(ne T (ne (me 


Thus all thai is required i is evaluation of the F’s. .That F(1, 2) =— n C2 was 
already implicitly noted in (4): For F (2,3) we observe that not more than 
one integer may be used, that there are then nOs choices for the three ele- 
ments, and 3 choices for the two pairs within them. Hence F (2, 3) = 3n Ca. 
Similarly F (2,4) includes the term 8nC4, corresponding to the choice of. 
only one integer. If two different integers are taken, there are ab. initio 
nC2(xC2)” choices; but we must eliminate. selections which include two ele- 
ments in the same column. An application i the sieve process to this last 
difficulty yields 


F(2,4) = anys EO naCa(k Pe, 


(19) . Nën! = 


£ 


where X is the number of instances in which integers 1,7 both occur in two 

different columns. It is noteworthy that this is the first term which depends 

upon the particular Latin rectangle to which a (X + 1)-st row is being added. 
A simple argument shows that X <= n,C.(k —1), so that Xj (n): is of 

order n° or less, as are all the later terms of- (19). Hence. we have, correct 

up to n7: 

tan] xy ans nO (602)? eae 

(20) | Nek/n! Taye + —-—= (n) += errs J 


== | —4Co/n + 1Co(k + 4) (3k = 7) /12n? + 


By taking the product of the terms (20) from 1 to i 1,'we obtain the 
asymptotic series for f(n, k), the number of Latin rectangles: 


(21) f(r, &) (nm!) exp (C2) 
= 1 —0a/n + 0a (K — 8h? + 8k —30)/12n? + + +. 


For k = 3, the right side of (21) becomes 1 —1/n—1/2n?+---. In the 
lahle below we compare this with the exact serae given by Kerawala in [8]. 


n 1 — 1/n — 1/2n2 Exact value 


of (21) 
5 : 78 £76995 À 
10 .895 29560 - i 
15 .98111 93126 7 
20 .94875 .94881 


25 9592 95923 - 
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In attempting to push the asymptotic series still further, we ruñ into. 
the difficulty that terms like X, i.e., terms dependent upon the preceding 
Latin rectangle, begin to play a rôle in (20). However, it may be that in 
(21) at least the term. in w” zan be obtained without consideration of X, for 
heuristically it seems likely that the “expectation” of XY is o(n). | 

In conclusion we remark that the form of (21) strongly suggests that at 
about'& = n7/* the expression ceases to be valid. We are unable to prove this 
rigorously. 
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A 'MATEIX DIFFERENTIAL EQUATION OF RICCATI TYPE.* 


By Wituiam T. Rem 


F 


1. Introduction. This paper is concerned with the matrix differential 
equation 


(1.1) W + WA(x) + D(x) W + WB(2)W=O(s), 


where A(z), B(w), C(x) and D(z) are given n X n square matrices whose 
elements arə continuous functions’ of the real variable œ on the cinite and 
closed interval ab:a<ab. Section 2 of this paper contains generaliza- 
tions of some well known theorems on the solutions of a single ordinary 
differential equation of Riccati type. In particular, Theorems 2.2 and 2.3 
provide dec:ded extensions of results proved by Whyburn [6] ? for the matrix 
differential equation 


(1.2) W + WW = 0 (2). 


Section 3 is concerned with the relation of the matrix equation (1.1) to a 
system of 2n linear homogeneous differential equations. Finally, in Seztion 4 
it is shown that the analogue of Legendre’s differential equation for simple 
integral problems of the calculus of variations in (n + 1)-space is a matrix 
differential equation 6f the form (1.1). 

Throughout this paper capital italic letters denote n-rowed square matrices. 
In particular, n X 1 rectangular matrices are referred to as vectors. The 
transpose of a matrix A is indicated by A, the reciprocal of a non-singular 
matrix A by A“, and, if the elements of A are differentiable functicns, the 
matrix of derivatives is denoted by A’. 


2. Solutions of the matrix differential equation (1.1). The follow- 
ing preliminary result of Lemma 2.1 has been noted previously by the 
author [5] 


Lemma 2.1. If the elements of the matrices H(x), K(x) are con- 


* Received August 30, 1945. Presented to the Society, November 25, 1944. 

1 One might allow the elements of ‘these matrices to be merely Lebesgue integrable 
on ab; in this case, in (1.1) and the subsequently considered matrix differential 
equations it is understood that a solution is a matrix whose elements ar2 absolutely 
continuous and which satisfies the differential equation almost everywhere on ab. 

2 Numbers in square brackets refer to the bibliography at the end of this paper. 
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4 
h 


tinuous on ab, then ig ganara solution T(x) of the matriz oen ential 
equation : 


(2.1) p” T = SAOI 
is of the form T (2) = T,(2)CT2 (2), wher JT. (a) is a non-singular (funda- 


mental) solution of T’)=E(x)T;, T(x) is a non-singular solution of 
T” == TK (x), and C ts an a-bitrary constant matris. 


COROLLARY 1. A solution T(x) of (2.1) is of constant rank on ab. 


~ 


COROLLARY S: Af et s Ten (2), 1=kSn, are solutions of 
(2. ee then: here. exist constants C1,° ` * , Censi Such that on ab the matrix 
B ae 2 Tale) 


(2.2) 


_ has constant rank not exceeding n— k. . 


The result of Corollary 2 may be obtained, for example, by choosing the ° 
constants cg so that for s =a the elements of k rows of the matrix (2.2) are 
equal to zero. 

Now if 7,(z) is a non-singular solution of T’, = H(«)T,;, then T(z) 
—=T,"(x) is a non-singular solution of T”: = — TH (<). The following 
result is then an immediate. consequence of. Lemma 2.1, paia the similarity of 
Tı(x)CT (s) to a constant matrix. 


COROLLARY 3. The general sclution of the matriz differential equation 
(2.3) > ia = H (2)T — TH(2) ` 


is of the form T(x) = T (£) 2T (£), where T, (2) is a P T solu- 
tion of T =H (x)Tı, and C is an arbitrary constant matriz. For a gwen 
solution T(z) of (2. ») the cozficients of the characteristic equation. of T (s) 
are constants. 


In the following theorems we shall be concerned with solutions W (a) 
of the non-linear matrix differential equation (1.1) for which the elements of 
W(a) are continuous on ab; such solutions will be referred to as continuous 
solutions. 


THEOREM 2.1. If Wi(z) and W.(xr) are two continuous. solutions of 
(1.1) on ab, then V(x) = Wao(2) ree is a continuous solution of the 
matric differential equation . 


“— 
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(2.4) W+ VIA(e) + B(2) Wi(e)] 
+ [D(r) + Wi (s)B(<)] V + VB(r)V =0 
on ab ; moreover, V(x) is of constant rank on this interval, | 


It may be verified directly that V = W, — W: satisfies (2. £). Now 
(2.4) may te written as an equation in V of Me form ( 2. 1) wa: 


H(z) =— [D(2) + W:(2)B(2) +V (2)B(2)], 
; K(2) =—[A(e) + B(2) Wile) ], 


and hence V() is of constant rank on ab by the above Corollary 1. 


THEOREM 2.2. I f-Vi(z) and V2(2) are nora PR, soru- 
tions of the matrix differential. equation 


(25) V +. VA(r) + D(a) V + VB(2)V =0 


on ab, then ua) — V> (s) has constant rank on this interval. Moreover, 
` if Vila), © +, Vine (2), 1S ES n, are ae continuous solutions 


of (2.5), taen for each value of œ, (a=1,---,kn-+ 2), there exist con- 
stants cpa, (8 =1,: ©- kn +2; Ga &), such that on ab the matric 
` '  kn+2 
(2. 6) Segal Ve (2) —Ve*(0)] 
pa 


i 


, has constant rank not auceoueng n— k. 


If V{z) is a neis continuous solution’ of (2.5) on ab, then 
U(2) =V (x) isa solution of the non-homogeneous equation . 


Qo U — A(2)U + UD(e) + B(2) 


on this interval. Consequently, if V(x) and V2(x) are non-singular con- 
tinuous solutions of (2.5) on ab, then T (£) = V> (<) — V= (z) is a 
solution of the homogeneous equation | 


Q.8). P =AWT + TDM), 


and hence, by Corollary 1, the matrix Vat (x) — V> (æ) is of constant rank 
on ab. Correspondingly, if Vi (z), >t, Veme (£), 1S kn, are non-singular 
continuous solutions of (2.5), then for a fixed value of æ the matrices- 
Tgl) = Fa (2) — Vet(x), (8 =—1,---,kn +2; BS a); are kn +1 
solutions of (2. 8), and by Corollary 2 there exist sone ais Cg.a such that. on 
ab the matrix (2.6) has constant rank not exceeding n — k. 


\ 
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THEOREM 2.3. Suppose that 
Welz), (@=1,- -kn +3; 1 Sk £n), 


are continuous solutions of (1.1) on ab, and that for a given index y the 
kn +2 matrices We(x).— Wy(«), (B=1,; <- kn +3; By), are non- 
singular. Then for each value of «, (a =1,:', kn + 3; ake y), there 
exist constants Cpa:ry such that on ab the two matrices 


(2. 9) 2 Cp.a:yl Wg — Wal] [Wg — Wy], CB,a: MWe — Wa EW — We] 


een oe 


have the same constant rank, which, does not exceed n— k. 


In view of Theorem 2. 1, 2ach of the matrices 


Va(z) = Wa(z) — Wy(z), (£8 = ],: - -kn +3; BÆ Y), 
is a non-singular continuous soluticn of 


(2.10) V + V[A(2) + B(x) W,(2)] - 
+ [D(x} + Wy()B(z)]V + VB(«)V =0. 


The: application of Theorem 2.2 to these solutions Ve(z) of (2.10) then 
implies that for a given ay there exist constants Cga = p,a;y such that 
- on ab the matrix 


AN+3 


(2.11) > > 2B; Ve Silas Al 
| pe, Y 
has constant rank not exceed:ng n— k. The fact that the first matrix of 


(2.9) has the same rank as (2.11) is an immediate consequence of the 
relations 


Vaneet = Va" lVa— Val Ve* = [We- ae a [We == Wa] Wp — Wy}. 
Similarly, the relations 
Vat — Vet Ve2[Ve— Va] Vat = [We— Wy} [Ws — We] [Wa — Wy] 


imply that the second matrix of (2.9) has the same rank as the matrix (2.11). 
. It is to be remarked that the corresponding result obtained by Whyburn 
[6] for the equation (1.2) consisted only of the above result for the second . 
matrix (2.9) in the special cese k == n, It is to be noted, moreover, that if 
the elements of the matrices A(s), B(x), C (x) and D(x) are real-valued. 
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_ and the elements of the solutions Wg(z) are also real-valued, then the constants 


Cg.a;y Of the above theorem may be chosen as real. 
In order to derive further results on the form of the general solution of 


‘(1.1), suppose that W,(«) is a continuous solution of this equation on the 


interval ab, and let T(z) —T p(x), (e = 3, - -,n?-+ 2), be n? solutions of 
the homogeneous equation : 


(2.12) T= [A(e) + B(x) Wi(x)]T + TLD(2) + Wile) B(e)] 


= which are linearly independent on ab. In view of Lemma 2.1 and its Corol- 
‘lary 1, such matrices may be determined by choosing the initial values at £o 


so that the elements of the n? matrices T'p (zo) are linearly independent. Now 
let U2(x) be a solution of the corresponding*non-homogeneous equation 


(2.13) U’,—=[A(x) + B(x) Wi(r) U2 + U2[D(z) + Wi(e)B(z)] + Bz) 
which is such that each of the n? + 1 matrices 
U:(a), Up{z) = U(x) T T'p(z), (p= 3,°°-,n?+ 2), 


is non-singtlar on ab. Such a choice is clearly possible, in view of the result 
of Lemma 2.1 for the equation (2.12). Then W(x), together with the 
n? +-1 matrices 


(2.14) We(w) = Wi) + Up*(a), (B= 2,- +n? +2), 
afford n?-+ 2 continuous anos of (1.1) such that the n? -+ 1 matrices 
Ve(s) = Wa(z) — Wi (z), (B =2,: ++, n? +2), 
are non-singular on ab. As | . 
V> (z) =Up(x), (B= 2, cn? +2), 
from the above construction we have that the matrices 
Fo* (2) — Vp*(@) =—Tp(z), (= 33: n? +2), 


are linearly independent on ab. Now suppose that W(x) is any continuous 
solution of (1.1) on ab which is such that the matrix W (s) — W, (s) is non- 
singular. If in Theorem 2.3 we consider k = n, y==1, « = 2, and identify 
W(x) with W,*.3(“), it then follows that the coefficient c¢n%3,2;1 in (2.9) 
cannot be zero. Consequently, we have the following result as a corollary to 
Theorem 2. 3. 


\ 
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COROLLARY. If W(x) i a continuous solution of (1.1) on the interval 
ab the matrices We(x), (B = 2,: + + nè +2), determined: by (2.14) are 
additional continuous solutions of (1.1) suck that, if W(x) is an. arbitrary 
continuous solution of this equation on ab for which W(x) — Wilz) is non- 
singular, then there exist constants Cp, (p = 3, ` ans 2), such that on 
this i ? | 


(2.15:) [W— We] [W — Wi]? = S Sop Wp— We] [We — Wil, 


ae f n2 g . 
(2.152) [W— W] [W — We] = & op[We— W] [We — Wa). 
* p= , 


3. -An associated system of linear. differential equations.. We shall 
now consider the relation between the matrix equation (1.1) and the system 
of 27 linear homogeneous differentia! equations which may be written in vector 
form as z 


(3.1) 7 (= A(2)n + Bayt l E OAA: 


In (3.1), and‘ are vectors, that i is, n X 1 ‘matrices, with components (ni) 
and (£;). The fundamental connection between (8.1) and (1.1) is given by 
the following theorem. | 


THEOREM 3.1. Pheri exists a set of n solutions ` 
mi = 15 (2), & = iz (2); (j= 1, > 3m)» 
of (3.1) Sick that the matriz || naj (2) ‘li as orenga on ab if and only if 


(1.1) possesses a continuous solution on.ab. 5 


For suppose that W(2) is a continuous solution of (1.1) on ab, and 
consider the linear homogeneous matrix differential equation 


(3.2) Y’ — [4 (2) + B(2) W(2)]Y. 


Let Y (xv) = || y(x) | be.a non- singular solution of (3.2), and define 
Z (a) == || é; (x) || as aa W (2) Y (2). From (8.2) and (1.1) it then 
follows that 


(3.3) Y’ —A(2)Y +B(e)Z, 2 = 0(z)Y — D(2)Z, 


and m = qy (2), & = ty (s), G=1, > n), define n solutions of (3.1) 
such that the matrix | y; (z)|| is non-singular on ab. 

On the other hand, if p: = yy (7), & = éu (t), (G==1,---,7), are . 
solutions of (3.1) such that || ns; (x) | is*non-singular on ab, then 
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V(r) = |] que) Z) = | éu (2) 


satisfy (8.2), and it is verified Oe that W(x) = Z (x) Y° (s) is a con- 
namong solution of.(1. 1) on ab. 


4, The Legendre differential equation of the calculus of arei 
For a non-parametric fixed end point a of the. calculus of variations 
the second variation is. -of the form 


(4.1). L= E 
= S YR) + 200a) + 3P (@) alae, 


where R(x), Q(x) and P(x) are n X m square matrices whose elements are 
real-valued and continuous on 2,2, while R(x) and P(x) are symmetric on . 
this interval. In (4.1), 7 is an admissible variation, that is, an n-dimensional 
vector whose components q: (x) are continuous and have eee continucus 
derivatives on 202, while’ ys (21) = 0 = y (z2), (¢=1,-°°,2). 

Along g non-singular extremal E, the matrix R(x) is non-singular, and 
the canonical form of the accessory (Jacobi) differential equations i3 


(4.2) = f= Ale)n+ Blz)i,  & = C(2)y—A(a)é, 
where the coefficients. of (4.2) are given by - 
(48) - A=B Q, B=R*, C—P—QR7Q. 


That is, the canonical form of the accessory equations is a. system (8.1) with 
D(z) = A(z), and B(x), C (2) symmetric matrices. 

Now-if Fy2 is a non-singular extremal which has on iț no point conjugate 
to the poinz 1, there exists a solution Y (x) = || nu (2)l, 2(2) = el Ci; (x) || 
i of the — 


(4.4) = A(2)Y +B(2)Z, Z =0(s)f—Ā(z)Z 

such that Y(z) is non-singular on 2,72, while the matrix Y (x)Z(x) is sym- 
metric on tkis interval (see, for example, Bliss [3], Secs. 12, 36, 39). In view 
of the non-singularity of Y(x), the symmetry of Y(x)Z(x) is equivalent to 


the symmetry of the matrix Z (z) Y** (x). The matrix differential equation of 
Riceati type. associated with (4. 4) is 


(4. 5) W + WA(2) +4 (2) W + WB(2)W— C(x) <0, 
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which, in view of (4.3), may be written in terms of the coefficients of (4.1) as 
(4.5) W + [Q(«) — W]R*(«)[Q(e) — W] — P(x) =0. 


This matrix differential equation may properly be termed the Legendre 
differential equation for (4.1), since it is the direct generalization of the 
equation introduced by Legendre (see Bolza [4], Sec. 9) for the special case 
n==1. From the symmetry of the matrices B(x) and C(s) it follows, in 
particular, that if W (s) is a solution of (4.5) then W(x) is also a solution 
of this equation. Consequently, if W(a) is a solution of (4.5) such that at a 
particular point z, the matrix W (z) is symmetric, then W(x) is symmetric 
for all values of z. In view of Theorem 3.1 we then have that if a non- 
singular extremal Fıs has on it no point conjugate to the point 1, then there 
exists on %%2 a continuous symmetric solution W (s) of the Legendre differ- 
ential equation (4.5). For such a solution W(a) we have the following 
identity 


(4. 6) 20 (0,9, 4) = OR (2)u + (GW (w)n)’, 


where u==7 + R (Q — W). One could use the identity (4.6) to show 
that if Hy. is a non-singular extremal along which J.[y] = 0 for arbitrary 
admissible variations 7, then #(x) is positive semi-definite,.and consequently 
positive definite on t;22. Such a procedure would not be desirable, however, 
since without the initial assumption of non-singularity one.may show readily 
that if J.[y] = 0 for arbitrary admissible variations then R(«) is positive 
semi-definite on Z%2. In view of tha relation between a continuous symmetric 
solution of (4.5) and a solution Y (s), Z(x) of (4.4), the above identity 
(4.6) is equivalent to the well known Clebsch (Legendre) transformation of 
the second variation. In particular, one may state that along a non-singular 
extremal F12 the condition that a|] > 0 for arbitrary non-identically vanish- 
ing admissible variations ņ is equivalent to the condition that R(x) be positive 
definite on 2%. and there exists a continuous symmetric solution of (4.5) on 
this interval. | 

The above relations between the canonical form of the accessory differ- 
ential equations and the Legendre matrix differential equation may be extended 
readily to problems of Lagrange with fixed end points. Along an extremal Fiz 
for such a problem the second variation is of the form (4.1), while the 
equations of variation for the side differential equations are of the form 


(4.7) Sele, 0, n) = pgi (@) 75 + Op (e)n = 9, (B=1,---,m<n). 
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For simplicity, (4.7) will be written in the matrix form 


alemi) =pl) + 0a) = 0, 


where (x) == | ġa; (£) |, and 0(7) = || 8g; (x)| are m X n matrices. A givən 
extremal F,» is termed non-singular if the corresponding (n + m)-rowed 
square matr-x 5 














| R(z) ¢(2) 
4.8 R (r) = 
(4. 8) (z)=]| dor 0 
is non-singu-ar on Vız». The inverse of such a matrix (4. 8) is then of the form 
T(z) 
es (2) #(2) 











where T(z) and t(x) are symmetrie square matrices of orders y and m, 
respectively, and 7({z) is an m X n matrix. 

The canonical form of the accessory differential equations is than of the 
form (4.2), with the coefficient matrices A(x), B(x), C(x) given by 


A=— (TQ +39), B=T, C=P—6TQ— 679 — -Q — Gi, 


Again, in view of the symmetry of the matrices B(x), C(x), we know that | 
there exists a solution F (x), Z(x) of (4.4) such that Y (x) is nor-singular ` 
and Y(«#)Zi«) is symmetric on zı% if and only if there exists a continucus 
symmetric solution W (s) of the equation (4.5) on this Interval. In terms of 
the coefficients of (4.1) and (4.7) the equation (4.5) now becomes 


(LE) H+ IÂ) — W, Ha) Re) Lio ]— reo. 
Finally. corresponding to (4.6) we have the iari 
(4. 10) 2o(T, 9, 9) + 28 (x, 4,7) =R (£)u + GQW(r)y)’, 


where a= [7(W—Q) —16]y, and w= + [T(Q— W) +789]. The iden- 
tity (4. 10) is equivalent to the Clebsch transformation of the second variation, 
(see Bliss [1], Sec. 32, and [2], Sec. 22). For a discussion of the relation 
between the non-existence on E12 of a point which is conjugate to — and the 
_ existence of a solution Y (æ), Z(x) of (4.4) of the above described type, the 
reader is refzrred to Sec. 23 of Bliss [2], and to the therein referred to papers 
- of Hestenes. Morse and Reid. 
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REVERSIBILITY AND TWO-DIMENSIONAL AIRFOIL THEORY.” 
By GARRETT BIRKHOFF., - 


r 
f 


Introduction, The present paper is concerned with. the need for funda- 
mental revisions in the hypotheses underlying mathematical hydrolynamics, 
with especial reference to two-dimensional airfoil theory. i 

It is first shown, in 2-8, that any reversible theory of lift and drag must 
be incomplete or grossly incorrect, and remarked that conventional two- 
dimensional airfoil theory is reversible. This is why it is only ‘applicable to 
small angles of attack. 

The theory of lift, developed in 4, is shown to be unreliable even for such 
angles. It lzads to absurd conclusions for simple ‘ ‘pathological ” shapes (5), 
predicts erroneously the effect on lift of increasing airfoil thickness (5), and 
. predicts correctly the effect of camber on lift only at high Reynolds’ numbers 
(6). The effect of camber on the stalling angle is predicted- by reversibility 
considerations not mentioned in conventional airfoil theory (6). 

The question of whether specific reversible hydrodynamical theories are 
incomplete {or incorrect) is shown to lead to interesting unsolved mathe- 
matical prodlems' (7). Finally, the pace of -various other ae 
dynamical theories is aiscussee (8). ` 


2. The reversibility radoz The terminology mea below is anani. 
As regards notation, we shall denote position in space by s= (%4,° * “Znj; 
time by ż, velocity components by u; pressure by p, and density by p. “This 
notation permits effortless extension to n dimensions of much of the theory of 
the two-dimensional case. 


_ Definition 1. By the reverse of a given flow, described in Lagrangian 
coordinates, we mean that flow obtained from the given flow by the suostitution 
t{-»—t. In Eulerian coordinates, this corresponds to the reversal u; > — ui ~ 
of velocity direction as well as reversal ¿t > — +t of time, but pressure p and 
density p are still preserved at corresponding points (21: © *,2n3¢) of space- 
time. : 


Definition 2.. A condition on flows is reversible if, whenever it holds for a 


* Received. October 4, 1945. . ' 
: ‘ 247 


248 GARRETT BIRFHOFP., 


flow, it holds for the reverse of that flow. A theory of fluid dynamics is a 
reversible theory if all the conditions which it imposes on flows are reversible. 

Actually, all the familiar conditions on flows are reversible, except those 
which involve viscosity (friction), thermal conduction, diffusion, or shock 
wave fronts. 


Definition 3. A theory of fluid dynamics will be called incomplete if its 
conditions do not determine the steady flow around a body uniquely; incorrect 
if its predictions do not.agree closely with experimental fact. 


THEOREM 1 (Reversibility Paradox~). Any reversible theory of fluid 
dynamics is either incomplete or grossly incorrect, so far as its predictions of 
steady state lift and drag are concerned. ) 


Proof. Such a theory will predict that a steady flow and its reverse will 
give the same pressure thrust on an obstacle, whereas it is a matter of common 
experience that a flow and its reverse ordinarily give pressure thrusts in ap- 
proximately opposite directions. 


THEOREM 2 (Restricted € Alembert Paradox). Any complete reversible 
theory of fluid dynamics musi predict zerc lifi and drag for steady flow about 
a body symmetric in a point or in a plane perpendicular to the lune of flow. 


Proof. We assume tacitly that the theory is invariant under rigid trans- 
formations of space—hence that reflection in a point or in a plane cf symmetry 
replaces each flow permitted by the theory. But with a steady flow, the same 
effect can be achieved by reversing time, as in Definition 1.’ Hence, if the 
theory 1s complete, the two must be identical, and the pressure distribution 
must have the symmetry described. The conclusion is now obvious. 


Remark 1. In classical hydrodynamizs, a stronger result is known: ? the 


1In special instances, this principle is not mew; cf. for example C. Cranz, Handbuch 
der Ballistik, Teubner, 1913, vol. 1, Chap. II, and especially P. Painlevé, Leçons sur la 
résistance des fluides, Paris, 1930, p. 145. Pamnlevé applies the Reversibility Paradox 
` to classical hydrodynamics, and relates it to the d'Alembert paradox. 

Some vaguely related questions are discussed by J. Meixner, “ Reversible motions 
of liquids and gases,” Annalen der Physik, vol. 41 (1942), pp. 409-425, But in general, 
physicists seem to ascrite only philosophical interest to the fact that the concept of 
non-viscous fluid motion is reversible. Thus the fact is not mentioned at all in [1], 
[2], or [4]. 

For a direct experimental description of the irreversibility, ef. N. A.C. A.. Tech, 
Mem. 1011. 

2 Assuming (1)-(3) of 3; for the literatcre, cf. the note by U. Cisotti, Comptes 
Rendus, vol. 178 (1924), p. 1792. 
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~ d’Alembert paradox asserts that the predicted lift and drag are zero even for 
unsymmetrical bodies inclined at any angle to-the flow. However, even in this 
case Theorem. 2 is not without interest, because of the extraotdinary simplicity 
of the proof. Existing proofs of the d’Alembert paradox-are higaly com- 
plicated, and open to question on the score of rigor in the compressible case. 


Remark 2. The preceding proof breaks down if the restriction to steady 
flow is omitted.. Thus reversible hydrodynamic theory may predict correctly 
the non-zero drag and lift due to acceleration (virtual mass). Cf. [2], p. 285, 
p. 419. It also may give a rough idea of the overturn moment to be expected 
from steady flow. 


Remark 3. The a’ Alembert paradox shows that the common practica rs 
of separating head drag and tail drag in theoretical computations is inad- 
missible. No matter how long the mid-section of the body, the shave of the 
tail must theoretically influence, the total thrust on the head just as much as 
the shape of the head itself—since the total thrust is zero. ` 


3. Application to airfoil theory. The classical theory of the steady 
flow of com dréssible and incompressible non-viscous fluids (cf. [1], Chaps. 
IV-VI, [2]) is based on the following mathematical-hypotheses. Each mathe- 
matical hypcthesis, in turn, is based on plausible physical arguments. 

There are hypothecated the equation of continuity 


(1) Si $i 0 (pus) /ðte = 0; 


the condition that the vector velocity u(z) be tangent to every solid strface; 
equation of notion | 


(2) _ (1/p)ðp/ðt: + > Uy04/ O24 = 0; 


the condition óf uniform flow, which postulates that as s—> œ the limits of 
ui(x), p(z), and p(x) exist; the existence of a single-valued velocity potential :” 


(8) ~ U(ai,: **, 2a) such that u; = OU Jiz for all t == 1, +-+, 25 
the condition that p determine p by a thermally controlled equation of state 
p == f (p), waose precise form is obtained from physical considerations. 

The completeness of these conditions is discussed in 7. Substituting in 


~ 


3 Used in the theory of computing pressure distributions on airship hulls; ef. 
N. A.C. A. Report 516, Tech. Mem. 574, also Goldstein, p. 458. 
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‘Definitions 1-2 above, it is evident that, insofar as they express the classical 

theory, the classical theory of the steady fiow of non-viscous fluids is reversible. 
In two-dimensional airfoil theory (cf. [2], Chap. VII, [8], or [4])- the 

hypothesis (3) of irrotational:ty in the large is replaced by the AUSE weaker 

l assumption 

(3’) Ou, /0c Ip mm Juz/ iT: for all t, k 


of irrotationality in the small, and then adding the plausibility hypothesis (4): 
velocity is finite. at the sharo airfoil edge. Again it iş evident that two- 
dimensional atrfotl theory is ~eversble. 

It is a corollary of this observation and Theorem 1 that two-dimensional 
airfoil theory can only give cortect predictions of lift or drag for a limited 
range of “angles of attack” {i.e., orientations with respect to the air flow). 
In ik ([4], pp. 148-151) it fails grossly when the angle of Ka exceeds 
the “stalling angle” of 15°-25°, 

Although few numerical calculations have actually been made in the com- 
pressible case, we know a priori by Theorem 1 that there is no hope that taking | 
account of compressibility .wil remove the limitation of the applicability of 
two-dimensional airfoil theory to small angles of attack. | 


4. Theory of lift: incompressible case. In the case p= const. of an 
incompressible fluid, there are many numerical calculations based on (1)-(2)- 
(38’)-(4) which can be compared With experiment. 

Tke predicted drag is still zero (cf. [4], p. 165), ia in practice two- 
dimensional airfoil theory is never used to estimate drag nee depends on 

“ streamlining ”) for/this reason.‘ 

However, at small angles of attack, the predicted lift L and lift coefficient 
Cr, (as defined in [2] or [4]) are frequently supposed to represent good esti- 
mates. The predicted lift for a given airfoil shape A is most easily found 
from the Kutta-Joukowsky Theorem, which asserts ([4], p- me that the lift 
on A is the product (for a fluid of density one) 


(5) L == | uo |- (Sande 
of the speed | wo | of the airflow by the “ circulation ” around the airfoil. 


t Historical remarks. Thus the integra! formulas of Newton and Euler (cf. P. 
Painlevé or C. Cranz, op. cit.) are mere suggestive, though very misleading. Inci- 
dentally, Newton thought that whet is usually referred to as the “ Newtonian Theory ” 
applied to gases, but not to liquids. Thus he believed the drag of a smooth convex 
body in a liquid to depend only on FR maximum cross-section. (Book II, Lemmas 4, 5; 
Theorem 29}. 
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AA.) - 
K t 


REVERSIBILITY AND TWO-DIMENSIONAL AIRFOIL THEORY. ` 251 


But now if A is represented on the complex z-plane, any schlicht con- 
formal transformation 


©) w = 8 + t/z + de/2?+° °° 


of the exterior of A will carry potential flows with circulation U (z) into 
potential flows U(w(z)) around the exterior of the image of A, which have 
the same circulation and the same velocity at infinity. Hence by the Kutta- 
Joukowsky Theorem, the lift L is the same, and so the lift coefficient Cz, (based 
on the diameter) is inversely proportional to the diameter of the transform. 
By the fundamental existence and uniqueness theorems of conformal mapping,’ 
this determines the Cz, of a region of general shape; the argument :s due to 
von Mises [2]. . 
But it ic known that any schlicht map 


(6) l , o= $ + i + at H i i 


of the interior of the unit circle | £| < 1 carries it into a region not included 
in any circle of radius less than one, but including all the circle € | œ | < .5. 

Under inversion, these inequalities imply that (6) maps the exterior of 
the unit circle onto the exterior of a region of diameter at least two end at 
most four. For a circle, Or == 4r sin 0 (cf. [4]), where 6 is the “angle of 
- attack” between the direction of flow and the radius to the rear svagnation 
point. Hence for a general profile A’ 


(7) | Čr = Cr* sin (0 — 0o) where 2r = C,* S 4r; 


this result is in [3], which is however hardly available 46 a a 
readers. ~ 

It is another corollary that for equal angles of mince and wind velocities, 
if A contains a profile A,, then the predicted lift exerted by A exceeds the 
predicted lift exerted by’ A;. Finally, it follows that the predicted lift coeffi- - 
cient varies zontinuously with the shape, if the position of the sharp edge is 
held fixed. To see this, reduce to the case of the circle; for all shapes between 
|z] — 1 —e and | z | = 1 +e, 4r(1— 2e) SC" < dm.) Incidentally, C*;, 
is proportional to two-dimensional electrostatic capacity, to which- these results 

also apply. 


5 Cf. C. Carathéodory, Conformal Mapping, Cambridge University Tracts, p. 70. 
, ê The first inequality has an elementary proof; the area of the image circle is by — 
computation r (1 -+ |a|? + |a|? +- --) 22. The second is Bieberach’s Verzerrungs- 
satz; cf. L. Bieberbach, Lehrbuch der Funktionentheorie, Vol. IL (1927), Seetion 9. 

T This is also a direct cordllary of Carleman’s Principle of Regional Extension; 
cf. R. Nevanlinna, Hindeutige analytische Funktionen, Springer, 1936. 
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5. Comparison with experiment: symmetric airfoils: An objective 
comparison of predicted lif: with observed lift brings to light various 
discrepancies. 

In the first place, the importance of the sharp edge i is greatly ee 
Thus by transforming the circle | 2+ 99 | = 100°under z—»z++ 1/2, we get 

“ Joukowski profile” consisting of a near circle with a small thorn. The - 
predicted lift of this is as great as that. of a thin wing having twice the 
diameter—which is absurd. By transformations w —> aw -+ b/w (a,b real), 
we can map the circle with a tiny thorn onto a thin ellipse, with a thorn at 
the end of a minor axis. Theoretically, tilting the major axis will cause an 
excess of pressure on the dow- stream side, which is‘even more absurd. 

In the case of conventional airfoil shapes, other discrepancies occur. 
Here the basic shape is a straight line segment, slightly rounded at the leading ` 
edge (cf. [3], [4]). This :s varied by introducing added thickness, and 
camber (or curvature, usually downward). 

For shapes approximating a straight line segment, the conventional theory 
predicts € Cz = 2r sin 6. Obsarved values at small angles of attack are con- 
sistently ° about 10%-25% less than this. 

For symmetric airfoil shapes, the predicted Cr” in Cy, = Cr* sin 0 

increases with thickness; the observed Cr* -decreases with thickness. Thus 
' -the sign of the differential change is wrong, and also the absolute discrepancy 
with theory is even greater then 30%. 
_ Since the sign of the differential change is incorrect, we infer that two- 
dimensional airfoil theory canmot be expected to predict correctly differential 
changes in lift due to small changes in profile shape. This does not imply, 
however, that the theory will not give a good idea of the differential changes 
in flow patterns and pressure distributions due to small changes in profile 
shape.*? : 


e In the limiting case of a flat plate as noted by Cisotti (Rendic. Lincei, 1927), the 
Kutta-Joukowski Theorem fails. This is because of infinite pressure per unit area at 
the leading edge, which may be irterpreted as giving finite thrust on the leading edge. 
_ This Paradox of Cisotti also apples to circular arz profiles. 

e Of. [4], pp. 148-151; also N.A. 0. A. Technical Report 244, Refs. 506, 508; Report 
628, Figs. 5, 1]. Also Phil. Trane, 225A (1925), a 199-245. . 

2° Ci. also Durand, Aerodynarzic Theory, vol. 2, p. 71. Th. von Kármán suggested 
to the author the following interpretation. The geal flow differs from the predicted 
flow in that a thick wake is shed Ly the downstredm rear end of the airfoil. Thus in a 
certain sense, the effective angle of attack is less than the nominal angle of attack. 
The force of this argument is greasest for thick airfoils, which have the thickest wakes. 

11-Methods of computing these have been warked ‘out by M: Munk, and by T. 
Theodorsen; ef. N. A. 0. A. Report 411. The author w6uld take the statement on p. 10 
that “The moments .about any required axis may be found” with reservation, as it 
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.6. Cambered airfoils, If ô, is the angle between the chord joining tae 
opposite ends of an airfoil and the airflow Cr = 0, the lift coe:licient i is 


(7), "  O,= 0r” a E N 


both theoretically and (approximately) experimentally when 6— 0, is small: 
With a symmetric airfoil, 6, —= 0 by symmetry. 

In the typical case of shapes approximating è a circular arc, the theoretical 
values of Oz“, 9) are easily found. Under the transformation 


(8) w==2+1/z; or ie ee v = y—y/?’, 


the inverse ‘mage of a general circle u? -+ v? -+ 20v = 4 through (+2,9) 
is the locus 174 -+ 1 -+ 2(a? — y?) + 2Cy(r? — 1) = 4r. 
Ti O ==— A -4 1/4, this can be factored into 


(7? —1— 2Ay) (r? — 1 +- 2y/A) = 0. 


Hence (8) maps the two orthogonal circles 7? — 2Ay = 1, r? -+ 2y A 
= 1 through (+ 1,0) into u? + v? + 20v = 4. In particular ([4], p. 179), 
‘the exterior of z? -+ y? — 2£y — 1 is mapped on the exterior of thet part of 
the arc of u? + v? + 20v = 4 in the upper half-plane. The “camber” of 
‘this arc, wkich passes through (0,24), is defined as the ratio (maximum 
distance from chord) /(chord length) == 24/4 = 4/2. A 
A flow around thé circular arc has finite velocity at the trailing edge 
(—2,0) if and only if the flow around the circle z? + y?—2dy—1 has 
zero velocity at (—1,0).. This ‘is true if the flow is parallel to the diameter 
through (—1,0), which passes through (0, A) and hence makes an angle of 
fa = — Tan A with the chord. Furthermore, since the circle mapped on the - 
arc has a radius V1 + A?, as compared with 1 for a straight line, we have 
in (7), for “ camber” A/2 


(9) 7 Orë = 2m V1 F A, 0—=—Tan A. 


However, tke experimental facts are more complex. The original experiments 
of Eiffel ** at low Reynolds numbers indicated that down-camber produced a 
very large increase in C*,; = (dC,/d@)max; moreover the observed: 6) was 


refers to differentials of integrated aed effects, and these do not seem. to be cor- 
rectly prediczed by theory: 

12 Cf. G. Eiffel, The Resistance of the Air and Aviation, translated by J. Hunsaker, 
London and Boston, 1913. Thus (p. 482) with an estimated “camber” A/2 of 3/20, 
an, increase in O,” of about 50% was observed; one of only 4.5% being predicted. 
Moreover #==— 2° instead of the predicted —15°. Cf. also [4], p. 151, where with 
an estimated camber of 3/20, also NA. C. A. Rep. 93, Refs. 77, 117. 
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nearly zero. Later experiments °? at intermediate Reynolds numbers indicated 
a smaller but considerable increase in Oz*, and a larger negative 6o. The most 
recent experiments at high Reynolds numbers find, as predicted, a very small 
increase in Cz* with down-camber and a change in the angle 6) of zero lift | 
quite near to that predicted. | 

In summary, the predicted, variations in C8 and 2; due to camber are 
observed at high Reynolds nurbers, but not at low ones. | 

The following theoretical əxplanaticn of the experimental fact that down- 
camber increases the effective rtallirg angle and maximum lift is perhaps also 
of interest. By reversibility, nature should abhor infinite velocities at the 
leading edge just as much as at the trailing edge of an airfoil. Physically, 
high relative velocities at the leading edge will cause separation there, i. e., 
stalling. But with a circular arc airfoil of camber. y = 4/2, finite velocity 
at the sends corresponds to having zero velocity at the inverse image points 
(+ 1,0) of the circle mapped on the airfoil by (8). By reversibility, this 
corresponds to a horizontal wird direction, and hence to a zero angle of attack, 
or by (9) effective angle of attack (0—6,)—Tan*A. Thus camber y . 
should, not change the stalling angle, should imerease the effective stalling 
angle by Tan 2y 7 2y, and so (using an empirical value Cr* == 4) increase 
the maximum lift by roughly Sy. 


7. Mathematical completeness, After the discussion of Sections 2-8, 
there still remains the academic question of whether classical hydrodynamics 
and modern airfoil theory are ncomplete or incorrect. As this question leads 
to important unsolved problems in pure mathematics which have not attracted ` 
general attention either among pure’or applied mathematicians, it seems worth 
discussing here. 

The answer is threefold. In the incompressible case, both theories have 
been proved 74 to be complete, by rigorous mathematical arguments. Actually, 
for certain shapes in three dimensions, the classical theory is overdetermined ; 
no solution is possible. In the compressible subsonic case, it is guessed 1 that 


13 Cf. N. A.C.A. Tech. Reps. 160, 628 by E. N. ‘Jacobs, where a variable density 
wind-tunnel at 20 atm. pressure ard 70-100 f/s wind speed were used. 

. 14 For the classical theory, the most general proof is that of D. Lichtenstein, H ydro-. 
dynamik, p. 422. This applies to non-homogeneous incompressiblé fluids, and depends 
on the theory of linear partial differential equations of elliptic type; in the homo- ` 
geneous ease, only potential theory is needed. For modern airfoil theory (homogeneous 
case), completeness follows from he ref. of footnote 5. 

16 Cf. H. Bateman, “ Two-dimensional motion of a compressible fluid,” Proceedings 
of the Royal Society of London, 125 A (1929), pp. 598-618, where the difference between 
the subsonic and supersonic cases is brought out; also Th. von Kármán, “ Compressi- ` 
bility effects in aerodynamics,” J. Aer. Sci., vol. 8 (1941), pp. 337-356, and the review 
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the classical theory is determinate or “ complete ”’; at all events, it is equivalent 
to a non-linear partial differential equation of elliptic type with soundary 
conditions. In the supersonic case, one gets a differential equation of hyper-' 
bolic type, and therefore one may guess.that there are many solutions. By 
putting: furtaer irreversible conditions on the solution, it may be possible to 
get a correct complete theory of drag.t® Little is known about the theory of 
circulation for compressible fluids. 

We thus find several unsolved problems in pure mathematics which have 
important adplications to theoretical hydrodynamics. {1) The uniqueness 
of the solution of the differential equations with boundary conditions corre- 
sponding to subsonic flow, of compressible non-viscous fluids. (2) Existence 
of a solution to the ‘same. (3) Corresponding problems (with presumably a 
contrary answer as regards uniqueness) for supersonic flow. (4) A rigoreus 
discussion o the relation betwen the uniformity hypothesis (3) as usually 
stated, and the analyticity at infinity usually tacitly assumed.™ It is at this 
point that the author questions the rigor of the proofs of the d'Alembert 
paradox for 2ompressible fluids which exist in the literature; the point acquizes — 
special impartance in view of the fact that the assumption of analyticity at 
infinity may be too strong to permit solutions. 

In the two-dimensional case, one can reduce to linear partial differential 
equations by use of the hodograph method,** but the boundary conditions 
become very involyed. The author proposes to apply this method also to the 
discussion af the behavior of compressible fluids at infinity and at ne 
(which applies to airfoil theory) in a later paper. 


= 8 Otter aspects of reversibility. _In any discussion of reversibility, 
it should be recalled that the kinetic theory of gases is reversible in the sense 


' thereof in Mcthematical Reviews (1942), p. 220. Incidentally, the statement on p. 8, 
lines 7-10 of von Karmin’s “The problem of resistance in compressible fluids,” Reale 
Accademia d'Italia (1936-XIV), seems to be contradicted by the example of the 
Lebesgue spime in potential theory. For the supersonic case, ef.- the laster paper, 
esp. p. 17. The author has interpreted these papers freely, with the idea of expressing 
what seem to be the most expert guesses by applied mathematicians. 

16 This is essentially what is done in Th. von Kármán and N. B. Moore, “ Resistance 
of slender bodies, etc.” Transactions of the American, Society of Mechanica: Engineers 
(1932), pp. 303-310, ~ 

17 For rigorous discussions bearing on the incompressible ease, cf. O. D. Kellogg, 
Potential Theory, now being reprinted in this country, Chap. X, Section 8, and Chapter 
VIII, Section 3. The case of two dimensions reduces to complex variable theory. 

“8 Cf. Stefan Bergman, The Hodograph Method in the Theory of Compressible 
Fluids, Provilence (Brown University), 1942. The author is indebted to Dr. Bergman 
for many stimulating conversations, and especially for the point made here. 
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of the dynamics of systems of particles. Thus for a hydrodynamical theory 
to be irreversible, it must involve statistical mixing effects tending to dissipate 
energy (increase entropy). | . 

Various other theories are reversible as far as general principles of fluid 
mechanics are concerned, and are irreversible only because of some single 
special assumption. 

This is true of the Helmholtz- Kirchoft theory of wake ([2], Chap. XIT),. 
which is reversible except for the empirical postulation of a stagnant wake 
behind instead ‘of ahead of the obstacle. Also, the von Kérman-Moore approxi- 
mate theory of drag,?® for bullets moving at supersonic speeds, is reversible 
except where they select arb:trarily the rear instead of the forward real 
portion of the complex solution of a hyperbolic differential equation. 

Perhaps some of the confusion which seems to remain % in the funda- ` 
mentals of the theory of resistance to surface waves can be attributed to the 
difficulty of finding irreversible hypotheses of a general nature. 

l In concluding, we note the dificulty of constructing any smooth tion 
which will predict a_drag proportional to the square of.the velocity. Indeed, 
the vector drag is proportional to u? if u > 0 and to — u? ifu< 0, under such 
circumstances. Hence we have a singularity at u = 0, in the-sense of analytic 
functions; this must correspond to a singularity in the theory. In Newton’s 
theory,* this is due to a reversal’ of the face on which wind is supposed to 
press; in the Helmholtz-Kirchoff theory of wake, to a reversal of the location 
of wake. In general, the difficulty in continuing a theory through u = 0 may 
be ascribed.to the Reversibility Paradox. It is easy to give plausible general 
reasons why drag should be proportional to u”, but difficult to explain the 
reversal in sign of drag with reversal in sign of u, by a single theory. 


HARVARD UNIVERSITY. 
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A LIMIT THEOREM FOR RANDOM VARIABLES WITH 
INFINITE MOMENTS.* 


By W. FELLER. l 


Let {Xx} be an arbitrary sequence of mutually independent random 
variables and {an} a monotonic numerical sequence. As usual, we put 


(1) l Sa =X, +: Xn 


We consider the 


Gvent L: “The inequality 


takes place for infinately many n.” 


Accord:ng to the familiar “one or naught law,” the probability of Æ 
can be only zero or one. For the case where the X; are individually bounded, 
an extensive theory has been developed and a recent refinement of Kolmozorati’s 
law of the iserated logarithm? enables us to decide in any special case whether 
the probability is zero or one. Now this theory depends essentially on the can- 
tral limit theorem. As soon as we leave the domain of applicability of the 
central limit theorem we find ourselves on practically unknown terrain; the 
problems receive an entirely new aspect and no systematic tools have as yet 
been develoved for treating the theory. Outside of the theory of tke iterated 
logarithm only one result seems to be known. The following theorem treats a. 
very specia: case and is given in a form whose probability meaning is not 
readily intelligible. Its interest is nevertheless considerable ‘inasmuca as it 
shows the radical change in the character of the limit theorems caused by the 
absence of finite moments. 


THEOREM (P. Lévy-J. Marcinkiewicz)? Suppose that one has uniformly 
for large x and all k 


* Received November 26, 1945. 

1 W. Feller, “ The general form of the so-called law of the iterated logarithm,” 
Transactions of the American Mathematical Society, vol. 54 (1948), pp. 373-402. 

2P, Lévy, “Sur les séries dont les termes sont des variables éventuelles indépen- 
dantes,” Studia Mathematica, vol. 3 (1931), pp. 117- 155; J. Marcinkiewicz, “ Quelques 
théorèmes de la théorie des probabilités,” Travaus de ‘la Société des Sciences et des 
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(3) | caa < Pr {| X| >g} < Cart 


where a, c and C are positive constants: Let A(t) be an increasing function 
such that A(2t)/A(t) —> 1 as t—> œ. For the special sequence 


(4) an = {n logn A (log n) ya 


and 0 <a < 1 the re £ has probability one ase) if the series 
(5) D {NA (7) J 


diverges (conver ges) ; the theorem remains true also for 1S a < 2 provided 
that (Xx) == 0 (in case & == 1 the Cauchy principal value of the i 
as méant). 


This theorem was proved by P. Lévy in the case 0 < «œ < 1 using the 
theory of stable distributions. The method does not work for «= 1. Marcin- 
kiewicz’s proof is of an elementary nature. The striking’ difference between 
the P. Lévy-Marcinkiewicz theorem and the law of the iterated logarithm — 
becomes apparent if one notices that according to the former any sequence 
{an} exhibits the same character as {Man}, where M>0 is an arbitrary 
constant. With the iterated logarithm all that can be said is that {¢,} and 
{gn + M/¢n} belong to the same class. In particular, {y log log n}* would 
belong to the upper class if y > 2, to the lower if 7 < 2. ` 

Consider now the 


Event £*: “The inequality 
takes place for infinitely many n.” 


A simple computation shows that, in the cases where the P. Lévy- 
Marcinkiewicz theorem applies, the events £ and Æ* have the same proba- 
bility. In other words: if the conditions (3) and (4) are satisfied, the 
asymptotic behavior of the sums {Sy} is entirely determined by the last terms 
X,: as far as maxima are concerned, Sn-ı can be neglected.in comparison 
with X,. Considered. against tae subtle background of the iterated logarithm, 
this behavior is very crude indeed. We shall see that it is typical for the case 
of infinite variance and also that surprisingly simple analytic methods suffice 
to treat this case. (The theory becomes the simpler the fewer moments are 
finite.) j | 


‘Lettres de Wilno, Classe des Sciences Mathématiques et Naturellés, vol. 13 (1939), 
pp. 1-13. 
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For simplicity we shall-consider only the case where all X; have the same 
distribution function 


(7) . Pri r) <7). 


This condition can trivially be relaxed in the direction of (3) where it is only 
required that the distribution functions of the X, should not differ too much 
from a giver distribution function. However, the methods of this paper do 
not apply tc the general case of distribution functions varying with k. The 
fact that absolute values are introduced in (2) is formally anothér restriction: 

however, it simplifies the formulation and it is me difficult to separate the 
cases Sa > dm and Sn < — an 


a 


THEOREM 1. Suppose that for some 0< 8< 1 l i 
(8) f aaraa 
; 090 
. but that the first moment exists and 
_ 
(9) : | J eee == 0. 


For the particular sequences an = m” and in =n the event Æ has pr oba- 
bility one and zero, respectwely. For any sequence {an} for which there exists 
an e with Oe < 1 such that? 


(10) l / ayn ® anny 


the probabilsty of Æ is one or zero according as the series 


a , | I.f ave) 
lela, 
diverges or converges. 


3? The restriction (10) seems so natural and mild that no effort bar been made to 
remove ‘it. Actually, the proof requires much less than (10), namely 


(102) n/a, < Const. (n -+ v/a, .,), 4 r>û 
and - , 
n a 
(10b) > ey? = O(na,-2). 
y-n 


The last cond:tion is certainly satisfied if, for Sane lm inf (@,,,2/0,,2) > 2. 
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THEOREM 2, If 
+00 


(12) file dV (a) = 0, 


OO 


and an = n, the event E has probability one. For any sequence {an} with - 
(13) | n/n | 
the probadility of Æ is one or zero according as (11) diverges or converges. 


The statement of either theorem can be reformulated to the effect that 
the probability of £ is the same as that of P*. 


Proof. If (11) diverges, the implication is trivial. It suffices therefore 
to assume that (11) converges. Put 


(14) py = f say (x) 
> jal <ar 

and . - 

»  Xp—pe if [Xe] <a 

(15) i ee a 


The probability that X54 X’r + px is given by the sni term of ai 
As this series converges, we have with pobapi i one 


(16) S~ Ë (X's + ux) = O (1) = 0 (an). 
In order to prove that, with probability one, 


; n 
(17) l > A'r = 0 (än) 
l k=l 


it suffices according to a frequently used trick + to show that with certainty 


(18) San) Xe < o. 


F 
Now X’ has vanishing expectation, and according to a theorem of Khintchine | 
and Kolmogoroff it suffices to prove that 


4The method of proving (17) from (18), applying Kronecker’s theorem, is due to 
H. Raderracher (“ Einige Sätze über Reihen von allgemeinen Orthogonalfunktionen,” 
Mathematische Annalen, vol. 87 (1922), pp. 112-138). Its usefulness in proving general 
probabiiity limit theorems has been demonstrated by A. Zygmund (in an article, written 
in Polish, in Mathesis Polska, vol. 8 (1933), pp. 76-87, where the real variable treat- 
ment of the theory of probability was outlined). Subsequently, the method has been 
extensively used in the Polish probability literature and is by now a familiar tool. + 
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(19) El/a f (e—a) (2) < o. 
: lal <ar 
Now, putting a) = 0, 


(20) 2 L/s f TA X1 > f wa (2) 


2 
la] < ax ae a: 


| : = f sdy (2) $ 1a. 


4 
als <a; 


The first of the conditions (10) ‘nities that a , 
co. oo 
D> 1/a < P/O) Jay? S L/P!) < B/(1 — e) - t/ay?. 
ki ket. : 

Therefore the series (20) is less than 


8/(1—e) Si f aV (2) =8/(1—«) X f dV (2), 


g 
ai-rSsiz| <t : . jala; 


and the latter series converges by assumption. As the terms of (19) are not 

exceeded by those of (20), the convergence of (19), and ero the certainty 

of (18), have been established. . 
In view of (16) and (17) it remains only to prove that 


(21) > 3 m = o (m). 


We consider first the case of Theorem 1. It follows then from (9) that, Zor 
an arbitrary integer N andn= N, 


(22) | 1/as $a | S O(N /tm) + 1/tm $ of |2| dV (x) 


|e] Zar 


S O(N/m) + rift, f |2] aV(2) + 1m $ J. |£] ëY (2): 


Jo|=an aad Fd 
Now, using the second condition (10), 


(23) nlm { |e] aV(2) £ È i/u f jz] dV (x) 2È: f d¥ (2) 


isan as<lz] <tn Sle] <ar 


— 2n f dV (2) +25 f avo). 


[elan * lelza, é 


be 
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The last series converges by assumption ; the first term to the right tends to 
_ zero since the integral is the general term of a convergent series with ecreasins 
terms. As for the last expression in (22) : 


~ 


an $ J |æ aV (2) => _f To, 


ge allan Ni 


and the last is becomes arbitrarily small for N sufficiently large. 
It remains to prove (21) for the case of Theorem 2. Then the series (11) 
cannot converge if a,/n remains bounded. It follows from (138) that 


[Man Se] ES [=| av (2) 
eek a | 
SO e - f |z| dV (2) 
. i anlol <an 
| < 0(Naw/an) + 3 s/a f |æ] aX (è). 
E asa Ele] < as 


That this tends to zero has already been shown in the second part of (23). 


~ 


CORNELL UNIVERSITY, 
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SCALE HYPERSURFACES FOR CONFORMAL-EUCLIDEAN 
| .SPACE.* 


By Yune-CHow Wone? 


£ 


4 


1. Introduction. We shall give in this paper generalizations to “-space 
of some of the results obtained recently by Kasner and DeCicco (3)? for the 
scale curves in conformal maps of a surface upon a plane. It will be observed 
that this subject is closely connected with the subject of the isoparametric ayper- 
/ surfaces? of Levi-Civita (4) and Segre (6) and incidentally connected with 
that of the subprojective Riemannian space of Kagan (2) and Schepiro (5). 
For notation and convention we shall follow Hisenhart (1), and in particular, 
we shall confine ourselves to real variables and real functions, 

The fundamental form ` 


(1.1) ds* = a?e (dan? i ; + dar’), | o = 0 (Ti t, n); 


. represents a conformal-Euclidean n-space On, conformable to the Euclidean 
n-space nt The scalar curvature of Cn with fundamental form (1.1) is 
(Eisenhart 1, p. 90) 


(1.2) R = (n— 1) [2A + (n— 2) Aso], 
where ma 
, (1.3) Aam (0,4) ?, ; Aro = 210,44; (4=—1,° : sn); 


are the Pasi ae second differential ames with respect to An; the indices 
after the comma indicate partial differentiation. 
The hypersurfaces o = const. in En» are the scale hypersurfaces :n the 


i 


| mapping of On on Ra. > 
Any simple family of hypersurfaces f = const: in Ry is called guasi- - 
isothermal if it represents the scale hypersurfaces of a conformal map of some 


* Recsived May 13, 1945. 

1 Harrisor Research Fellow at the University of Pennsylvania. | 

* References quoted are listed at the end of this paper. 

* We remark that the subject, of isoparametric hypersurfaces in a space cf constant 
curvature has been investigated by E. Cartan in recent years. 

t It is found convenient here to write the rectangular Cartesian soneatn ates in Ra 
sometimes as v1,...,2a" and sometimes as Baze + oy By. 
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Cn on Ry, such that the scalar curvature of Cn» is constant over each of the 
scale hypersurfaces. ) 

The family of hypersurfaces f == const. can represent the scale hyper- 
surfaces of that class of Cn for which e =o (f). The scalar curvature for this 
class of Cn is 


(1.4) R= (n— 1) 6 {20’Acf + [20% + (n— 2) (0’)*] Arf}. 
Thus, f == const. is quasi-isothermal if and only if 
(1. 5) Qo’ Aaf + [207% + (n— 2) (o”)?]Aif = function of f. 


Let F =F (f), then AF = F’A,f + FP’A,f. Therefore, if we choose F 
so that i 


(1.6) o” Jd +4(n—2)o = F/P, 
then condition (1.5). becomes 
(1.7) i A,F = function of F. 


Hence, f= const. is a family of quasi-isothermal hypersurfaces if and only 

if a function F of f exists such that (1.7) is satisfied. In particular, if F 

is any function satisfying this condition, then F == const. is a family of quasi- 

isothermal hypersurfaces. The scale function o of the corresponding mapping 

is given by (1.6). 
We know that if F satisfies 


(1. 8) A, F == function of F, . 


the hypersurfaces F == const. are parallel hypersurfaces. Hypersurfaces F 
= const. for which both (1.7). and (1.8) are satisfied have been called 
isoparametric hypersurfaces by Levi-Civita (4) and Segre (6), who proved 
that l | . 

All, (real) isoparametric hypersurfaces in Ry (n= 2) are one of the 
following three types: (a) parallel hyperplanes, (b) concentric hyperspheres, 
(c)ë generalized coawial cylinders of rotation (i.e. hypersurfaces which are 
aenerated from a pencil of concentric. hyperspheres in an r-plane (r = n — 1) 
by means of the oo” translations contained in Ry and orthogonal to the 
r-plane). 


For n= 2 this is essentially Kasner and DeCicco’s Theorems 2 and 3. 


6 We note that (b) may be considered as an extreme case of (c) when r=—vxn. 


y 
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We shall now ‘proceed to prove the following generalizations of Kasner and 
DeCicco’s Theorems 4 and 5: 


THEOREM 1.1. A family of «1 hyperplanes is a family of quasi- 
isothermal hypersurfaces if and only if it is a pencil of hyper ‘planes. The 
fundamental form K the corresponding Cn is reducible to 


(1.9) ds? = J (#1) (dæ? +--+ +--+ day”), 


where J may be constant or not; in the latter case the pencil of hyoerplanes 
must be parallel hyperplanes. 


THZ0OREM 1.2. A family of œt generalized cylinders of rotation which 
are generated from a family of «1 hyperspheres in an 1-plane is a family of 
quasi-scthermal hypersurfaces if and only if it is (a) a pencil cf coaxial 
cylinders for n > 2, or (b) a pencil of circles for n= 2 The fundamenial 
form of the corr penny Cn is poduri to 


(1.10) ds = Fee + --+ E 2) (da? -+e +de) (0<rSn), 
a 
(1.10), ds? = J (2? + a”) (da,? + daz’), 


- respectwely, where in (1.10) J const. or = const. according as the pencil 
of circles is concentric or not. 


COROLLARY 1.2. For n> 2, a family of «1 hyperspheres is a family 
of quast-isochermal hypersurfaces uf and only if it is a pencil of consentric 
hyperspheres. The fundamental form of the corresponding Cn is reducible to 


(1. 11) ds? = J (22 + ee + Ta) (day? + ee +- di”). 


By. definition a subprojective Cnn re n-space is a Riemannian space 
which can be so mapped on R, that the images of the geodesics are curves 
lying ir plenes which pass through a fixed point. Schapiro (5) proved that 
= the Cxe with fundamental forms (1.9) and (1.11) are two of the three and 
only classes of subprojective Riemannian space. Theorems 1.1 and 1.2 there- 
fore furnish a new characterization of these two classes of subprojective 
Riemanniar space. Schapiro also proved that the Cn with fundamentel form: 
(1.10). can be so mapped on Fa-that the images of its geodesics are curves 
lying on (r + 1)-planes. : 


2. Proof of Theorem 1.1. - Let F = const. be a family of (non- 
isotropic) hyperplanes in A, with rectangular Cartesian codrdinates a? 


€ ' 


f 
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(h, ù, J; k = 1," > n). Then there exist. some definite functions ar(F), 
ao (F) of F such that the equation | 


(2.1) | an(F)a* + a, (7) = 0 

is satisfied identically. Differentiations give 
| Z 
Bam Mi ag? 


Aol = SE a meas 2230.0," — Ae (ar T” + ao”) 3a,*, 

(Ac), ; == [— 45 Ima + 3A (ar e + ao”) Sai? la — A (3ai7) aj” + AP, 
where A is some function of z*. From this it follows that the condition ema 
namely, Oo 

(Aol) yF r = (AF), F e — (AP) Fj = 0, 
1s . ; 
{— (Sar?) ayy” + [— 4300,’ + 3A (ar T + ay’) 3047] ar; Sax; = 0, 
i.e since 3a," Æ 0, 
(2.2) aj” + Ba; + Caj = 0, 


where O is some function of zë and 


Saad a E 4+ ay” 


2.3 l = = l 
(2.3) Ba ee 


Let us consider (2.2) as n linear equations in B and C. Two cases 
arise according as only one or more than one of the equations in (2.2) are 
independent. For the former case, we have - 


(2. 4) | aj—=bjp, af = bp’, af’ == bip", 
where p = p(F), b; = b;(x"). From (2.4) it follows that b; = b; (F) 


= const. The family of hyperplanes (2.1) now becomes 


p(F) (bra) + a(F) = 0, | 


which is a pencil of parallel hyperplanes. Therefore we may suppose that 
p==1, so that a; = b; = const. and equations (2.2) are satisfied by C = 0. _ 
Then we have from (2.1) that | 


UT o(f), f = brs”, Af as 25,”, Aof =, 


Therefore equation (1.5) is satisfied. The corresponding Cn has the funda- 


` 
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mental form J (brz?) ( dx,? +--+ -+ dan”), which can of course be reduced to 
J (a1) (day? +--+ +--+ dan”) by a suitable change of codrdinates. 

We now suppose that in the equations (2.2) in B and C, there are at 
least two independent equations. Then since a; = a; (F), both B and C are 
functions of #. We have therefore from (2. 3) 


} 
an a + Oy” 


(2. 5) dn Bn + A 


—s(F), say. 

Moreover, since the aj, as functions of the independent variable F, are now 
solutions of the linear homogeneous differential equation (2.2), there exist 
two functions p(F) and q(#) and some constants b; and c; such that 


(2.6) a; = bjp(F) + cq (F). 


It is readily seen that becatse there are more than one independent ejuations 
in (2.2), the p and q and also the b;.and cy are not proportional. 
Using (2.6) in (2.1) and (2.5), we have 


(baat) p + (cxe*)g + ao = 0, 
(bast) (p — sp") + (east) (q — sq’) + a” — sao = 0. | 


_These two equations must be dependent; otherwise, both bz and cas" would 
be functions of F and' therefore they could differ only by a constant factor, 
ive, the b; and c; would be proportional. 

This being the case, we have 


(2. 7) 


| (2. 8) p” — sp =rp, 7 Yo’ — sf —79, do” — say’ = Tao, 
where r =r{(F). From these it follows that 
(2.9) | A = bop (F) + cog (F), (Bo, Co po: 
In consequence of (2. 6) and (2.9), equation (2.1) can be written as 
(2.10) (baat + bo) pF) + (c + co)g (P) = 0, 


which represents a pencil of non-parallel hyperplanes. i 

` We now prove that the Ca'corresponding to this quasi-isothermal family, 
which consists of a pencil of non-parallel hyperplanes, is itself Euclidean. 
From (2.10) we have | 
= ` < o bya? + bo 
c —a(f), f= cnet + 69? 


Af = 1? (Ibr? — 2fSback + f3),  Aef = 2v?(— Ibaon + fBer2I, 


268 - YUNG-CHOW WONG. 


where v = 1/ (crz* -+ co). Substitution of these in (1.4) and (1.5) gives 
R = y- (a function of !) == function of f. 


From this it follows that R = 0; a if R0, the b; would be proportional 
to ĉj. Therefore the Cn is an R. 


8, Proof of Theorem 1.2. Consider a family of co generalized ceylin- 
ders of rotation which are generated from a family of œ! hyperspheres in a 
fixed r-plané in Ra (rn). We may suppose, after a suitable change of 
rectangular Cartesian codrdinates, that this r-plane is Zra = 0,° + +, an = Q. 
Then, if F = const. is this family of cylinders of rotation, there exist some 
definite functions aa(F), ao (F) of F such that the equation 


(3.1) San? == 2f aa (Fy -+ a (F)] | (h,i, j, k = 1,; + -,r) 
is satisfed identically. Equation (3.1) can be written 
. (8 2) | I (Er — an)? = 1 = Zaa? + 2d. 


Differentiations of (3.1) give a 
Ti — a; 
ar T + ay”? 
AF == ZP 4, = nA — 2d? 3a! (En — an) — A'r? (ar Th + ao), 
(AF), = — Aa” + [lin + 2)? + A Ba (En — an) 
p Bate? (axa + a) Ja,’ -- AF 5, | 
where A is some function of æ". The condition for AF to be a function of 
F: (AF) uF x= 0 is therefore . 


7 ` F; = A (ti — t) = 


(3.3) aj” + Baf = O(a; — a), 

where C is some function of s* and 

(8.4) B= (n+ 2)? — Ar Ban (nr — tin) — BA (ar Tt” + ao”). 
We consider first the case C == 0, and then show that the case C = 0 


leads to a contradiction. When C == 0, (3.3) is of the form aj” + Baj = 0. 
It follows from this that B == B(F) and then that 


i 
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(3. 5), ag = bip(F) + c; 


where the 6’s eet all zero) and c’s.are EN Furthermore, we now have 
from (3.4) after simplification that ae 


nah te ag” 


Oyo +- ay” 


(2 — 2) ay’x* — 3 1? = function of F. 


When we substitute the values a; from (3. 5), this becomes 


(bia) p” -} an” 


Cy oe 
(Ge) ay 1 function of F. 


(3.6) (n—2) (bia*) p’ —3 
. “Tf (1 — 2) p’ s£ 0, this equation would demand that baz? be a function of 
‚F, which is contradictory to the hypothesis that F = const. is a family of 


cylinders of rotation. Therefore we must have (n — 2)n" = 0. . 
If p 0, (8.6) is satisfied and (3.5), may be supposed to reduce to 


(3. 7) aj = c; = const. 


This, together with (3.1), shows that wé have a pencil of coaxial cylinders. 
If p’s£0, then n= 2. And since ica = function ot F, equation (3. 8) 
requires thaz 
a sree ao p” 2 0, 
so that E | 
(3. 5)2 l ao == bop (F) + co l (Bo, Co constant). 


Ț 


On account of this and (3. 5)15 equation (3.1) represents a pencil of cylinders. 


Hence we have two cases: (3.7) or (3.5) with p0. Tke former 
= can happen for any n(> 1), while the latter case can happen only “or 
== 2, which is the case of Kasner and DeCicco. 


For the case (3.7), equation (3.1) becomes 


San? = Renz" 4- ao(F). 
Consequently, | 
2 =— Ji f == 32,” — Rene, Af = ag +. eee Af = 2n. 


Condition (1.5) is therefore satisfied, and the fundamental forn of the 
corresponding Cp is reducible to 
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=J (m + +b r?) (day? +> ++ dan’). 
For the case (3.5), equazion (3.1) becomes 


Say? = 2 (dro! +o) p(F) +2 (ca + co). 
Therefore e == o (f) and 


fm Zer — 2(cat* + ĉo) __ Iy +e 
bret -+ bo — bttb? 


where b and care some constants. From this we have, writing v” == bg” 
+ bo == bryt + b, , | 
Af = v [4f — e) + fbr], l 


Aof == 2nv — 4y7bny” A 2y? (Zb?) Ga’ + c), 


4 


the latter of which becomes, for n= 2, 
Aof = v*[4b -+ 2f (3027) |. 
Therefore from (1.4) and (1.5) we have | 
| _ R = y*- (a function of f) = function of f. 


k must be zero; otherwise, the family of quasi-isothermal hypersurfaces 
f = const. would be v>? = bir + bo = = const., contradictory to ee 
Therefore C» is a Euclidean space. 

= We now suppose that the C in (3.8) be not zéro. Ti the aj” are all zero, 
(3.3) becomes Baf == C(a2;—a;). Squaring this and then summing over J, 
we have B?3a;)/? = C?r?, showing that the preceding equation can be written 
x; = function of F. From this it follows that the family of quasi-isothermal 
hypersurfaces F = const. is v; = const., contradictory to our hypothesis. There- . 
fore aj” are not all zero. Let us now multiply (38.3) by aj”, aj’, 2j— a; 
respectively and then sum each of the results over j, we have 


an”? +- B3an’an” = Obar” (Er — an), 
(3.8) axax” + BSax’? == CSay’ (£n — a), 
Pa (an — an) + BSax’ (an — ar) = Cr, 


These are three equations in C, X == San’ (£r — an), Y = Zar” (zn — aa), with 
functions of F as coefficients. We shall now prove that these equations can be 
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solved for C, X, Y as definite functions of- F, and consequently, we would 
have a contradiction with (8.1). 

Eliminating B and C from (8.8) and C from the last two equations 
of (3.8), we have, respectively, 


(3.9) (ar) Y° — 2(Sar’an”) XY 
+ (San?) X? + 2? (San’an’)® — (Zar?) Coan?) ] = 
and 
ran an’ + Br? Say’? = X(Y + BX). 


The last equation is, on substitution for the value of B from (38.4), 
(3.10) r 3an’ay” — XY + (3x? — 1 °X?) 
Y ~- Sasa,’ + s] 
DS 7 Dats e EE N E 
x [ (x 2)X + (n +2) (Sma + ag!) — Br? SEE =0 
Writing this for brevity as 


(3.10) a— XY + (B—r?*X?) | (n—2)¥ +. (n + 2)y — 3r? = =] = 0, 





X 
and solving for Y, we have 


(n — 2) Xt + 2nyr 2X ia ai 


ens caer: e 


| where the tnwritten terms are of the second or:lower degree in X. When this 
value of Y is substituted in (3. 9), the latter becomes a polynomial equation 


o eA 


(Zax?) [ (1 —2)r Xt + Inya -+T 
— 2 (Zay ar”) [(n—2) Xt + Iny ++ + +] (2X? — yX — 3er) X 
+ (3a?) (2X? — yX — BBr?)?X? 
+ riaa) — (Zar) (30x) | (2X? — yX — 88r)? = 0. 


(3. 11) 


If nS 2, the coefficient of X° in (3. =) is (n — 2)” žar”, waich is not 
zero since the ax’ are not all zero. 
If n = 2, the coefficient of X° in (3.11) is’ 


(4yr?) 2S ay? T 4 (Sakar) 4yr? -į AS ax “2 
= 43 (an — 2y tan’)? = AS (0 — Bea’)? 


the last equality follows immediately from the definition of r and y. This 
coefficient -s zero if and only if 


aj” — 201 a; = 0. , 
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_ Comparing this with (3. 3) we have equations of the form nae == C = —aj).- 
This, as we saw before, would lead to a contradiction. : 

Therefore in both tases equation. (3. 11)- requires that X r a function 
of F. Hence the case C 5 0 is~impossible, end the proof of Theorem 1.2 has 
been completed. . 
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A FACTCRIZATION OF THE DENSITIES OF THE IDEALS IN 
ALGEBRAIC NUMBER FIELDS.* 


By AUREL WINTNER. 


Introduction. Let & be an algebraic number field, £(s;8) its zeta- 
function and C = C(&) > 0 the residue of this zeta-function (at s=1). 
Accordirg tc the fundamental limit-theorem of Dirichlet-Dedekind (cf., e. g., 
[1], pp. 142-149), the (integral) ideals of & have a finite and non-vanishing 
density, that is, the number of the ideals having a norm not exceeding v is 
asymptotically proportional to z, as æ —> co. If Dirichlet’s elementary Abelian 
lemma {cf., e.g, [1], pp. 152-154) is applied to the Dirichlet series of 
£(s;), it bzcomes evident that the numerical value of the asymptotic density 
must be the residue C, provided that the existence of this density 1s granted. 
What is not evident is the existence of this density. In fact, when Dirichlet 
and Dedekird developed their theory of unities, their main, or rather so_e, 
purpose was a proof for the existence of an asymptotic factor of propcr- 
tionality (for historical references cf. [7]). However, as was shown in [7], 
this existence theorem can today, be proved in a manner which completely 
avoids tke theory or the existence of unities. _ 

The positive results of. the present paper (some of them will be negative) 
supply for the asymptotic density a peculiar evaluation, rather than an exist- 
ence proof. While the classical evaluation involves such data as the regulator 
and the numbers of real and complex untties in the field, the evaluation which 
will result only contains data depending directly on the laws of factorization 
of. the integral ideals. In particular, the residue C will appear as a product 
extended over the sequence of all rational primes.’ 

This evaluation of the asymptotic density is not difficult to prove; it is 
“elementary ” in the technical sense of the analytic theory of ideals. That it 
does not seer to have been observed before, may be explained by the fact that 
it is fully disguised in the case of the rational- field, since ay then b2comes 0 
in every factor of the infinite product H(1 ~- &p) representing the residue 
(which is 1 =n case of the rational field). Incidentally, this trivial case pre- 
sents the only field for which the product evaluation is absolutely convergent. 
The result is as follows: 
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With reference to an arbitrary algebraic number field, let 
(1) | j= j(p) =, 


where p = 2, 3, > +, denote the number of the distinct prime ideals which 
divide the principal ideal [p], and let 


(2) gı =g (P) Z1: 7, gi = gim (pP) Z1 
be the respective degrees of these j prime ideals. Then the product - 
(3) aaa dae a ia a a) aa Oar aL 


where p runs through the sequence of all rational primes in increasing order, 
is convergent and its value represents the asymptotic density of the integral 
ideals in the field. i 


` The proof of the representation (3) of the asymptotic density will depend 
on (i) the extension to algebraic number fields of Mertens’ elementary approxi- - 
mation to the prime number theorem, and (ii) a particular ener 
the legitimacy of a formal Eulerian factorization. 

As to (i), it is clear, and well-known, that any of the proofs of Mertens’ 
theorem concerning the rational field (in particular, Mertens’ own proof and 
Hardy’s “Tauberian” proof; cf. [3], pp. 22, where further reterences are 
given) can directly be transcribed to the case of an arbitrary algebraic number 
field. However, since all these proofs depend, very explicitly, on Stirling’s 
theorem and break down, therefore, in more general situations, if seemed to 
be worth proving a more general fact, which is the content of the ‘first of the 
assertions of the. theorem italicized below. What concerns (ii), that is, the 
legitimacy of the formal Eulerian derangement, assertion: (ii) of the same 
theorem will become applicable. Fimally, the negative result, (iii), of the 
theorem will show that the legitimacy of the derangement in, question is y no - 
means automatic. - 

An appendix considers the nature of analytical limitations imposed on 
the zeta-function £(s;8) by the laws of factorization in the field ®, that is, 
by the specifically arithmetical character of the data (2), (3) of &. 


l. By a multiplicative function F(Y of the positive integer n is meant 
a sequence #’(1),F(2),--- satisfying F(nm) —F(n)F(m) whenever n and 
m are relatively prime. Thus, if the trivial case (1) = F(R) =---=0 


_ 
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is excluded, the function F (n) is uniquely determined by an arbitrary assign- — 
ment of its values attained when n is a prime power, n = p*, where p = 2, 3, °°: 
and k>0 (if k= 0, then #(1) = 1, since F(1) 0). ` 

The general theorem, referred to above, which does not assume the posi- 
tiveness of the coefficients (and, in case of positive coefficients, is not restricted 
to those, very explicit, situations in which Stirling’s theorem is epplicable) 
runs as fol_ows: | 


Let Fin) be a multiplicative function for which the Dirichlet serizs 
` 
(4) | f(s) = 3 F(n)/n® 


is absolutely convergent in the half-plane o > 1 and represents there a func- 
tion acquiring a simple pole at the point s = 1 (escept for a vicinity of this. 
point, the function f(s) need not remain regular along the line o = 1). Then 


(i) ¢f the absolute value of F(p) is less than a constant raultiple of 
po) for some fixed 0 < 1 and for every prime power p*, the series 
Tipis 
(5) 5 (p 1 
is convergent ; in addition, ` 


(ii) under the assumption of (i), the infinite product 
l a | 
(6) I (1—p*) (1+ 3 F(p")p*) 
i ‘ p kzl . 
is convergent and its value is the residue of f(s) at s=15; however, 
(iii) +f the common assumption of (i) and (ii) is satisfied fcr every 
kÆ 2 but is relaxed from F(p?) = O(p*) to F(p) = O(p) for k =32, then 


the asserticns.of (ii) become false, not only because (6) may become divergent, 
but also because (6) can converge to.a value distinct from the residue; even 


‘though the assumptions made before (i) are satisfied. 


It is understood that p in (5) and (6) is supposed to run through the 
sequence of all primes in increasing order. This proviso is necessary, since the 
convergence of (5) and (6) is not in general absolute. 


2. The following proof of (i) will depend on M. Riesz’s extension (tc 
Dirichlet series) of Fatou’s theorem (on power series). Since this extension 
can further be generalized so as.to involve just a Fourier condition, rather 
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than regular-analyticity, near the point ¢==0 on the boundary line s==1+ at 
(cf. [4]), the full force of the assumption, according to which the function 
(4), where e > 1 in s =c + 2, is the sum of const./(s — 1) and of a func- 
tion which is regular-analytic at s = 1, will not be needed.: The particular 
case suficient for the proof of the above formulation states that, if a Dirichlet 
series l | 
y oO 
(7) x a(n) /n§ 
n=1 
` ~ ` > f 
converges in the half-plane o > 1 to a function which remains regular-analytic 
at the point s= 1, then the (trivial necessary) condition 


(8) 3 a(n) —o(2) Se (z —> œ) 


is sufficient for the convergence of the series (7) at the point s = 1. 
First, it is clear from the assumption @< 1 of (i) that (4) possesses the 
absolutely convergent Eulerian factorization 


1 


(9) + f(s) = AHIR) 


in the half-plane o > 1 (in fact, even 4 = 1 is sufficient: to this end). If this 
is applied to the case F(1) = #(2) =::+=1, in which f(s} becomes 
Riemann’s £(s), it follows, by subtraction from the logarithm of (9) itself, 
that 


(10) dog HE gE pe 


holds if o is sufficiently large (the logarithm refers to the determination 
which tends to 0 aso—> œ). Ifo is sufficiently large, then, by absolute con- 
vergence, the expression on the right cf (10) can be rearranged into a Dirichlet 
series (7) in which 


(11) | a(n) = unless n = p". 


It is clear from the assumption of (i) that each of the remaining coeffi- 
cients, a(p*), of the Dirichlet series of the logarithm (10) has an absolute 
value. less than a constant multiple of the (0 -+ «)-th power of p™*, for every 
fixed e > 0. Since 0 < 1, it can be assumed, by choosing a 0 somewkat greater 
than the given 0, that a(p*)-is majorized by a constant multiple of p?@), 
where 8 < 1. If this is compared with (11), it follows that the Dirichlet 
series (7) is absolutely convergent in the half-plane o > 1, and that the sum 


Pana 
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of those of its terms which do not belong to primes (i. e., in which n = p’, 
where & > 1) is absolutely convergent at the point s = İ. | 

On the other hand, since (7) is identifed with (10), the sum of those 
terms of (7) which do belong to primes is identical with the- first series on the 
right of (10), a seriés which becomes the series (5) at the point s = 1; But 


the logarithm on the left of (10) remains regular at s =1, since the Dirichlet > -` 


series (4), where o > 1, is supposed to represent a function having a simple 
pole at s = 1. Consequently, the convergence of the series (5) will be proved 
if it is shown that (8) is satisfied in the present case. 

Since e(p*) is majorized by a constant multiple of p’*™, it is seer. from 
(11) that (8) will be ascertained if it is verified that the sum 


> pik) 
perce 
is o(x) as «>. In order to verify this estimate, let the latter sum be 


rearranged into 
` 3 o0 


a > > “pA(RA), 
k21 p< glk l 

where p is the summation index of the interior sum. Since ther2 are just 
O (log x) ‘values of k for which x” exceeds at least one p, the upper limit, oo, 
of the exterior summation can be replaced by O (logs). On the other hand, 
since the nımber of primes not exceeding N is less than a constant multiple 
of N/log N (Chebyshev), the number of terms in the k-th interior sura Goes 
not exceed a constant multiple of ka”/log æ. Finally, the greatest term of 
the k-th interior sum is less than the 6(4—1)-th power of z’**. Corsequently, 

the sum (8) is majorized by a constant multiple of 

O (logs) 
a ae =S ea OD Nel /k og a, 
k=1 ` 7 leg 
Clearly, the first factor, k, of the k- th term of this majorant can be 
omitted if ð is replaced by a somewhat greater 0. Hence, all that remeéins to 
be shown is that, as v — œ, the estimate 
O (log x.) 
C3 g/kg log ¢ = o0(2x) 
k=1 

holds for every fixed 0 <.1. But this is obvious. In fact, if 6 were 1, the last 
sum would be 


O(log x O (logg) ' 
x l paigalt flog =p = 1/log x, 


k=1 
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which is zO (log s)/log s = O (z). And this O becomes an o if 0—1 is 
replaced by 6 < 1. 


This completes the proof of (i). 


~ 


4, The identity (10) resulted from a simultaneous logarithmization of - 
(9) and of the corresponding factorization of the Riemann zeta-function, 
namely, of the infinite product 


f(s) /t(s) = (1—p*) (1+ 3 F (P) p*), 


where o > 1. Let the factors of this infinite product be denoted by 1+ ep(s). 
Then ' . 


(12) CO FOA) ERE 


' where o œ> 1 and 
(13) Co(s) = a(s) + B(s) i 


if %p({s) and p(s} are abbreviations for 


(14) a(s) = (F(p) —1)/9" 
and l 
(15) Bol) =F (P (P) — F(p)) /ph 


Since (s— 1)¿(s)— 1 as s— 1, the assertion of (ii) is equivalent to 
the statement that (12) remains valid at the point s = 1, if the value attained 
at s== 1 by the quotient on the left of (12) is meant to be the residue of f(s) 
at s==1. In other words, (ii) will be proved if it is shown that the infinite 
product (12) is convergent on the closed half-line s = 1 and represents there 

a function which is continuous (at s = 1). Tn view of (mi) , the second of 
these assertions is independent of the first. - 

Since the case k= 1 of the assumption of (i) means that F(p) is a 
“bounded function of p, it is clear from (14) that 


(16) . | 3 Max | (s)|? < o. 
l p 1538 


t ga ~ 


Similarly, the series (15) is majorized by a constant multiple of 


00 ' oOo 
k=2 DE -= 
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if sZ 1. As p— œ, the sum of the last series remains less than a »onstant 
multiple of its first term, which is pr. Since 0— 2 < — 1, it follcws that 
= | Bp(s)| is majorized for s = 1 by a convergent numerical series, ari so 


(17) 7 3 Max | Bp(s)| < o. 
p iss 

In particular | 

(18) ` 3 Max | Bp(s) |? < œ. 
p iss 


According to a standard convergence criterion of Cauchy, an infinite 
product IE(2 + cp) satisfying X | cp |? < oo is convergent if and onl if the 
series Sep is, and a corresponding criterion holds for uniform convargence. 
But (18), (16) and (18) imply, by Schwarz’s inequality, that tk= series 
= Cp (s) |? is uniformly convergent for s=1. Hence, the product (12) is 
uniformly convergent for s = 1 if and only if the same is true of tke series 
Zcp(s). In view of (13) and (17), this will be the case if and onlz if the 
series X¢,(s) is uniformly convergent for s= 1. Finally, (14) shcws that 
p(s) is a Dirichlet series which at s = 1 becomes the series (5), he con- 
vergence of which is assured by (i). Since a Dirichlet series which is convergent 
at s==1 must be uniformly convergent for s Z1 (Abel-Jensen), it follows 
that 3cp(s) is uniformly convergent for s = 1. 

Consequently, the product (12) is uniformly convergent for s Z1.. This 
is slightly more than what was needed for the completion of the proofof (i), 
which was seen to depend on whether or not the product (12) converges Zor 
s= 1 to a continuous function. 


5. What concerns (iii), the possibility of a divergent producr (6) is 
cbvious under the assumptions of (iii). The remaining statement cf (ii) is 
that the product (12) may converge on the closed half-line s Z 1 to unction 
having a discontinuity of the first kind at s == 1, if the assumptions of (iii) 
are satisfied. 

An example proving this possibility results by choosing the multislizative 
function F(x) as follows: F(p) = p* or F(p") = 0 according as E is even 
or odd. Teken all assumptions of (iii) are satisfied. Furthermore, ince 





eo 00, oO 
LS F(p) pt = 1+ 3 pip = 3 p*, 
k=i : k=1 k=0 


every factor of the product (6) is 1. Hence, all.that remains to be chown is 
‘that the function f(s) has at s—1 a simple pole the residue of ~zhich is 
distinct from 1. But (9) shows that, if o > 1, 
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f(s) =U (1 + 3 p"/p™) = 1 (1 — pP), 
` p a S ; p ° 


which means that f(s) can be obteined by substituting 2s—1 for s in the . 
factorization of Riemann’s {(s). And the residue of f(s) —€(%s—1), at. 
s==1 is distinct from 1, since (s—1)£(s) — 1 and ((2s—1)—1)/(s—1) 
—- 2 Æ 1 as s-—>l. 

It should be mentioned that a similar example can be derived from a 
- consideration of Hardy [2] concerning the EOE of certain oe 
involving Ramanujan sums. 


6. The Meore italicized in the. introduction ae now .be deduced 
from (il). 
Dedekind’s zeta-function of an algebraic number field Q is OE if 
o> 1, by 
t(s; 8) = (1— (ap), 


where p ranges through all prime ideals of & and Np is the norm of p. Ifthe 
factors occurring in this product are. arranged in the order corresponding to 
the principal ideals LPI, where p is a rational Peet it is seen that, if e > 1, 


(19) t(s; 8) = 0 (1 — a eget), 
Dp 


where p runs through the sequence of all rational primes and g,7 denote the 
positive integers defined in (2), (1).° | 

In the definition of the function (1) of the rational prime p, the role of 
the restriction to distinct prime ideals is clear from the fact that the number 
of all prime ideals E the aoe ideal [p] is independent of p. In 
fact, if 


(20) | m 1=h(p) Z1: +50; = ljm (p) =< 1 


denote the multiplicities of the j distinct prime ideals which divide [p] and < 
have the respective degrees (2), then the number of all distinct prime ideals 
dividing [p] is the sum 


(21) L(p)gi(p) + oso + Li co) (p) gim (P) 
which is just m for every p, if.m denotes the degree of ®. In addition, 
(22) g:(p) +--+ gin (p) =m for every p> ad, 


if d is the discriminant’ of &. In fact, ah of the 7 si (20) 


A FACTORIZATION OF DENSITIES OF IDEALS. 281° 


occurring in the decomposition (21) of m is 1 unless p? divides the dis- 
criminant. This follows from the classical lemma according to which the 
factorization of'a principal ideal [p] into prime ideals contains a multiple 
factor (if ard) only if the rational prime p is a divisor of the discriminant. 
Thus it is clear that, if (19) is identified with (91, then the absolute 
value of F(p*) is less than a constant multiple of p'4-) for evary fixed 
=e > 0. It follows therefore from (ii) that the product (3), which results 
by inserting the factors 1— p into the case s == 1 of the product (19), is 
convergent, and that its value is the residue of (s; 8) at s =F. Since this 
residue is identical with_ the asymptotic density a as the 
proof is complete. 


7. What concerns (i), it was mentioned in the Introduction that, in the 
particular cese (19) of (9), the convergence of the series (5) may be obtained 
‘from Merters”* theorem for &. The actual content of (1) admits, in tke n 
case, the following interpretation : 

With reference to a fixed algebraic number field &, let a rational prime a 
be called “normal” if the number of those distinct prime ideals of first degree 
which occur in the factorization of the principal ideal [p] is exactly 1. And 
let the remaining, or “abnormal,” rational primes (if any) be classified as 
“ defective” or “ excessive ” according as that number is 0 or at least 2 (it can 
never be greater than m, the degree of &). For instance, every p is normal if 
& is the rational field. If m — 2, there are various senses in which it is mean- 
ingful to sav that, as s — oo, there are in the range 1 < p < x about as many 
primes p for which the discriminant of & is quadratic residue as primes p 
for which it is quadratic non-residue (one of the many possible formulations 
of this principle, which are of varying degree of analytical “ deth,” was | 
proved by Pólya [5]). If ®, instead of being (real and) quadratic, is an arbi- 
trary algebraic number field, one will expect a corresponding asymptotic balance 
between the two sets of abnormal primes. But what the convergence of zhe 
series (5) means is precisely such a balance. 

In fact, let vp = vp(®), where p= 2,3,---, denota Kronecker’s index, 
defined as zhe number of those distinct prime denle of first degree which . 
divide the principal ideal [p] (so that vp is non-negative and cannot exceed 
the degree of &). Then, if (19) is identified with (9), it is clear from the 
definition o= the positive integers (1), (2). that F(p} can be identified with vp. 
Hence, (i) means the convergence of the series 3(vp—1)/p (which must be 
arranged in the order of the monotone sequence of all rational primes). But 
the factor m — 1 which ‘here multiplies the term 1/p of the divergent series 
Z1/p is —1,0 or at least 1 according as p is defective, normal or excessive. 


. 
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-~ Thus the convergence of the series Gs 1)/p means for the average behavior 
of the factor vp— 1 a specific kind of PpO oscillation, representing the 
ii balance” in question. 


Appendix. 


The integr al-valued functions (1), (2), (20). of the rational prime p sub- 
stantially describe the laws of factorization of the integral ideals of an algebraic 
number field &. Conversely, these laws of a given & determine the functions 
(1), (2), (20) uniquely. But fields. for which the mystery of these laws has 
been solved are scarce indeed. And the following considerations imply that, due ` 
to this purely algebraical mystery, the difficulties of anything like Riemann’s 
hypothesis in case of an arbitrary algebraic number field R go much deeper 
than in case of a & which is quadratic or cyclotomic (or, for that matter, 
rational). 

Let a degree-functton mean an arbitrary assignment, for every rational 
prime p, of a positive integer (1) and of 7 ==j(p) positive integers (2), sub- 
_ ject to the restriction that the resulting functions j, g of p satisfy (22) for 


- some m = const., d = Const. 


Clearly, every degree-function determines an infinite a (19) which, 
by uniform convergence, represents a regular function in the half-plane o > 1, 
However, a degree-function is not in general such as to make the product (19) 
identical with the zeta-function of some algebraic number field ®. In fact, the 
characterization of these “algebraic” degres-functions presents an arithmetical 
existence problem, even the nature of which is quite obscure today. 


~All that is clear is that the arithmetical restrictions in question impose 
function-theoretical limitations on the choice of the degree-function. For 
instance, a degree-function cannot belong to an algebraic number field unless 
the function represented by the product (19) in the half-plane e > 1 admits 
of an analytic continuation regular in the whole plane except for a simple pole 
at s= 1. A further necessary condition is that the ‘resulting meromorphic 
function be such as to satisfy a Riemann-Hecke functional equation. (Inci- 
dentally, it is not evident in itself that this second necessary condition is 

independent of the-first.) However, the existence of a & remains undecided 
even if a functional equation ts satisfied. 


What actually happens is that, if the degree-function is chosen at random, 
then the corresponding Eulerian product (19), instead of defining a function 
meromorphic (or, at least, algebroid) in the whole s-plane, will possess a natural 
boundary ; in fact, this will be the case for “almost all” choices of the degree- 
function. The “almost all” refers to a Lebesgue measure naturally associated 
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with the space of all degree-functions belonging to any fixed value of re in (22). 

' Ia fact, consider an arbitrary disjunction of the sequence of all rational 
primes p into two complementary subsequences, and let a p be called £ q or an r 
togordmig as p is in the first or in the second subsequence. Thus 


USS La AO ee — p”)> 


is Riemann’s ¢(s) and both ee 
(23) ` (8s) = m Se as ae `“ £(s)/n(2) S rt) 


represent non-vanishing regular functions in the half-plane o >1. It was 
shown in [3], p. 23, that the underlying disjunction can be so chosen as to 
make the line o ==1 a natural boundary for the first, and therefore for the . 
second, of the functions (23). a 

However, the “generic” case, characterizing “almost all” disjunctions, 
is that the first, and therefore the second, of the corresponding functions (23) 
_ remains regular on the line o = 1 except for an algebraic branch-point of 
order 3 (irstead of a pole of order 1) at s= 1, and admits across the line ~ 
c= 1 an analytic continuation which, except for possible algebraic singu- 
larities (the non-existence of which depends on the truth of Riemann’s 
hypothesis for the €(s) of the rational field), exists and is regular in the 
half-plane o > 4 but has the line o = 4 as natural boundary; cf. [6], p. 27. 

In order to deduce from these facts the assertion italicized before (23), 
let, with reference to any given disjunction,’a degree-function belonging to 
m = 2 in (22) be defined as follows: The value of the function (1) of p is 
chosen to be 2 or 1 according as p is a q or an r. This implies a unique | 
assignment of the functions (2) also, if (22) is required to hold for m =2 | 
(and for every p). It is clear from the identity ) . K 


64 u(r) =n a) o 
. | q q 
where o > 1, that the product (19) defined by the resulting degreè-function 
can be wri-ten in the form 
it (i= ¢*)" rt)" aa 
q , r -q 
and is therefore identical with 
E(s)a (28), 
by (23) and by the identity preceding (23). 


284 ; AUREL WINTNER. 


This completes the proof, since {(s) is meromorphic in the {whole plane 
but (2s) has sometimes the line e = 4, and almost always the line o = 4 
as natural boundary. z | 
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THE FU NDAMENTAL LEMMA IN DIRICHLET’S THEORY OF 
THE ARITHMETICAL PROGRESSIONS.* | 


By AUREL WINTNER. 


1. Bya completely multiplicative function x = x(n) is meant any repre- 
sentation of the ordinary multiplication on the semi-group of a:l positive 
integers n, that is, any infinite sequence of real or complex numbers x(1), 
x(2),- > + satisfying the identity y()x(m)—yx({nm) and the additional 
restriction that x(n) 4 0. holds for at least one n. Since the latter proviso is 
equivalent to x(1) 40 and also to x(1) = 1, it follows that the most general . 
x(n) results by choosing its values, x(p), for primes, p, in an arbitrary 
manner and then placing 


(1) x(n) = TAP if MSp 
pin 


where x*(¢) denotes the k-th power of x(p), and both products have the 
value 1 when they are vacuous, that is, when n — 1. 
Clearly, (1) is formally equivalent to’ the truth of Euler’s deletion 


(2) 3 Z x(n)/n == n (ies x (p) / p°)" 


(as an identity in s). The italicized reservation is necessary, since the series 
(2) and/or the product (2) can diverge for every s. It may be mentioned that 
this will not be the case if and only if the values x(p) determining the repre- 
sentation x(n) are so chosen that there exists a sufficiently large C satisfying 


(3) | |x(p)| < p° 


for every p. Then (2) holds, by absolute convergence, in the half-plane 
o>C+i1, where s == g + it. 

A. classical instance of (1) is supplied by any of the @(m) residue char- 
‘acters (mod m). Any of these particular functions x of n has the pariod m 
and, except in case of a principal character, the mean-value 0 over a period. 
This implies that L(s), the Dirichlet series on the left of (2); is convergent 
“in the half-plane « > 0. In addition, all non-vanishing values of x become of 
absolute velue 1, that is, 
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(4) % Ix(P) |? = |x(p)| | 

holds for every p. | a 
If x(n) is a complex character (mod m), the non-vanishing of L(1) is 

trivial; cf., e. g., [1], p. 171. On the other. hand, if x(n) is a (non-principal) 

real nares (which, by (4), means that x(p) is capable of the three values. 


(5) i x(p) ——1,0,1 


only, where — 1 actually occurs), then the non-vanishing of LO) 3 is the 
central fact in Dirichlet’s proof for the existence of an infinity of. primes in 
each of the ¢(m) arithmetical progressions h, h + m, h + 2m,- +, where 
(h,m) =1. Although it is undoubtedly impossible to conclude from Dirichlets 
theorem on the progressions that none of the real non-principal values L(1) 
vanishes, (which alone would prove the necessity of an analytical proof), the 
theorem on the progressions has never been reached by an approach distinct 
from Dirichlets route. In fact, all the known variants differ only in variations 
of the proof of the fundamental lemma, £({1) 5£ 0, of Dirichlets theory. 


2. A short account of these variants may be read on pp. 169-172 in [1]. 
The. literature quoted by Hecke can be completed by referring to a more recent 
- device of Ingham [21], further developed by Rankin [4]. Ingham’s method, 
adjusted to complex-valued representations y(n) satisfying (4), consists in 
taking suitable combinations of complex-conjugates and then applying the 
functional-theoretical argument used. by Landau [3] in the case (5). This 
elaborate approach has far-réaching advantages (for instance, it leads to a 
variant of the Hadamard—de la Vallée Pousin’ proof of ¿(1 + it) ~0.for 
— co <¢t< œ). But in the case of real-valued representations y(n), it does 
not seem to apply to cases distinct from (5), since it depends on (4), that is, 
on the assumption that all non-vanishing values of the (real or complex) 
function x(n) be of absolute value 1. 

However, it is suggested by a recent consideration ([51, p. 68, where 
f (n) corresponds to the present x(%), and f(n) to the coefficient of 1/n* in 
the Dirichlet series of £(s)L(s); cf. (18) below), that the true condition 
belonging to a real representation x(n) has nothing to do with the sharp 
arithmetical restriction (5), but merely with the assumption - 


(6) —1Ex(p) < o. 


(for every p), which is qualitative in nature. Since this unilateral restriction 
does not imply the convergence of the Dirichlet series L(s) for some s, an 
additional convergence condition must then of coursé be required. But this 
additional restriction disappears if (6) is particularized to the generalization 


~ 
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(7) ‘—LEx(p) S1 


of the classical case (5). And the case (7) is of fundamental arithmetical 
‘interest, since, as seen from (1), a real-valued representation x(n) of the 
multiplication is a bounded representation if and ony if its data x(p) satisfy 
(7) for every p. 

It turns out that the eaten of Dirichlet’s. theorem 'L(1) £0 from 
the classical case (5) to the case (7), and even for the more general cese of 
(6), is actually possible. The proof will depénd on an observation the rough 
content of which is to the effect that the rôles of the L-series (2) and of the 
Riemann zeca-function 


(8) €(s) = (== 1p) | (o>) 


can be interchanged in the Landau-Ingham treatment of the case (4). . Corre- 
spondingly, what is essential in the. analogous situation considered in [5], 
p. 68, is not the sharp restriction (5), but merely the assumption that the 
coefficient 1 + a,—1-+ (p) on the right of the formal identity 


(9) (1 + dp/p*)(1—1/pt)* = 1 +3 (1+ a») /p, 


where ap == x(p) and o > 0, be non-negative for every p. But this i is precisely 
the assumption (6). 


3. It will be convenent to defer the treatment of the general case (6) 
which is complicated by the necessity of an additional convergence assumption 
but is otherwise not different from the treatment of the particular case (7). 
In the latter case, the theorem is as follows: | 


: (*) Let x(n) be a real, bounded representation (1) of the ordinary 
multiplication on the semi-group of the positive integers. Suppos? that the 
regular function L(s) Apa by the Dirichlet series 


(10) >o Ls) = 3x(n)/nt 


on the half-line s > 1 admits across the point s = 1 an analytic continuation 
which remains regular on the segment 


(11) a ae 
Then | 
(12) L(1) >0 


or, what amounts to the same thing, L(1) ~0. 
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The regularity of L(s) on (11) 1s essential, since L(1) 0 becomes 
possible as soon as (11) 1s replaced by 


(13) $<sSi. 


The insufficiency of (13) is proved by the standard case of Liouville’s. 
function, x(n) = A(n). In this. case, (1) is satisfied, as is the boundedness 
condition (7), since A(p) == —-1 for every p (incidentally, this is.just the 
extreme case admitted by (6) alone).- Hence, ifs is replaced by 2s in (8), 
it is seen from (2) that the function (10), where s > 1, now becomes 


L(s) =H (1 + 1/p°) = C(28) /£(s) 


and is therefore regular on the segment (13). Nevertheless, L(1) = 0, since 
€(s) in £(2s)/£(s) has a pole at s = 1 but £(2) 0. 
In the sequel, only (11) will be considered. a 
First, the boundedness of x(n), which is equivalent to (7), implies that 
‘both the Dirichlet series (10) and its Eulerian factorization (2) are absolutely 
convergent in the half-plane c > 1. Furthermore, it is clear from (7), and 
even from the more general assumption (6), that every factor of the product ` 
(2) is positive when s >1 (simply because 1/p* <1). Since the function 
L(s), being regular for s = 3, is continuous at s==1, it follows that the 
assertion (12) is equivalent to negation of 


(14) Lys. 
4, Tt is also clear-from (7) and (1) that the Dirichlet series 


(15) : J (s) = 3x? (0)/n', 
, n=l ; 


where x°(n) denotes the square of x(7), is (absolutely) convergent on the 
half-line s > 1 and admits there the Eulerian factorization 


(16) =T Coe GC 
If s in (16) is replaced by 2s, it is seen from the factorization (2) of D(s) - 
that a i | 
EAS) (EPS) ALL ANE) 


when s>1. Hence, if B(n) is defined by 


ar) £(s)L(2)/J (2s) =Z B(n)/n, 
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then, from (8), | 
(18) n (1 + x(p)/p") (1 — 1P) —3B(n)/n. 


Finally, if the case a= x(p) of the identity (9) is combined with the 
assumption (7), it is seen from (18) that 


"e 


(19) B(n) =0 
holds for every n and, of course, i 
(20) (1) =1. 


Suppose that (14), is true. 

Since the function L(s) is supposed to be regular on the segment (12), 
and therefore on the half-line s = 4, and since the zero of L(s) at s=1 
absorbs the pole of €(s) in the product {(s)Z(s), it follows that this product 
is regular for s= 4. On the other hand, since (16) represents a non-vanishing 
regular function on the half-line s > 1, the function 1/J(2s) is ‘ragular for 
s > +4. Consequently, the function on the left of (17) -is regular for s > 4. 
It follows therefore from (19) and from Landauw’s extension [3] of the Vivanti- 
Pringsheim theorem to Dirichlet series, that the Dirichlet series on the right 
of (17) is convergent for s > +4. And, for reasons of analyticity, the sum of 
this Dirichlet series must be the function on the left of (17), if s > 4. 

It turns out that this contains a contradiction. In order to show tnis, 
the alternative possibilities represented by 


a 


(21) 2 x°(p)/P < © 
and l | 
(22) _ See 


i 


will have tc be disposed of separately. 


5. Consider first the possibility (21). In this case, it is clear that the 
sum of the reciprocal values of those primes p which satisfy the inecuality 
|x(p)| 2 4.is a convergent series, since each of the corresponding terms of 
(21) is mirorized by the reciprocal value of 4p. But it will now be shown that 
(whether (21) or (22) be the case) the sum of the reciprocal values of those 
primes p which satisfy the complementary inequality, |x(p)| < 4, must also 


ms, 
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converge. Hence, (21) will lead to the contradiction 31/p.< 0, where p Tuns 
through all primes. 
First, since the Dirichlet series on tke right of. (17 ) is s convergent for 

s > $, and therefore for s = 1, it follows from (19) that this Dirichlet series 
is absolutely convergent for s= 1. On the other hand, since (15) ig absolutely 
convergent for s > 1 and therefore for s = 2, the Dirichlet series of J (2s) 
is absolutely convergent at s = 1. It follows therefore from (17) that ¢(s)L(s) 
is the product of two ordinary Dirichlet series both of which are absolutely 
convergent at s==1. Hence, the same is true of the product series. In par- 
ticular, if cn denotes the coefficient of 1/n* in the Dirichlet series of f(s) L(s), 
then 3° | cp |/p < «©, where p runs through all primes. But it is clear from 
(8) and from the factorization (2) of L(s), where s > 1, that. Cp —=1-+x(p). 
Accordingly, 


¥i1+x(p)I/p < 00. 


However, this implies thaf the sum of the reciprocal values of those primes p 
a convergent series. In fact, 





|1-+ x(p)| is then minorized by 4. 
This completes the proof for the impossibility of (21). The refutation of 
the remaining possibility, (22), is ‘quite different. It proceeds as follows: 
Since the Dirichlet series on the right of (17) converges to the function 
on the left of (17) if s > $, it is clear from (19) and (20) that ' 


ECs) L (s) 2 J (2s) 
if s> 4. sine (16) is valid for s >A, it follows that 
£(s)Z(s) sz 1/TE(1 — x(n) /p™) 
if 1> 4, Hence it is seen from. x? (p) Z0 that (22) kapie the relation 
5 im int 6 (8). L() = 0 


~ 


But this relation contradicts the assumption (which has not been used thus ~ 
far) that the function L(s) is regular not only on the ee (13) but on 
the closed segment (12) as well. 

This completes the proof of (*). 


REMARK. The assertion of (*) remains valid if the function L(s), 
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instead of being regular on the segment (12), is regular just on the segment 
(13), but does not tend to œ ass—>4-+0 (which does not even require that . 
L(s) < const. as s—> 3 +0). 

In fact, all that is needed is that the assertion of the last formula line be 
contradictory. \ 


6. It is now easy to see that the assumption (7) of (i) can be generalized 
to (6), provided that a convergence condition is satisfied. 

(**) Let a representation (1) of the ordinary multiplication on the servi- 
group of all positive integers n be such as to satisfy the unilateral restriction 
_x(p) 2—1 for every prime p. Suppose that the Dirichlet series 


~ 


(s) =3x*(n)/n4 


where x(n) denotes the square .of x(n), is convergent for s> 1. Then the 
- same ts true of the Dirichlet series - 


N 


OX 
L(s) = Z x(n)/n*. 
n=l 


Suppose that the function L(s) admits across the point s==1 an analytic 
continuation which remains regular for }SsS1. Then L(1) 0 (or, 
equivalently, L(1) > 0). - 


In fact, the convergence of the Dirichlet series J (s) for s > 1 imptes, 
by Schwarz’s inequality, the absolute convergence of the Dirichlet series L“s) 
for s > 1. Hence, the Eulerian factorizations (2), (16) hold, by absolute . 
convergence, for s > 1. Since x(p) = —1, none of the factors occurring in 
these factor:zations of L(s), J (s) becomes meaningless (i. e., of the form 0%). 
Correspondingly, the proof of (**) is exactly the same as was thet of (*). 
In fact, the various steps in the proof of (*) were purposely rere to (6) 
rather than to (7). 


REMARK. The whole proof is such as to leave little doubt that the value 
— I` of the absolute constant occurring on the right of the assumption 
x(p) Z— 1 of (ii) is as sharp as possible. That some lower limitation 
x(p) = — @ is necessary, is shown by the example x(n) defined by x(2) == — 2, 
x(3) = x(E) =; + +==0. In fact, (14) is true in this case, since the factori- ' 


`~ 
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zation (2) shows that L(s) becomes identical with the function 1— 2%. 
Thus 6 = 2 is not an admissible value of @ in x(p) =—@. But all that fol- 
lows in this trivial manner does not disprove the (unlikely) possibility @ > 1. 
In this regard, constructions of the type considered in [6] seem to be relevant. 


“a 
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ASYMPTOTIC INTEGRATION CONSTANTS IN THE 
SINGULARITY OF BRIOT-BOUQUET.* - 


By AUREL WINTNER. — 


1. The following considerations deal with the problem of the real Briot- 
Bouquet equation 


(1) . xy’ = py + qu + $(a,y), 


where the prime denotes differentiation with respect to z, the coefficients p, q 
are constants and #(z, ¥) represents terms which, in a sense to be specified, 
are of a higker order than the linear form py + qe, a8 (a y)— (0,0). .The 
connection with Poincaré’s problem 


(2) , =ar +by+f(z,y), gmer+dy+g(2,y), ` 


where the dots denote differentiations with respect to a time variable t (—> œ), 
the constant matrix 1 $ z 
>- fa b 

(3) H 
has a non-venishing determinant and f(z, y), g(x,y) represent the < ‘small ” 
non-linear perturbations, is as follows: 

The gecmetrical problem concerning the behavior-of the solution paths of 
(2) near (z, y) = (0,0) naturally splits into two main types, according as 
the characteristic numbers of (3) are or are not real and of the same sign. 
The second type comprises three subcases, since the characteristic numbers 
can then be real and of opposite signs (saddle), complex but not purely 
imaginary (vortex) or purely imaginary (center or vortex). The problem to 
be treated does not arise in any of these subcases of the second type, treated, 
under very general assumptions, in the second part, of Perron’s paper [4] 
(correspondingly, all of the following references to [4] will quote its first 
part only). In fact, the problem to be considered is one concerning a node, 
represented by the first type, that is, by the cases in which the characteristic 
numbers of (3) are real and of the same sign. This type, too, comprises three 
subcases, sirce the characteristic numbers can now be distinct or not and, if. 
they are not distinct, the elementary divisors can be distinct or not (the corre- 
sponding normal forms of (3) are l 
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1 0 1 0 1 0 
(4) (o 2? 0 i) $ a 
where 0 < 2541). And the connection referred to before (2) consists in the 


formal fact that (2) can be reducad, in all three nodal cases (4), to (1), 
where p > 0 (and, without substantial loss of generality, 


(4 bis) p=l,qg=0; p>l,q=0; p=1, q=1 


respectively) ; cf., e. g., [4], pp. 14-146. 

The six figures, illustrating the three possibilities in the three subcases 
(saddle, vortex, center) of the second type and the three distinct kinds of 
nodes of the first type, may be found in [2], pp. 101-102. The three nodal 
figures are given also in [4], p. 123. For references to the classical literature 
of the subject, cf. [3], pp. 215-216, 219-229, 227-228. The more recent papers 
of Frommer [1] and. Weyl [5] do not deal with the problem to be considered. 

f 

2. The problem in question concerns the determination of the paths in 
a nodal sheaf by the asymptotic sloge (or its equivalent) as an arbitrary inte- 
gration constant. In all three cases (4 bis), this problem will be treated as an 
application of a general theorem on asymptotic equilibria (cf. [6]), including 
a continuity theorem of Siegel (ibid., p. 181) concerning such equilibria. 
When formulated for the relevant case of a single differential equation, these 
facts can be stated as follows: 

In a half-plane 
(5) Uo L U <L 0, — o <<< o, \ 


let f(u,v) be a real-valued, continuous function satisfying 


(6) f Fu, 0)| du < 2 


and having the property that, if u is large enough and v’ and v” are arbitrary, 
the Lipschitz condition . 7 


(7) | f(u, v) — f(u | S Au) [oo —v" | 


is satisfied by a (non-negative and, for instance, continuous) function A for 
which : 


(8) | EOL ES 00, 


x 7 ry 
N \ r 


ASYMPTOTIC INTEGRATION CONSTANTS, 295 


Then, if v? is given arbitrarily and if u°(>. uc) is any value greater than a 
lower boun depending on the given value of v°, the differential equation 


(9) 


and the initial condition v(u°) —»° determine a solution. v == v(u) which 
exists on the whole half-line u? < u < œ. Furthermore, there exists a finite 
limit, v(co), for this solution. Conversely, if c is any real number, there . 
exists a solution v == v(u) corresponding to which the limit v( œ) attains 
the given value c, and this solution is uniquely determined by c. In acdition, 
the correspondence between c and the solution v = v(u) .determined by 
t(o) = c is continuous. | 

[A corresponding theorem holds for the case in which (9) is replaced by 
a system, that-is, in which v, f are vectors. , Theorem (ii) in [6] exterds this 
to the case in which the asymptotic equilibria, v( co) == c, are repleced by 
_ small oscilations about such equilibria. This extension depended cn the 
method of the variation of constants in the particular case of small oscillations. 
Correspondingly, a further extension results if, for the case of inhomogeneous 
linear systems, the method of the variation of constants is formulated in its 
general form, as follows: Let A = A(t) be a matrix of n times m continuous 
functions on a t-interval and let a(t) be a vector of n continuous functions on 
the same interval. Then, if X — X(t) is any fixed fundamental matrix of . 
the homogeneous linear system s’ = A(t)x (where £ == (a, °-,2@n) and 
x’ == dx/dti, that is, if X (t) is a matrix the n columns of which are n linearly 
- independent solution vectors z(t) of a” = A (t)r, then the general sclution 
of the inhcmogeneous linear system y == A(t)y + a(t) is the vector 


_ du/du = f (u, v) 


y(t) = X(N (a+ f iaei), 


to 
i ae 


j j ; 
where « is an arbitrary constant vector, to is any fixed point of the ¢-interval 
(it is understood that the reciprocal matrix, X(t), exists for all +, since 
det X (t) = 0 for all ¢). The verification requires nothing but a differentia- 
tion, since X’(¢) =,A(t)X(t) is an identity in virtue of x (t) = A (H) (4).] 


3. The prototype of (1) is the differential equation in which the higher 
terms, repr2sented by ¢(2, y): are missing; so that 


(1 bis) sy =y; ey =py (p>1); ay =y +a 


in the respective three cases (4 bis). 
In the first case, x4 af = y, the general solution is y(2) = cv, Where the 
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constant c is arbitrary. For the corresponding perturbed equation (1), the * 
following theorem, will be proved: 


™ 


(i) On a rectangle z 
(10) 0O<aca bly Llb, 
let p(x, y) be a real-valued, continuous function, subject to the restriction 


(11) | | f g? iste 0)| dz < 00 


+9 


and, for sufficiently small x > 0, to the Lipschitz condition 


(12) | (z, Yr) — $(2, Ya) | < plz) |n—y > 

where w(x) is defined (and, for instance, continuous) for small x > 0 and 
`_ satisfies $ i 

(13) | s f a *p(x)dz < œ. 


| 40 
Then, if aand b in (10) are chosen small enough, the behavior of the solutions of 
(14) ny =y + o(2, y) 
can be described as follows: Every solution nath y =y (ax) of (14), issuing 
from an arbitrary point (Xo, Yo) of the rectangle (10), exists on the whole 
interval 0 < © < z, and tends to the origin, (0,0), in such a way that there 
exists a constant c == ¢(xo, yo) satisfying ` 


(15) | y(t) ~er as t>+0 


(which should mean y(x) =o0(x) if c=0). Conversely, if the (real) value 
of the integration constant c is assigned arbitrarily, there belongs to it a 
unique solution path y = y(x) satisfying (15). 


It is instructive to contrast this theorem with the corresponding result of 
Perron (Satz 4 in.[4], p. 182). He essumes that ¢(2, y) is continuous on the 
closure cf the open rectangle (10), which of course is a serious restriction of 
the character of the singular point, (0,0). On the other hand, instead of 
assuming a Lipschitz condition (12) and the average restrictions (13) and 
(11), Perron requires the existance of a constant 0 > 0 satisfying | 


(16) p(z, y) —o(r) as r= (2 +3) 0. 


ASYMPT OTIC INTEGRATION CONSTANTS. 297 


Since (18) is a condition at the origin (0, 0), it does not ial anything 
like a Lipschitz condition. Correspondingly, it cannot ensure that (14) has 
just one solation path through a point of the open rectangle (10). Accord- 
ingly, the assertion of Perron’s theorem is that (14) has at least one (rather 
than, as in ʻi), exactly one) solution path satisfying (15), if c is given arbi- 
trarily. But the explicit assumption of ‘a fixed 6 > 0 in (16), no matter how 
drastic, seems to be essential in the proof of ‘Perron’s theorem. On the other 
hand, the integral assumptions of (i) prove to be the best possible restrictions 
of- their kind. This can-be seen as follows: 

Suppose that (z; y) in (14) is independent of y, that is, let 


(17) 7 | ay’ =y + $(2), 


where ¢(2) is continuous for small z > 0 (as will be seen in a momens, it is, 
. this time, baside the main point that, so far as (i) is concerned, « > 0 could 
be replaced by 220). Since (12) and (18) are now satisfied (by p = 0), 
the assumptions of (i) reduce to (11) alone, that i is to the anor convergence 
of the improper integral 


(18) | f or (a0) de. 


In contrast, Perron’s assumption (16) requires that (18) be convergent for 
. the drastic reason that the function integrated in (18) becomes o(s) for 
some & < 1. On the other hand, if ¢(z) > 0, the sufficient condition supplied 
by. (i) turns out to be necessary for the truth of the assertions of (i). In fact, 
the absolut2 convergence of (18) is equivalent to the convergence of (18), 
if (2) >. But the convergence of (18) is now necessary and suficient for 
the truth of the assertions of (i), whether ¢(x) > 0 be satisfied or noi. This 
assertion, which proves that (i) is of a final nature, can be verified as fcllows: 

Since the differential equation (17) is. linear, it can be salvel by a 
quadrature. This gives 


(18 bis) (e) = 2(¢-+ fr 24 (2) da), 


where. To is fixed and c is bii But the representation (18 bis) of i 
general solution of (17) makes it clear that the convergence of (18) is neces- 
sary and sufficient for the truth of the assertion (15), where c is umspecified 
(in fact, the parenthetical remark following (15) requires the inclusion of 
c=). 
Incidentally, all of this eae mhet as verified by Perron (41, p. 131) 
8 
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by considering a specific (x) in (17), his assumption (16), where 1+0é>1, 
cannot be relaxed to $(z,y) = 0(r), where 0 = 0. 


4. In the third of the cases (4 bis), the prototype (¢==0) of (1) is 
ay’ =y +2. If z> 0, the general solution of this linear differential equation 
is seen to be y(x) = v log z -+ cz, where ¢ is arbitrary. The appearance of 
the logarithmic (or, on the standard exponential scale of dynamics, “secular ”’) 
term agrees, of course, with the fact that the present case, being represented 
by the third of the matrices (4), is the case of a multiple elementary divisor. 

Corresponding to this form of the general solution of the linear prototype, 
the non-linear situation now turns out to be as follows: 


(ii) Suppose that $(z2, 4) ial the te of (1), except that 
(11) is replaced b1 y 


(19) f eerie ape 0. 


40 


Then the assertions of (i) remain true if 


(20) ty’ = y+ a+ ele y) 

and . 

(21) y(z) =slogs + cs + o(s) as r>+0 
are read instead of (14) and (15) respectively. 3 


If (20) is chosen-to be of the particular type 
(22) | wf =y +e + o(e), 


the linear differential equation which now replaces (17), then the quadrature 
which corresponds to the solution (18'bis) of (17) in the case (22) proves 
that (ii) is of a final nature in the same sense as (i). 

. What concerns Perron’s result in this case of a multiple E 
Aio (Satz 5 in [4], p. 133), his assumptions are, as before, the continuity 
of (z, y) on the closure of the rectangle (10) and the existence of a positive 
index @ satisfying (16). But his assertion is now very weak; in fact, not even 
the first approximation, y(x) ~s log x, to (21), but merely the qualitative 
corollary, y(#)/x—» — œ, of this approximation is asserted. In contrast, (ii) 
introduces c as an asymptotic integration constant and establishes a one-to-one 
corres poncentesD between the field of the solution paths and the points of the line 
——-O <c <<. 


5. The remaining case is the second in (4 bis). According to (1), the 
corresponding linear prototype is vy = py, where p > 1, Ifa > 0, the general - 


5 f ; s , i 
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solution of this linear differential equation is y(x) = ca? (whether y does or 
does not satisfy the assumption p > 1, except that 
(28) yw) ole) a s>+0, if p>I, 
but not if p & 1). Correspondingly, the non-linear theorem now turns out 
to be as follows: : 3 

(i*) For every fixed p> 0, the assertions of (i) remain true if (11) 
is replaced by | 


(11%) f Poe 0|de<co, 

and (14) by j | | | , l 
(14*) : ay = py + $(2,y); 

finally (15) by - 

(15*) y(x) =ca?+o(z?) as e—->-+0. 


This is a generalization of (i), since p == 1 (and, for that matter, 
0<p<1) is allowed in (i*). If p>1, then (28) 3 is a | of the 
assertion of the last formula line. 

Perron’s corresponding result (Satz 3 in [4], p. 129) concerns the case 
p> 1. Besides the continuity of ¢ (z, y) on the closure of (10), all that he 
now assumes is 


' J ‘ so ; 
. (16 bis) o(z,y) =0(r) as r= (2 -+ y) — 0 


(that is, (16) in the limiting case 0 = 0, excluded in the preceding cases), 
but his assertion is just (23), a relation containing no integration constant. 


, 6. Since (i*) implies (i), it will suffice to prove (i*) and (ii). 

. In both proofs, it can be assumed that b is œ in (10). In fact, if $(z, y) 
is given as £ continuous function on a rectangle (10), it can be assumed to be 
exterided to the corresponding strip 


(24) 0<t<a, — o cya 

in such a way that the respective assumptions of (i*) and (ii). remain satisfied. 

But, if the assertions of (i*) and (ii) are proved for the case in which. (10) 

is replaced by (24), the assertions of (1*) and (11) themselves follow, since 

these assertions only concern a sufficiently small rectangle (10). 

l By the method of the variation of constants, (i*) and (ii) will now be © 
reduced to the theorem quoted after (5). To this end, put 


(25;) ae", y= ve 


in the differential equation, (14*), of (i*), and 
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(252) =g" y = (v — u) e 


in the differential e (20), of Gi). Both (25,) and (252) transform 
the strip (24) into a (u, v)-domain which can be assumed to be the (schlicht) - 
half-plane (5) of the theorem to be applied. Both differential equations, then 
appear in the form (9), where, as easily verified, 


(26) | f(t, v) = — erg (0, ve) 


in the case of (i*) and 


(262) ` _ f(u,v) =— eg (e, (v —u)e*) 


in the case of (ii). 

On the other hand, it is seen from (251) arid (252) that the assertions of 
(i*) and (ii), those concerning (15*) and (21) respectively, become identical 
with the corresponding assertions of the theorem quoted in 2, that is, with 
those concerning v( œ) =. Consequently, all that remains to be ascertained 
is that the assumptions (6), (7), (8) of 2 are satisfied in the respective cages. 

What concerns (6), it is clear from (26,) and (262), respectively, that 
the corresponding assumptions, (11*) and (19), of (1*)‘and (ii) are identical 
with (6). On the other hand, straightforward reductions show that the com- 
mon Lipschitz assumptions, (12) and (13), of (i*) and (ii) are precisely 
the Lipschitz assumptions, (7) and (8), of 2, whether f(u,v) be the function 
(26,) or the function (262). 
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ON THE ASYMPTOTIC BEHAVIOR OF THE SOLUTIONS OF 
A NON-LINEAR DIFFERENTIAL EQUATION.* 


By PHILIP HARTMAN and AUREL WINTNER. 


1. The following considerations imply a simplified and, at the same 
time, generalized approach to certain of Poincaré’s qualitative results on the 
singularity (x,y) = (0,0) of the real (analytic) differential equation 


(1) wy! = die + By +, (350), 


and to the corresponding results of Bendixson on the non-analytic case of this 
differential equation and on 


(2) ony = as + By H (B0; m—=1,2,---) 


(cf. Liebmann’s report [2], pp. 507-512, where further references will be 
found; for more recent literature; cf. p. 178 of Dulac’s monograph [1]). 

The most general result in the direction in question is that of Perron 
([8]; c£ [2], pp. P which concerns the differential equation 


(3) o(z)y =} (a, y) 


in which JE. instead of being 2 or 2%, ae be (a8 in (1) or (2) respec- 
tively), is any function which is continuous and positive on an nerve 
0< ea and satisfies the conditions | 


(4) = Ff E 
and È 
(5) ġ(z)—0 as s—>-+0, 


whereas f(s, y) is a real-valued continuous function on a reclangle 
(6) EER E, 
and is d there to the oe and lower Papen anion 


(7) 0< e< lfs) He <0, an <a"), 
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and to the condition . | 
(83) A0) = 0. 


Perron distinguishes two cases, according as the sign of the absolute value 
can or cannot be omitted in (7). In the first case, he proves the existence of 
two positive numbers a’, b having the property that every solution path 
y = .y(x) of (8) issuing from a point of the rectangle i 


(9) R: ee —Wcy< J’, " WW Sa, S) 


tends to the point (0,0) as v — + 0. In the second a he proves that there 


‘exists exactly one such solution path. 

Perron’s method of proof consists of an elaborate application of the process 
of successive approximations. The nature of such an analytical approach makes 
sufficiently clear the rôle of the upper Lipschitz limitation in (7), that is, of 
the assumption of a constant C. Correspondingly, this condition is satisfied as 
soon as f(s, y) is sufficiently smooth (for instance, such as to possess a con- 
tinuous partial derivative with respect to y). In contrast, the lower Lipschitz 

n (7), that represented by the existence of a constant c > 0, is a serious 
qualitative restriction. In fact, it is clear from the continuity of f(z, y) that, 
if the lower limitation of (7) is satisfied, then f(z, y) is a strictly monotone 
function of y (for every fixed +), it being increasing in the first, and decreas- 
ing in the second, of. the cases which represent Perron’s alternative, quoted 
above. But the converse is not true, since, even if f(z, y) is regular-analytic, 
the monotony of f(x,y) with respect to y does not imply the existence of a 
constant c > 0 satisfying (7) near the critical point, (0,0). | 


‘2. Thus it appears unexpected that, for the truth of Perron’s alternative, 
both the upper and the lower Lipschitz limitations in (7) turn out to be 
entirely superfluous by virtue of that corollary of (7) which requires the strict 
monotony of f(s, y) with respect to y. What makes the methodical situation 
particularly striking is the fact that the proof of the resulting extensions 
(which apply to new cases even when f(z,y) is restricted to be regular- 
analytic) can be obtained by a transparent argument of purely geometrical 
considerations. In fact, the proof will require only an extension of the quali- 
tative procedure developed in [4]. A recourse to the analytical process of 
successive approximations proves, therefore, to be a ballast in every respect. 

Incidentally, it is superfluous to assume the restriction (5) which, in view 
of the assumption (4), involves a limitation of the asymptotic smoothness of 
the coefficient of y’ in (3) (the assumption (4), where (x) > 0, being 
compatible even with 


oe 
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(5 bis) im sup ġ (x) = œ 


-as T— 00), Accordingly, the first case of me alternative to be Saal can be 
formulated as follows: 


(i) Let d(x), where 0 < s£ a, be a positive, continuous function satis- 
fying (4), and let f(x,y), where (x,y) is restricted to the rectangle (3), 
be a continuous function which satisfies (8)-and is increasing with y when x 
is fixed. Tren (6) contains a rectangle (9) (even one with Y =ù) having 
the following property: Every solution path y =y (£) of (3) passing through 
a point (zo: Yo) of (9) can be continued for all- positive x(< 2%), and 


(10) y(z) 30 as e>+0 
holds for all continuations. 


Such an oblique formulation (in terms'of “ continuations”) is neces- 
sary, since, in contrast to the case of an upper Lipschitz imitation on fiz, y), 
a solution path y = y(x) of (3) can now easily lead to branch points, that is, 
to points (£o, yo) through which there is more than one solution path (suffice 
it to say that (u,v) = (0,0) is not a point of uniquenass of the differential 
equation de/du = v%, although v% is an, increasing function of v). 

The second assertion to be proved is as follows: 


(ii) Suppose that $(x) and f(2,y) satisfy the assumptions cf (i), 
except that f(x,y), instead of being increasing; is decreasing (in y) when x 
is fixed. Then (3) has one and only one solution y == y(x) satisfying (10). 


The fate of all the thie solution paths issuing from points of (6) is 
explained ` 3y the following refinement of (ii): If ¢(2) and f(z, y) satisfy . 
the assumptions of (ii) and if y = (a) is any solution path of (3) čistinct 
from the unique solution path supplied by (ii), then the solution path cannot 
reach the -axis within the rectangle (6) and must, therafore, reach one of the 
levels y == + b at a positive s == 2°, which is an integration constant. 

‘Under the assumptions of (i) or (ii), the function f(z, y), hence f(Q, y) 
as well, is continuous and strictly monotone (in y) when — b S g S b.. The 
assumption (8) implies that f (0, y) is not zero if y s4 0 and so, by continuity.. 
` f(x,y) is not zero for sufficiently small œ if y 40. Furthermore, (0, b) anc 
f(0,—-b) are of opposite signs and, again by virtue of the continuity ož 
f(z, y), it is possible to choose a positive number a’( Sa) so small that f(z, b), 
f(*,—.b) do not vanish when 0 = v =’ and are of opposité signs. 
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3. It turns out that these properties of. f(z, y) are essentially all that is 
nzeded for the truth of the assertions of (i) and (ii). In fact, even the con- 
tinuity of f (x, y) at any point of the line s = 0 can be replaced by considerably 
less restrictive conditions, to the effect that, barring the immediate vicinity of 
the origin, f(z, y) is bounded away from zero. The fundamental Gi 
can then be formulated as follows: 


ASSUMPTION (*). Let d(x), where 0 < aa, be a positive, continuous 
function satisfying (4). Let f(x,y) be defined and continuous on the (partly 
open) rectangle 


(II) R: O<tSa, —bSyS8, 


and have the property that 1/f (a, y), outside ofiany fixed vicinity of the origin, 
is bounded for sufficiently small x, and that f(a,b) and f(x,—b) do not 
vanish for 0 < z Sa and are of opposite signs. 


Clearly, (i) is contained in the following theorem: 


(I) If ¢(e) maie. y) satisfy (*), and if f (a, b) > 0 and f(z, zep) <0 
wien 0 << @ Sa, then every solution path y = y(@). of (8) issuing from an 
interior point (To, Yo) of the rectangle (11) can be continued for all positive 
x(< zo), and (10) holds for.all continuations. 


Correspondingly, the existence statement of (ii) is contained in the 
following: 


(II) If (x) and f(z, y) satisfy (*) and if f(z, 6) <0 and Ye ee 0 
when 0 < 224, then ther 'e exists for 0< t5 a at least one solution path 
y =y (£) of (3), and (10) holds for all such paths. 


Finally, the uniqueness statement in (ii) is implied by the following: 


(II bis) If d(x) and f{a,y) satisfy the conditions of (II) and, in 
addition, f(z, y) is a non-increasing function of y for every fixed x > 0, then 
only one solution path y == y(z) of (3) can satisfy (10). 


4. In order to prove (I) and (IT), it will first be shown in either case 
that if a solution y = a of (8) ssists for all bua 2 >0, then £10) is 
satisfied by it. 


First, if y == y(x) is a solution for which the limit y(+ 0) exists, then 
this limit is necessarily zero. For if this were not the case, it would follow that 
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1/| f(z, y(x))| < C holds for every sufficiently small z > 0 and for some 
C>0. But (3) shows that y’(x) is of constant sign. Hence, 


J eao <0 flv (late lya 964 o)l; 


This, however, contradicts (4). 

Since F(s, b) and f(x, —b) arè of opposite signs, there exists, corre- 
sponding to every x > 0, at least one y for which f(z, y) = 0. For a fixed 
æ > Ò, let y = y* (x) be the maximum of such values y. Similarly, let y =y (£) 
be the minimum of such values y. Then 


(123) —b <y (z) Sy(t) <b, where 0<tSa,. 
and l 
(18) y(t)—->0, yt(z4) 7-0 as e>+0. 


The limit relations (13) are consequences of the fact that 1/f(a, y) is bounded 
for small x outside of any vicinity of (0,0). 

What remains to be shown is that the limit y(+ 0) must exist. This is 
obvious if y(x) is monotone for small z, since the existence of y(x) implies, 
of course, that the curve y = y(x) remains in R. In the remaining case, 
where y(x) is not monotone for sufficiently small z, the derivative y’ (x) must 
change its sign and therefore must be zero for certain arbitrarily small values 
of x. In other words, there must exist a sequence tas Ta’ °° satisfying 
En > Enn 0 and f(an,9(4n)) = 0. But then 


(14) min y (z) S min y(x) S maxy (s) S max y* (zx), 
where tmi SS T E En 


For if (14> did not hold, it would follow that there exists ans = z’, such 
that Tau < T° < Tn and, for example, 


(15) y (2°) > max y(x), where Yau SS TEn. 


This implies that f (x, y(v)) is not zero at x == x°, and so it does not vanish’ 
on an open z-interval containing s = «°. Let «* denote an end-point of this 
interval. Then f(z*,y(x*)) == 0; hence, by the definition of y*(z), 


(16). | y(a*) <S y*(a*), where as <x* E Pn 


But y(x) is monotone on the interval having the end-point æ*, since yis) 
does not vanish in the interior. Hence at one end-point, say at t = T*, 
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y(a* ) > y (2). 


But this contradicts (15) and (16). 


. Since (18) and (14) imply oe the i of the last italicized statement. 
is complete. 


5. In order to prove (I), there remains to be shown that, if y = (a) 
is any solution path of (3) through an interior point (£o, yo) of (11), then 
y(x) can be continued for all positive z( < xo). However, such a continuation 
could not be made only if y(x) approached the lower or upper boundary of 
R, as a approaches some positive number. But this is impossible, since 
y(x) > 0 if y(x) is near b, and y(x) <0 if y(z) is near —b. This 
establishes (1). 

In order to prove (II), let 21, T2, © > be a sequence of numbers satis- 
fying a D> Ta > nua —> 0. Since f(a,b) < 0, there exists, on some small 
interval to the right of sı, a solution path y = yı (s) satisfying yi (v1) == b. 
By using arguments as above, it is easy to i that this solution can be con- 
‘tinued for all x contained in the interval 2; aa. Similarly, let y = y2(z), 
where s: = æ =a, be a solution of (8) satisfying y2(v2) =b. Such a solu- 
tion path y = yo(z) may be so selected that y(t) S y (£) holds at every z 
at which both y:(z) and y(x) are defined (for if y= Yı at some g = 2°, 
then y may be chosen to be identical with y, when s = 2°). On proceeding 
in this manner, one obtains a sequence o: solution paths y —=yn(x), where 
n ==1,2,-- +, such that each of the functions 


(17) + Ym (2), Yma (s) > 


is defined on the interval Zm S z Sa and, for every fixed æ in this interval, 
the sequence (17) is monotone non-increasing in n. Hence, the sequence is 
convergent on this closed interval. But, since f(z, ¥)/¢(#) is continuous on 
the rectangle tm S T S a, —b Sy), the functions (17) are equicontinuous 
on the interval zm <= s S a. Hence, the convergence of the sequence is uni- 
form on this interval, which implies that the limit function of the sequence 
is a solution of -(3).. - 

This completes the proof of -(IT}. 

In order to prove (II bis), suppose that, for every fixed « contained in 
the interval 0 < z & a, the function f(s, y) is a non-increasing function of 
y and that there exist two distinct solutions, say y = y (s) and y = 4° (z), 
defined for all small positive z. Then, by the last italicized statement, (10) 
holds for y =y (s) and for y = y° (s). Since these solutions are distinct, 
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there is some positive g =° (< a) at which y'(2) —y?(z) > 0. By con- 
tinuity, this inequality holds for all z sufficiently close to 2°. Thus it follows 
from (3), by subtraction, that y*(z) — 4° (x) has a non-positive derivative 
and is, therefore, non-increasing in a vicinity of z = °. Accordingly, if z is 
sufficiently near and less than 2°, 


(18) , y(t) — y’ (z) Z y* (2°) — y’ (x°) > 0. 


This argument also shows that y (x) — y? (x) is_non-increasing for all zositive 
v & x, and so (18) is valid for all such z. But (18) implies that 


0 =y (+ 0) — p (+ 0) = p (2°) —y° (2°) > 0. 


k 


This contradiction proves (II bis). | 


6. As seen above, (i) and (ii) are simple corollaries of (I), (II) and 
(II bis). In what follows, other applications of the general theoreras will be 
deduced, by considering the Briot-Bouquet equation (1) and its generalization 
(2) under very relaxed restrictions on the non-linear terms. 


Gu) Let dA = 1, and let g(z,y) be a real-valued function which is con- 
tinuous on the rectangle 


(6) 0SeS0, —bSySt 
and satisfies condition 
, (19) 9(0,y) =o({y|) as y>05_ 


finally, let p be any ‘positive number. Then (6) contains a rectangie (9), 
having the oroperty that all those solutions of the differential equator- 


(20) why’ = py + g (z, y) 
which issue from points of (9) satisfy (10). 


In fact, if (20) is identified with (3), then (4) is satisfied by ¢ (t) =2, 
since à = 1. Hėnce, it is sufficient to ascertain that the conditions required for 


in (I) are satisfied if the rectangle (11) in (I) is replaced by some rectangle 


(9). But this is obvious from p> 0 and from (19). In fact, instead of (19), 
only | 
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(19 bis) |9(0,9)| <ply| for small |y], Liy <b; 


is needed; 
Similarly, (II) implies the following theorem : 


(iv) If the assumptions of (iii) are satisfied, but (20) is replaced by 
(21) wry’ = — py + 9(@ y), (—p <0), 


then there exists at least one solution y = y(x) which exists for all small 
z > 0, and all such solutions satisfy (10). 


REMARK. In order to assure that the solution established by (iv) is 
unique, it is sufficient to tmpose on g(w,y) the monotony conditions which 
render (II bis) applicable to the particular case (21) of (8). 
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CONVERSE LINEARITY CONDITIONS.* 
By R. H. Brve. 


i mmm 





1, Incroduction. A point is a belween-point of the plane set M if it is 
between two points of M; it is a middle-point of M if it bisects some -nterval 
having its ənd points on M. The function f(a) satisfies the between-point 
condition on the sét F of xs if for each zo of F, the point of the graph of fis) 
having Zo as an abscissa is a between-point of the graph cf f(x) ; f(«) satisfies 
the middle-point condition on E if for each a of E, the point of the graph of 
f(z) having a» as an abscissa is a middle-point of the graph of f(z). 

Examples of functions se the AE pok condition on their 
ranges are 


f(x) TE E and f(x) =sing (3 <a< æ). 


It has been shown [2,.p. 253; also see 1] that‘a continuous function 
f(z) (@S z S b) is linear if it satisfies the middle-point condition for values 
of £ between a and b. Theorem 1 -is a modification of this result. . 


THEOREM 1. The continuous function f(x) (a Sx Sb) is linear if it 
satisfies the between-point condition for values of x between a and 5. 


Proof. Letting F(s) denote the function whose doanh is tke interval 
having end points at [a,f(a)] and [6,f(b)], we consider 


(1) ua) =f(2) — Fe) (axa). 


We note that u(z) satisfies the between-point condition for values of æ between _ 
a and b and that u(a) = u(b) =0. As u(x) is continuous and has a clesed 
range, it takes on a least upper bound on a closed subset E of its range. 
If.a is the maximum element of E and if u(a) 540, then u(s Coes not 
satisfy the between-point condition at x. Therefore 


(2) | ulz) <0 (aZ rE b). 
Considering the greatést lower bound of u(x), we find that 


(3) `~ u(x) = 0 (asad. 


~ * Received February 11, 1946. Pcseated to the American Mathematical Society, 
April 27, 1946. ; 
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From (2) and (3) we have that 


(4) — . . u(z) =0 -o (aad) 
and from (1) and (4) that f(z) is linear. 


THEOREM 2. The continuous function f(z) (a< s< b) is linear if 
b ; 
f(x)dx exists and for each x between a and b there are an h= h(zo) 


and a k= Te (wo) such that 


(8) PME) — | ged N Majs — tf) 
. (aX to —h < to < to t k£ b). 
Proof. First, we shall show that there is 4 continuous function F(a) 


(a =s 5b) such that f(t) =f(<) (a<z <b). 
Assume that (b, yi) and (b, y2) are limit points of the graph of f(z). 


b 
Suppose that c and d are values such that a < c < d < b. Since f. f(#)da 


exists, f f(y)dy (a Ss d) is contintous and takes on a maximum M 


and a minimum m. Let L(x) and R(x) («StS b) be continuous linear 
functions such that L(b) == R(b) = (yı + y2)/2, L(t) > f(x) > R(x) 


(c<a<d), L(t) >0 > R(x) (a<er<o), f L(x)dz > M and 
m> f R(s)dv. © Since L(t) >f(@) (e<2<d) and ~ ee 


(a=r=c), it follows that 


Paar | 
(6) JF) —L) lay <0 (a0 <4). 


Let r and s be values between d and b such that r <s, f(r) > L(r) 
and f(s) < R(s). . Denote by x the largest value for which f(z) — L(x) 
(d= rs) assumes a maximum. Assume that there are values A and k 
such that (5) is satisfied for v’ equal to zo We note that if f(x) is linear, 
then (5) holds for all h and k such that a= eee <L To Km tk Sb. 
Hence, 


(1) PHE) — LE S? e — a)i) 
a’ +k E 
=r f E) —L(@) Jde klf) — L). 


“CONVERSE LINEARITY CONDITIONS. | S11 


Eki 


From (8) end the fact that f(x) — L(x) is a positive maximum for f(z) 
— D(z) (45 v S s), it follows that the first member of (7) is not aes: | 
Therefore, 


(8) MO — 12) de® Mft) -re 


Since a” is she largest value for which f(r) —Z(xz) (d4 5s Ss) assumes a 

' a’ +k 

maximum, it follows from (8) that 2’ -+ k >s and f f(x) de > J. 
8 


Let Æ be the set of all values æ such that s=a=b and f (f(y) 

— L(y)]dy = 0. By the methods of the last paragraph we find that b is 
b 

either a point or a limit point of E. Since f f(z) dz exists, it follows that 
s & 


b i 
Í. [F (2) —L(s)]dz = 0. A similar argument leads to the contradiction that 


f [f(2) —R@)]ae 0. 
Assume that f(z) > œ as x->b. There is a continuous lineaz func- 
tion G(x) such that f(s) > G(x) (c<a<d), Giz) <0 (a<cccd), 


m > fS G(x) dz and there is a yale t between d and b for which f(t) < G (t). 


Let a be tke largest value for which f(s) — G(x) (dS 2 < b) assumes its 
minimum. But there are not an h and a k.such that (5) is satisfiec for 2’ 
equal tc 2. Likewise, the assumption that f(a) —>— œ as x— b leads to a 
similar zontradiction. Hence, f(x) may be defined so as to be continuons at b. 
Also, it may be defined so.as to be continuous at a. Therefore, there is a con- 
tinuous funstion f(z) (aS s< hb) such that f(z) =f(z) (a<z< bd). 

Let F (z) (a<2<b) be a continuous linear function such thes f (a) 
= F(a) and f(b) = F(b). Assume that f(x) — F(x) is positive fer some 
value betwean a and b. Let v. be the largest value for which f(s) — F (s) 
takes on ite maximum. But there are not an h and a k such that (5) is 
satisfied for z’ equal to £o. Also, the assumption that F (x) —F (x) is regative 
for soma value between a and b leads to a contradiction. . 


COROLIARY. The continuous function f(x) (a<x<b) is linear af 


” F(a) de exists and if for each x» between a and b there is an bk E N 
, such that 


Flo) = (1/2h) S7 Fede ax ty —h <a +4 <b). 


2. Middle-points of graphs. - We shall use a Theorem 3 in the n=xt sec- 
tion. Theorem 4 is included because it is of interest for itself. 
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THEOREM 3. If (£o, 41) and (To, Y2} are middle-points of the graph of 
the continuous function f(x) (a <£ <b) and if yı < yo < ys, then (ao, Yo) | 
is a middle-point of the graph of f (z). 

Proof. Let ui(x), uo(s) and uz(x) be functions whose graphs are the 
images of the graph of f(x) under a rotation of an angle of + radians about 
(Zos Y1)>,(®o, Yo) and (To, Y2) respectively. As Yı < Yo < Yz, we have 


(9) “ty (2) < Uo (wv) < u(r) E (Rt — b <a < 2a — a). ' 


Since (To, Y1) and (To, Y2) are middle-points of the graph of f(x), there are- 
values 21, v2 such that for 4 == 1,2 we have 


(10) us (zi) = f (24) [to <2: < min (b, 2% — a) ]. 
From (9) and (10) it follows that o 
(11) uo(ti) > f(t) and u(r) < f(t). 


From (11) and the continuity of f(z). and u(x), it follows that there is a 
number v, between 2; and s such that uo{z3) = f (z3). Then (To, yo) bisects 
the interval from [ws, f(as)] to [29 — ts, f (2a) — z3) ] and is therefore a 
middle-point of the graph of f(z). 


THEOREM 4. I f the continuous function f(z) (a< x< b) satisfies the 
middle-point condition on its range and for no value c between a and b is 
either f(z) {a<z <c) or f(z). (c< <b) linear, then the set of all 
middle-points of the graph of f(z) consists of the sum of two connected 
domains plus a subset of their boundaries. 


Proof. The existence of a continuous function f(t) (a <s < b) satis- 
fying the middle-point condition and being nonlinear on every connected 
subset of its range will be shown in the next section. 

First, it will be shown that if (a, y1) and (ao, Y2) are middle-points of 
the graph of f(z) and if yı < Yə < ye, then there is a positive number e such 
that if [8| <e, (20+ 8, yo) is a middle-point of the graph of f(z). Employ- 
ing the notation and the methods used in the proof of aeoran 3, we have 
that there are an x, and an sz such that | 

uo(t:) >fl) [To < zı < min (b, TAN 
and 

uo(z2) < f (z2) | [£o < te < min (b, 2a) —a)]. 
From the continuity of uo (x) and f(x), we find that there is a positive number 
e such that if |28| < «, then 

uo (21) > f(x: + 28) A < gı + 28 < min (b, 2% — a) | 
and o l 
Uo (%2) < f (£2 + 28) [to < #2 + 28 < min (b, 2% — a) |. 


a 
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From the continuity of ue(z) and f(x), there is an a between zi and va such 
that uo(z3) =f (£s + 28). Then (£o +38, Yo) is a midpoint of the interval 
from [2% — 4s, f(2%— 23) ] to [zs + 28, f (as + 28) |. 

There aré positive numbers e, and ez such that if [8| < e (i=1,2), 
then [zo + & (yo + y:)/2] is a middle-point of the graph of f(z). Applying 
Theorem. 3, we find that a connected domain contains (2 Yo) Which contains 
only middle-points of the graph of f(z). 

We shal show that if zo is a number between a and (a Es b) /2, then there 
is more than one middle-point of the graph of f(z) with an abscissa equal to To. 
Assume that (£o, y) is a middle-point of the graph of f(z) only if y = f (zo). 
If h is a pcsitive number such that a < £o h, then. the midpoint of the 
segment from [zo — h, f(a —h)] to [vo + h, f(eo + h)] is a middle-point 
of the grapk of f(a) having an abscissa equal to %. The ordinate of this 
midpoint is (a) because (£o, y) is a middle-point of the graph:of f(z) only 
if y = f(a). Hence, f(z) (a <s < 2z — a) -is symmetric with respect to 
[zo f (to) ]. As f(x) is continuous at 2%, —- a, there is a continuous function 
glz) (a & 2 5 2z — a) such that g(x) f(x) for values of x between a 
and 2@%—a. Since g(x) is not linear, we have by Theorem 1 that there is a 
number x, batween a and 2%, — a such that [zı g(2.) | is not a middle-pcint 
of the grapt of g(x). Since g(s) is symmetric with respect to [zo g(#c) ], 
we may asstme that zı < zo. Then [2:,f(2:)] is not a middle-point of the 
graph of f(e). Hence, the assumption that there is only one middle-point of 
the graph-ol f(x) with an abscissa equal to 2 leads to the contradiction that 
f(x) does not satisfy the middle-point condition at z. 

If £o is a value between a and (a + b)/2, then the nondegenerate con- 
nected set o all middle-points of the graph of f(z) with abscissas equal to xo 
is covered by two points plus a domain consisting of middle-points of the graph 
of f(z). Then the set of middle-points of the graph of f(x) with aoscissas 
less than (a + 6)/2 consists of a simply connected domain D plus a subset of 
its boundary. Also, the set of middle-points of the graph of f(x) wita abscissas ` 
greater than (a +.6)/2 consists of a simply connected domain D’ plus a subset 
of its boundary. The set of middle-points of the graph of f(x) with abscissas 
equal to (a -+ 6)/2 is a subset of both the boundary of D and the boundary 
of D’. 


. 3. Functions satisfying the middle-point condition. An example 
[2, pp. 252-255] has been given of a continuous nonlinear functicn f(x) 
(a<s<b) which satisfies the middle-point condition on its range. The 
graph of this function is the sum of a countable, number of straight line 
intervals. Gne might wonder whether a continuous function f(x) (a<z <b) 
which satisfies the middle-point condition on its range could be nonlinear on 
each subinterval of its range. 

g 
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THEOREM 5. There exists a bounded function F(x) (asa <b) having 
a derwative everywhere on its range, satisfying the middle-point condition for 
values of x between a and b and being nonlinear on each subinterval of its 
range. . 
Proof. Designate by do, Qu, @,°* *, Gn,’ * * the values 1, 3/4, 9/16, 
', (8/4)*,- ++ and by @1, @2,°-*, Q- 7: the values 5/4, 23/16,- 
2 — (3/4)",- +--+. Let 


(12) F(x) = (—1) "2 [ (4an + dn) /5 Sa Say]. 


A” 
p? F 
1T l 
ww 
c 
= WPT oe 
< —__ | Go 
ae, 
l 
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For other v such that 0 Ss 5 2, F(x} is defined so as to be nonlinear on 
each subinterval, so as to have a derivative at every point of its range and so 
that | F(x)| S°. See the figure. 

We shall show that for each 2 between 0 and 2, there are middle-points 
(Zo, Y1) and (To, Y2) of the graph of F(x) such that yı > x and ye < — a. 
An application of Theorem 3 will give Theorem 5. 

Let Wa be the set of points on the z-axis whose abscissas 2 satisfy 
(4an -F Qn) /5 S&S ay. We shall show that if a is a number between 0 


” 
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and 2, then (29,0) is both a eaten of Won and a middle-point of 
> Won. 


Suppose that (zo, 0) is not a middle-point of any Wana. There is a- 


number j such that (so, 0) is between a point of Waj. and a point cf Waj- 
A computation shows that if j > 0, then (zo, 0) bisects an interval having its 


co -> P 
end points on Waja + Waj- and X Wonn respectively; if 7 < 0, then (zo, 0) 
j : ; 


, l i 
bisects an interval having its end points on Wojis + Way and > Wen ` 
—~O0 


respectively; if j; = 0 and a 1, then (a,0) bisects an interval from W- 
to Wi-+ Ws; if j == 0 and 1 + (7/160) (3/4)?”*S a S 1 -+ (7/82) (3/4) 
for m = 0, 1,; > +, then (2,0) bisects an interval from Wom to W_om-s. 
Hence, each point of the z-axis between (0,0) and (2,0) is, a middle-point 
of SWenu. Likewise, each such point is a middle-point of $ Wan. 

There are points (2,0) and (2,0) of $ Wenn such that to = (x: + 22) /2. 
We have by (12) that [zo — (2:7 -+ 22”) /2] is a middle-point of the graph 
of F(x). But y: = — (a? + a) /2 < — T”. Likewise, there is a point 
(£o y1) which is a middle-point of the graph of f(x) and such that y, > 2”. 
We have by Theorem 3 that F(s) satisfies the middle-point conditicn for 
values between 0 and 2. 


THEOREM 6. If each between-point of the gi aph of f(t) (a<r < b) 
is a middle-point of this graph and i f(z) (aS2< b) has a derwative at 
z= &, then f(x) is linear. 


Proof. There is a continuous linear fonction L(x) (asa <b) whose 
graph is tangent to the graph of f(x) at [a, f(a) |. Assume that there is ar. £o 
between a and b such that f(z.) + D(a). Let M(a) be the function whose 
graph is the interval joining [a, f(a) ] and [zo, f(z) |. As the graph of L(x) 
is: tangent to the graph of f(z) at [a,f(a)], there is an vı such that 
| L(x) —f(x)| < |M(x)—f(x)| for values of x between a and sı. Then 
[ (2a + 2,)/3, M([Ra + 2,]/3)] is a limit point of between-points of the 
graph of f(s). (a < s< 6) but it is not a ae point of middle-peimts of 
this graph. 


THEOREM 7%, Suppose that AB is an interval from the point A to the 
point B. There exist two totally disconnected closed subsets H anā K of AB 
such that H- K =— A + B and such that each point of AB — (A + E) ts both 
a middle-point of H — (A + B) and a middle-point of K— (A + B). 

Proof. First, we shall describe a totally disconnected closed subse; S (I) 
of an interval I. Let F, be the segment consisting of the middle one-fifth cf J. 


Then J — E, is the sum of two intervals. Let F, be the sum of two segments 


~ 
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each of which is the middle one-tenth of one of these intervals. In general, 
let His: be the sum of all eo s such that’s is the middle 1/(5 : 2#) of a 
component of, J — (E, + E: ate -+ H;). The desired pomi set O(I) is 
I— (F,+ E: +: 

We shall note some properties of S(Z) that make it useful in proving 
Theorem 7. It.is closed and totally disconnected. We shall show that if PQ 
is a subinterval of Z such that P is an end point of E, then 


(13). measure S(J)-PQ = 1/2 length PQ. 


. Since E, + Ez -+> + > is dense in I, (13) is true if it holds for each point 
Q of Hi -+ #.-+-:+-. Assume that (13) is false. Let Æ; be the first ele- 
ment of #,,#,--- containing a point Q such that (13) does not hold. 
For convenience, we shall assume that the length of J is 1. ‘Then the measure 
of E+E,- -o is 1/65 +1/(5-2) +--+ -—2/5 and the measure of 
S(I) is 1 — 2/5 = 3/5. The length of each component of E; is 1/ (5 4+) 
and the length of each component of I— (Ei + #e+°- ++ Hi) is 


(1/24) {1 — [4/5 + 1/(5-2) 1y (5-2) 7} 
T = (3: 2t + 2)/(5 -> 4“), | 
The measure of the common part of S(Z) and a component of I — (By + F, 
+: -+ E) is (1/2*) (8/5). Tf Q is a point of Æ., the measure of E (T) - PQ 
is 8/10 and the length of PQ is no more than k 5. Therefore, FB, is not #;. 
If Q’ ‘is the last point of P -+ E, 4 Ep- FAA on PQ in the order 
from P to Q, then - 
7 measure S (I): PQ’ = 1/2 length PQ’. 


. But, l 
measure (I) QQ = (1/2") oe) l 
and 
length QQ’ = (8 -2t + 2)/ (5:4) a us. oe) 
== (8: 3t + 6)/(5- ~ 


Then, 
; measure (I): QQ’ = 27/(2'* + 2) length QQ’. 


Hence, (13) holds for all Q in Z. Using a similar line of thought, we find 
that if UV is a subare of J not intersecting fF, + E-H: © -+ E: and U is 
a point of #,, then 


(14) measure (I): UV = 2/3 length UV. 


Each middle-point of I is a middle-point of S(Z). To see this, let I’ and 
S(T) be the images of I and S(T) under a rotation of ~ radians about a 
middle-point R of J. If PQ is the common part of I and I’, we have by (13) 


£ 
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that both the measure of S(Z) - PQ and the measure of S(T) - PQ is as much 
as 1/2 length PQ. Hence S(Z) intersects S(T) and ÈR is a middle-point of 
S(1). 

' TË K is an interval, let S(K i denote the image of S (I) under a similarity 
transformation of I into K. It will be shown that if Z and K are two intervals 
that intersect in an interval L and neither J nor K is as much as “ive times 

as long as the. other, then S(T) intersects S(K):on a sèt of positive measure. 
~ It will follow that if M and N are subintervals of a straight line ard neither 
M nor N is as much as five times as long as the other, then each middle-point 
of M J-N isa middle-point of 8(M) + 8(N). 

‘If neither I nor K is a subset of the other, then one end point of L is an 
end point of J and the other end point pi L is an end point of K. By (13) 
we have that 

measure S (I ) -LZ 1/2 oi L 
` and that 
measure S(K)- -L 21/2 length L. 


As S(I)-Land S(K)- L are closed, they intersect on a ae of positive measure, 
If K is a subset of J, let F; ‘be the first element of E, ne - + inter- 
secting K. . Since , l 


length F; S 1/5 length I < length K, 


aN 


K is at a ae of E; Let I’ be a maximal subinterval of L containing no 
porai of Ei. ° By 14) we have that . : 


(15) ~ measure S(I) - I’ = 2/3 length X. 


But one end point of L’-is an end pore: of L and therefore of K. B 7 (13) 
we have that 
(16) measure ACK )- LE’ 21/2 length I. 


Now (15) and (16) give that S(I).and S() intersect on a set of positive 
measure. 

Suppose that AB is the interval from (0, 0) to ( 2,0). Asi in Theorem 5. 
_ designate : y Go, sal *, Gn,* © + the values 1, ka , (8/4)”,: +> and by 
G1, @2,° °°, Gn,’ * | the values 5/4, 23/16,---, 2— (8/4)*,---. Let Ms 
be the set cf points ie 0) such that (Yana + tin) /8-< Sgr San, lee H—(A+B 
= SS (Mm) and let K—(A + B) = SS (Mona). 

If (za, 0) is between two points of Mza, it is a nidepdsi of S( Mens). 
If (zo 0) is a point of AB — (A + B) but is not between any two points oi 
any Moni, there is a j such that (zo, 0) is between a point of Maj- and a 


318 R. H. BING, 


point of M2;... A computation shows that if j < 0, then (2,0) is a middle- 
point of Ma; + Mo;. + Moj-3 and is therefore a middle-point of S(Moj.1) 
+ S(Maj-1) + 8 (Maj-s) 3 if 7 > 0, then (Zo, 0) is a middle-point of S (Mais) 
+ S (Moja) + S(Moj+) 3 if j = 0 and zo <1, then (2,0) is a middle-point 
of S(M3) + 8(M,) + S(AL1); if j = 0 and 1+ (7/256) (8/4) <= 271 
+ (7/382) (3/4)? for m==0,1,: +, then (%,0) is a middle-point of 
S (Moma) + S(M-om-s). Hence, each point of AB — (A+ B) is a middle- 
point of K— (4 + B). Likewise, it can be shown that each point of AB 
— (4 + B) is a middle-point of H—(A + B). -> : 


THEOREM 8. There exists a bounded function F(x) (a < æ < b) satis- 
fying the middle-point condition and having a derwative on its range such 
that F(x) is nonlinear on each subinterval of its range and every between- 
point of the graph of F(x) is a middle-point of this graph. 


Preof. The function 





(0<s<1) 


f(e) = — sin 
satisfies all of the conditions of this theorem except the one of boundedness. 

Let AB be the interval from (0,0) to (1,0) and let H and K be totally 
disconnected closed subsets of. AB such that H- K == A + B and each point 
of AB— (A + B) is both a middle-point of H — (A -+ B) and a middle- . 
point of K— (A + B). We define F(z) (0<2<1) to be a function 
having a derivative on its range and such that | F(x)| S x, the projection 
on the x-axis of the points of the graph of F(s) for which F(x) = 7v is the 
set H — (A + B), the projection on the z-axis of the points of the graph of 
F(z) for which F(s) ==— rv is the set K— (A—B) and F(z) is non- 
linear on each subinterval. Since each point between (0,0) and (1,1) is a 
middle-point of the graph of F(s) and each point between (0,0) and 
(1,—1) is a middle-point of the graph of F(x), it follows by Theorem 3 
that every between-point of the graph of F (c) is a middle-point of this graph. 
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A DENSITY THEOREM FOR POWER SERIES.* 
By R. P. Boas, JR. - 


co 
Let f(z) = > cnz” have |z | == 1 as its circle of convergence. 
n=0 


THEOREM. Suppose that {cn} is not bounded, but that there are numbers 
M, L and B, 8 > 1, such that | c| S M when | ìn—np| <L. Then f(z) 


cannot be majorized by an integrable function y (0). in any sector cf the vnit 


circle of angle exceeding 2% == 2r(1— 1/8) ; that is, we cannot have 


7” 


(1) | | F(re#) | S ¥(8), 0<r<l, 


an any -interval of length exceeding Ra. The same conclusion holds tf Cn 
does not approach zero, but cy, 0 when |An—nB| < L. In particular, in 
either case f(z) must have | a singular point in every arc of |z| = 1 of length 
exceeding 2a. 


If we have cru, = 0 or even Cn == O(7™), 7 Sa the existence of a singular 
_ point, but not the impossibility of (1), follows by Polya’s gap theorem * 
merely from lim A,/n = 8, with no further hypothesis on {cn}. For an illus- 

. ; n->00 ' 


tration, we can take f(z) = (1 — 2”)*, where àn = 2n + 1, M = 0, 8=2. 

The case where Anı — Àn —> © and (1) fails in every sector was given 
by Duffin and Schaeffer.” Our theorem corresponds to theirs as Pélva’s gap 
theorem ccrresponds to Fabry’s. Our proof is an adaptation of that given by 
Duffin and Schaeffer for their theorem. 


We can assume without loss of generality that (1) i is satisfiec in 


mn—y S0 Srt y, y >a. Then we have’ 


QatGy = f wF (w)dw, 


where C is the curye made up of the arc of |z |== 1 from arg z = r — y to’ 


arg z =x + y, the segments of arg z =r + y from r= p to r=I1fp <1), 
and the are of |z| = p from arg z = — (r — y) to arg z =n — y. Thus 


-* Received November 16, 1945. 
1 See, for example, N. Levinson, Gap and Density Theorems, New York, 1920, p. 89. 
2R. J. Duffin and A. C. Schaeffer, “ Power series with bounded coefficients,” Ameri- 
can Journa: of Mathematics, vol. 67 (1945), pp. 141-154; 153. 
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(2) atm — Fi (n) + Fe(n), 
where ; 


my l 1 
F, (z) — ptf et20F (pet?) dé + gett Ye Í t-2-1f (tet im-y) ) dt 
miamy) p 


— geiir) f t-*-1f (teir) dt, 
3m—Yy j 
Pa(2) = f. „Fede. 


When z—> © through real positive values, F(s) -> 0. Hence {F,(An)} is 
bounded if {¢,,} is bounded, and Fi(An) > 0 if cn —>0. F(z) is an entire 
function of order 1 and type m — y—Jlogp, which can be made less than 
4-——&==2/8 by choosing p near enough to 1. A result of Duffin and Schaeffer ® 
states that, if |A,—n@|< L and the type of F,(z) ‘is less than 7/8, then 
F,(z) is bounded for real positive v if {F-(An)} is bounded, and F, (£) — 0 
if Fı (àn) > 0. By (2), this means that {cn} is bounded or cn > 0, respectively, . 
contradicting the hypotheses of the theorem. | . 


. 
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° Dufiin and Schaeffer, op. cit., pp. 142-143. 


A SOLUTION THEORY OF THE MOBIUS INVERSION* 


By AUREL. WINTNER. 


1. If the summation index m runs through all divisors of n (including 
the divisor m == 1 and, if n s£ 1, the divisor m = n}, then the linear trans- 
formation n 
(1) Dae 3 An, (n = 1, 2,° : 2 

min 
of the infinite sequence (X1, X2,-°--) into (Ya, Y2,--:) nas a unique inverse. 
In fact, since the n-th of the equations (1) does not contain Xn, Ama't? 
and contains X», the infinite system of equations (1) can be solved recursively. 
The explicit form of the resulting inversion of (1) is known to be the linear 
transformation 
(2) Xn = 3 p(n/m) Ym (n—=1,2, ++). 


Here »(1),2(2),-°- denotes the sequence, of the absolute constants pik) = 
++ (3 = 3), defined by the recursive formula and the initial condition 


(3) 3a(d) =0 if beia 20st a 
djk 


respectively. An equivalent definition is that 
(3 bis) u(k)=0 or p(k) =(—1) 


according as k is not square-free or is the product of exactly y= v() distinct 
primes (with the understanding that k == 1 belongs to the second case, with 
vy(1) —0). 

Whether n is or is not square-free, let v(m) denote the number of its 
distinct prime divisors (e. g., v(12) = 2). Then it is easily reelized that 
2”(™) ig the number of the square-free divisors of n. Hence, if r(n) denotes 
the number of all divisors ofn, then 


7 ne 1S 2) S2(n) 

and, since. v(2") == »(2) but 7(2*) =k + 1, 

(5) ` lim sup r(n)/2?™ = œ, 
n00 ; 


* Received January 23, 1946. 
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In view of the sieve process, the infinite matrix defining the e substi- 
tution {1) may be described as follows: The nth column consists of the 
periodic sequence 
(6) (0) na; 1,°(0) aa)" eee (ex de Oe 


of period n, where (0)n-. denotes the block 0,- - -,0 of ~—-1 consecutive 
Zeros (which is missing when n= 1; that is, every element of the first column 
is 1). Correspondingly, itis seen. > (2) that the unique inverse of this 
matrix, results by writing the elements of the sequence 


: (7) (9) n+, (1), (On (2); (0) n+, (3); : 
into the n-th column (so that the sequence w(1),(2),: °- forms the first, 
the sequence 0, p(1), 0, (2), >- the second,--- column of the inverse 


matrix). Hence, if E (“ Eratosthenes”) and M (“ Möbius”) denote the 
infinite matrices representing the transposed matrices of the linear substitu- 
tions (1) and (2) ‘respectively, then the linear substitutions assigned by E 
and M are | 


oo < 
(8) E: È Tnm = Yn (n = 1, 2,- f ) 
moi 
‘and 
i co 
(9) | M: 3 p (mM) Yom = Tus i (n = 1, Ba : Je 
m= 


In fact, it is clear that the sequences (6), (7) tepresent the n-th rows of the’ 
matrices of (8), (9) respectively. 


2. Since (1) and (2) are reciprocal mates, and since (8) and (9) are 
the transposed systems of (1) and (2) respectively, (8) and (9) are formal 
reciprocal mates. In fact, (9) represents the classical “ Mobius inversion ” 
of (8). 

However, the pasaron just italicized is essential indeed. It is true that 
reciprocation and transposition are commutable in case of finite matrices, and 
it is also true that the matrices of the reciprocal substitutions (1), (2), being 
- recursive, can be reduced to finite matrices. But this does not insure that the 
commutability of reciprocation and transposition remains legitimate, since 
the transposed matrices, that is, the matrices E, M defined by (8), (9), cannot 
be reduced to finite matrices. 

Actually, very little seems to be known as to the legitimacy of the Mébius 
inversion, (9), of (8). In fact, all that I find in the literature is contained 
in a remark of Hardy and Wright ([8], p. 237), according to which (9) is 
sure to be i by (8) if ' 


~ = 1 
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00 - 
- Sr(n) | Ta | < œ. 
n=1 
For the sake of completeness, it will be verified below that, ve much 
additional labor, this criterion can be refined to 


F grim) | Zn | < ©, 
n=1 : 


which, in view of (4) and (5), is an actual improvement. But any criterion 
of this type is of a trivial nature by necessity. 

In addition, any criterion of this type supplies the answer i a , question 
which seems to be quite artificial. In fact, if (9) is thought of as solving the 
linear equazions (8), then what appears to be natural is to subject the data 
yn, rather taan the unknowns 2», to restrictions under which the forma! solu- 
tion (9) of (8) is legitimate. However, it turns out that such restrictions 
cannot exist, simply because the homogeneous equations 


k 
(10) x lnm = O, (n=1,2,: >) 
m=i Mi 


possess solutions (£1, 42,° ` *) =Æ (0,0,: : :). But-a result of Haar ([2], - 
p. 178) states that 


co. (a a) 
n=1 ; n=1 


must hold for any solution (£1, 2%2,: * <) of the-homogeneous equations (10). 
And all of this indicates that the only natural approack to a solution theory 
of (8) consists in inquiring, not into arbitrary solutions «= (£i, %,°- `) 
of (8), but only into the solutions satisfying 


(11) Sl an| <0; 
: n=1 
solutions which will be called regular. 

The purpose of the present paper is to develop the few facts which happen 
to be true in a general solution theory from this point of view, which corre- 
sponds to the principles initiated by Hilbert (in his “bounded ” case, where 
X | Ta | < © is replaced by 3 |z|? < 00; cf. the methodical considerations 
of Hellinger-Toeplitz [4] and Helly [5]). It turns out, among other things, ` 
that the range of the “solution theory” is by no means identical with the 
range of the “Mobius theory.” For instance, while it is true that Es = y 
cannot possess more than one regular solution s = z(u), it is possible that 


f 
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the latter’ exists but is not supplied by Mébius’ inversion s = My, the latter | 
being non-existent (that is, the series (9) representing the components of the 
vector My become divergent, although (11) is satisfied). 


3. Since E, M result by transposing the matrices of the recursive- equa- 
tions (1), (2), all elements of E,M below the diagonal vanish, Hence, the 
infinite series defining the elements of the matrix products EM, ME are finite 
sums, and so both EM and ME exist. Actually, both EM and ME represent 
the unit matrix. This is readily verified from (3) and from the fact that the 
sequences (6), (7) are the n-th rows of E, M respectively. Nevertheless, M ` 
cannot be denoted by E~ (or E by M“), since the situation is as follows: 


(I) The matris M is both a ETET reciprocal and a left-hand 
reciprocal of the matrix E. Furthermore, M 1s the only left-hand reciprocal 
of E. In addition, E is the only left-hand reciprocal of M. However, M is not 
the only right-hand reciprocal cf E. In addition, E is not the only right-hand 
reciprocal. of M. . 


In order to prove this, suppose first that there exist two matrices, M, and 
Mə, for which M,E and M-E become the unit matrix. Then (M, — M2)E 
is the zero matrix. Hence,’ if M, — M, is not the zero matrix, and if c 
denotes one of its réws containing at least one non-vanishing element, then 
c= (C, Ca’ ° *) is a non-trivial solution. of the homogeneous equations 
belonging to the transposed matrix of E. But (1) shows that these homo- 
geneous equations are 


0 = X Cm = C, en, © (n=l, 2 e) 


min 
and imply, therefore, that cı = 0, cz == 0,: ~”. This contradiction proves 


that M, =Ma - 

The uniqueness of the left-hand: eapo of M follows by a repetition of 
this argument. This repetition is possible, since the homogeneous equations 
belonging to the recursive systems (2) have no non-trivial solution. 

. Similarly, in order to prove that M is not the only right-hand reciprocal 
of E, it is sufficient to show that the homogeneous equations, Ex = 0, possess 
a non-trivial solution == (#1, %2,: °°). But such a solution is, for instance, 
Tn = p(n) /n, since (10) is then satisfied in view of the well-known relations 


4 
S 


(12) i 3pm) /m—0, | SO | Cone a ae 


m|» 


(Kluyver). Since (12) involves the Prime Number Theorem, it is worth 


' A SCLUTION THEORY OF THE MOBIUS INVERSION. 325 


mentioning that other non-trivial solutions x of Ex —0 may be constructed 
“elementarily,” namely, by. ordinary Fourier analysis (in this regard, cf. 
Rajchman {6]). : : 

Finally, the last assertion of (1) follows if it is shown that the homo- 
geneous system My = 0 has a non-trivial solution y. But (9) shows that ihis 
homogeneous system is l 

l a 4 
(13) Z pim) Yam = 0, (n=1,2,°° 7}; 
which, in view of ae case n == 1 of (12), is E by yı = 1/1, 2 yo = 1/2, 
Ya = = 1/3,° 


4, Sane the n-th component of the vector Ez, where z = (£y 425° °°), 
- is the infinite series 
. co 
Z Lams 
m=1 
Ev exists if and only: if ‘this series converges for n == 1,2,:-. Corre- 
spondingly. the assertion that an v is a solution of Es == y will always imply 
that this series converges for every n. Clearly, (11) is sufficient for the 
existence of Ez. | ) 
In view of (3 bis), these remarks remain valid if v, Ex, Ez == y are 
replaced by y, My. My == respectively. . 
A general theory of. unrestricted Mobius solutions is precluced by the 
following facts: 


(II) Jf the vector x is a olio öf Ezr =y (for a giver y), then 
Möbius vestor My = M (Ex), instead of being the veer ae ‘which, by 
(I), ts the solution $); 


(i) need not exist ; 
(11) may exist without being x. 


The proof of (i) will here be omitted, since an assertion muzh sharper 
than (i) is contained in the fact (IV) to be proved below. 

_As to the remaining assertion of: (II), it is sufficient to observe that, if y 
is the zero vector, then My exists and is the zero vector; and that the cerre- 
sponding system Ex = y, that is, Ex == 0, possesses non-trivial solutions =. 

All that happens in this proof of (ii) is that My is a solution x of Er = y. 
though it is not the gwen-solution. Another pessibility is that My is a vector 
not representing any solution : 


(III) If Möbius My exists (for a vee y), t need noi represent a 
‘solution s of Ex =y. 
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In fact, if Yn = 1/n in y = (yi, Y2" * +), then (18) is satisfied, that is, 
My exists and is the vector 0. Hence, if My were a solution æ of Ex = y, 
it would follow that EO =— y. But this is contradicted by y, = 1/n. 

Incidentally, it remains undecided whether there exists a suitable y for 
which Ex = y has no solution v. All that is clear is that Ez == y can never 
have a unique solution (simply because a solution of Ex=y plus any solution | 
of Ex = 0 is a solution of Ex == y). 


5. The first of the statements of (IJ) can be refined as follows: 


(IV) There exist vectors y for which the s ystem Ex == y has a regular 
solution x, although Möbius solution My, instead of nen esenting this x, does 
not exist. 


In other words, not even the restriction (11) can prevent the case (i) 
of (II). This will be proved in 6. 

As mentioned after (IIT), it remains undecided whether or not every 
vector y is representable, in terms of a suitable z, in the form y = Ez. On the 
other hand, it is easy to see that the answer is in the negative if œ is restricted 
by (11). In fact, if y = (th, y2,: - +) is so chosen as to violate 


(14) o Yn—>0 as no, 


then Ex = y cannot have a regular solution s = gs(y). In order to see that 
(14) is a necessary condition for the existence of a regular solution 2, it is 
sufficient to observe that the representation (8) of Ex = y implies the estimate 


oO < oO 
| yn | E 3 | am | S 3 | ce |, 
` m=1- ken P 


from which the relation (14) follows if (11) is assumed. 
In the same direction, lies the following fact: 


(V) For a gwen y, the system Ex ==} has either no regular solution or 
a unique regular solution x = z(y). 


If the assertion of (V) were false (for some fixed y), it would follow by 
subtraction that the homogeneous system Ev —0O has a regular solution s 
distinct from s =0. But this contradicts Haar’s result, quoted after (10). 


6. The proof of (IV) depends on the arithmetical function 


(15) palm) = F (d) | 


I 
4 
Pd 
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” 


of the two independent variables n,m (the summation index, d, runs over 
those divisozs of n which do not exceed m). 
It is clear from (15) that 


| al 0 if n>, 
ORTOR gam $1) CE $2) me DY 
by (3). It is also clear from (15) that ` 
(17) daee(m) —=Gn(m) if b=- 2 mmml. 


The periodizity condition (17) implies that n(m) is a bounded function of n, . 
if m is fieé. On the other hand, (16) implies that ¢n(m) is a bourded func- 
tion of m, if n is fived. If an assertion of Bruns ([1], p. 182) concerning 
Mobius’ inversion were correct, it would follow that the function n(m) is 
bounded uniformly in n and m together. However, it was recently shown- 
([8], § 9-811) that this is not true, since _ | 

(18) ' lim sup | dn(m)| =o. 

& 


NWO, m> 


Trivial upper estimates are 


(19) | um) | Sm 
and 
(20) | du(m)| S m, 


+ 


_ In fact, sirce v(m) denotes the number of the distinct prime divisors of n, 
the number of all square-free divisors of n is 2”, and so it is clear from 
(3 bis) that | 


(21) 5. z | w(d)| = 2m, 


But (21) and (15) imply (20). On the other hand, (19) is clear from 
(3 bis) anc (15). 
In order to deduce (IV) from (18), let 


. OO 
(22). È Zn a 
4 : nz 
be an absolutely convergent series. Then the same is true of all of the series (8). 
In particular, y = Ex defines a vector y: For this y, the vector æ is a solution 
\of Ex == y. On the other hand, substitution of (8) into (9) shows that the 
first component of the vector My is the repeated series 
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(28) Ore | 
Hence, in order to prove (IV), it is sufficient to show that (11) does not 
imply the convergence of this repeated series, 

Let Sm denote the m-th partial sum of the exterior summation in (23) 
that is, let 


m OO i 
(24) Sm =] I p(N)Tar. 
7 ' : n=l k=l 
. This can be rearranged. into 
: næm 
(25) sn = 3z; 3 a(n), 
` , j=1 nkzj 


where the interior summation is extended over those positive integers not 
exceeding m corresponding to which there exists a positive integer & satisfying 
nk == j. This means that n runs through those divisors of 3 which do not 


exceed m. Accordingly, 
O dsm 


(26) Sm = 32; Ž p(d). 
jar alj 
Hence, if j is replaced by n, it is seen from (15) and (16) that 
a | 
(27) Sm = X hn (M) Zn, (mhar 
n=1 


Since the absolute constants (15) defining the matrix of the linear sub- | 
stitution (27) satisfy (18), an application of the general norm-principle 
(Lebesgue-Toeplitz; cf., e.g. [7]) shows that there exist absolutely con- 
-vergent series (22). for which the sequence sı, S2,' © * becomes divergent. 
This proves (IV), since sm is the m-th partial sum of (23). 


7. According to (V), the system Ex ==y has either no or just one 
regular solution v= a(y). There arises the need for practicable criteria 
which, when applied to the data Yı, y2,-- © of the system Ex = y, distinguish 
between the two cases. In this regard, some information is contained in the 
following theorem: } 


(VI) In order that the data Yı, yo," `> be such that the system Ex = y, 
where y == (Yı, Yz ` `), has a regular function æ (which, by (V), is then 
unique), i 

(i) the condition lim yn = 0 1s necessary, 


* 9h? OO 


(ii) the convergence of the series Sth is not necessary, 
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(iii) the condition z| Yn| << is not sufficient, 

(iv) the aaen of an e > 0 satisfying zn |yn| < © is suficient. 
Needless to say, it is implied iy (iii) that . 

(i*)+(1i*) the conditions of. and (ii) are not sufficient, 
and by (ii) that | : | | 
(iii*)—(iv*) the conditions of (ili) and (iv) are not necessary. 
Of the four assertions of (VI), only (i) and (iv) are “ criteria ” (of the 


“practicabl2” type). Actually, (i) is a triviality, verified after a 4), and 
(iv) can be improved as follows: 


(iv bis) Jf a gwen y= (Yı, Y` + *) satisfies the condition 
g Quin | Yn k< ©, 
nzi 


then Es =y has a regular solution g. | 


Here %”™) denotes the arithmetical function occurring in that improve- 
ment of the Hardy-Wright criterion which was mentioned at the beginning 
of 2. However, (iv bis) is quite different from the Hardy-Wrighit criterion 
and its improvement, since (iv bis) is a criterion of the “practicable” type, 
imposing the 2”)-condition on the data Yn, rather than on the unknowns Tr, 
of the system Ez == y. Cf. (VIII) and (X bis) below. 

As is well-known, the number, v(m), of the distinct peime: divisors cf n 
satisfies the estimate 


(28) ; y(n) = 0 (log n) flog log n. 
Hence, 
(29) Brn) — O (në) 


holds for every e > 0. Consequently, in order to prove (iv), it is sufficient to 
verify (iv bis). This will not be done here, since a refinement of (iv bis) is 
' contained in (VIII) below. 


In orcer to prove (ii), let %1, %2,- - - be a sequence of positive numbers | 
satisfying (11) and 
a l 
(30) yee Z r(n) | a, | == co 
n=l f 


~~. 


(such sequences exist, since t(n), the number of all divisors of 2, does not 


10 


f 
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remain bounded as n—> 00). Since (11) is assumed, it is possible to define 
by (8) the components of a vector y = (fu y2,' °°). For this y, the system 
Ex == y admits the solution # == (#1,22,: - ‘), and this v is a regular solu- 
tion, since it satisfies (11). However, since every z, was chosen to be positive, 
it is clear from (8) and from the definition of t(n) that 


= z P 


a i 
Hence it is seen from (30), where t, > 0, that the seats of (ii) is complete.. 


8. Of the four assertions of (VI), only (iii) remains to be considered. 
It is worth while to formulate (iii) as a dual of (ITV), as follows: 


(VII) There exist vectors æ = (21,%2,;: °°) for which the system 
My =v has a solution y = (4-, Y2,° * `) satisfying 


a 
(11 bis) ` | yn| < ©, 

n=l , 
although Möbius solution Ex, instead of representing this y, does not exist. 


It is clear from (9) and (3 bis) that, if y == (Y, Y2,° * *) is any vector 
for which the series 


00 
(31) -~ Aha 
nol 


is absolutely convergent, then the vector My exists. Let this vector be denoted 
by « Then the case n == 1 of (8) and the defining relations (9) show that ` 
the first component of Ex is the repeated series 


+ 


i CO w 
(32) 3 (3 p(l) Jan). 


Since y satisfies My == v; it follows that (VII) will be proved if it is shown 
that the absolute convergence of the series (31) does not imply the convergence 
of the repeated series (32). : 

This is a precise dual of what has been rere for (22), (23) in 6, 
Correspondingly, the following proof parallels that given in 6. But the proof 
is by no means superfluous, since (1) and everything that follows (I) prevent 
- a general principle of duality. 

Suppose that the series (31) is E convergent, and let tm denote 
the m-th partial sum of the exterior summation in (82), that is, let 


m co i 
tn == 3 3 p(l) Yn 
1 


n=1 k= 
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This can be rearranged. into 


Co n&m 

tm = 3y; 3 p(k), 
J= nk=zj 

where the interior summation runs over those positive integers k corre- 

sponding to which there exists some n not exceeding m and satisfying nk =j. 

Accordingly, 


o dsm = 
tm = 3y; Z p(j/4). 
- j=1 alj 
Hence, if 7 is replaced by n, ` 


CO 
(33) : tn = 3 G (M) Yn 
where $”(m) denotes the interior sum, that is, 
d=m f 
(34) $"(m) = 3 w(n/d). 


= Since (33), fm, $”(m) correspond to (27), Sms, n(m) respectively, what 
corresponde to (18) is l 


(35) _ lim sup | 6*(m)| =œ. 
MPO, M PCO i 
Hence, the proof will be complete if it is shown that (35) is true. 
To this end, let the summation index d in (34) be replaced by n/d. 
Then (84) appears in the form 


2 ` dln 
Consequently, if n/m is not an integer, 


6"(m) + bn([n/m]) = 3n(4), 


‘by -(15). It follows therefore from (3) that (35) is implied by (15) and (18). 
In fact, the omission of the assumption that n/m is not an integer introduces - 
an error which is bounded, hence such as to have no influence on (35). 


9. Tte content of (IV) is that there are data (41, y2,° °°) for which 
the regular solution (%,%2,---) of (8) exists but is not attainable by 
Mobius’ inversion (9). However, the resulting pathological y-rang2 does not 
contain data y = (41, Y2 ` *) which have occurred thus far in tke applica- 
tions of M5bius’ inversion to problems occurring in the analytic theory of 
numbers. Correspondingly, what really matters in those classical applications 


\ 
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is neither just the existence of a regular solution nor ve the existence of a 
Möbius solution, but the existence of both. 

Thus there arises the problem of delimiting the y-range .within which 
Ez = y has a regular solution x represented by Mobius’ inversion, My. .A regu- 
lar solution a of this particular type will be called hyper-regular. A complete 
characterization of the y-range of hyper-regularity involves properties of a y 
which are just as obscure as are, in view of (ii)—(iii) and (i*)—(ii*) in 7, 
the properties characteristic of a vector y belonging to the more inclusive 
range of regularity. However, the following sufficient criterion comprises 
more than what is needed in the classical applications. 


(VIII) If the data yn of the aster Ez = y, where y = (41, Yat © *); 
satisfy the condition 


(36) - arc lyn | < o, 


then there must esist an (or, accor ee to (V), the) hyper-r agen solution . 


xz of Ex =y. 
For instance, this will be the’case if 


(36 bis) Ent |v | <0 


holds for some e > 0, since (36 bis) is sufficient for (36), by (23). 

In order to prove (VIII), let s denote the vector My. This vector exists 
(simply because its components £a are given by the series (9), the convergence 
of which is assured by (3 bis) and (36), since (36) implies that (36 bis) is 
satisfied by €e = 0). : Furthermore, the components of «= My satisfy the regu- 
larity conditions (11). In fact, (9) shows that the series a). becomes the 
nee series on the left of the obvious inequality 


(37) S|3plk)yal| SI Sl u(k)| | yazl. 
` nai k=t n=1 ksl 


But it is clear from (21) that the double series on the right of th-s inequality, 
a series of non-negative terms, can be contracted into the simple series (36). 
This proves that, if (86) is satisfied, Möbius’ vector My exists and repre- 


~ 


sents either a regular solution of Ec = y or no solution at all. Hence, in order - 


to complete the proof of (VIII), it suffices to rule out the second of these 
possibilities. ji 

10. The assertion is that the vector E(My) exists and is identical with 
. the given vector y (provided that (86) is satisfied by the companents of y). 
But substitution of (9) into (8) shows that the assertion E(My) == y can be 
written in the form . 
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` o0 OO f > $ = 
(38) X (2 p (1) Yume) = Yn; oo (n=1, 2, aaa 


where it is understood that the convergence of the-repeated series (38) is part 
of the statement. Accordingly, the proof of (VIII) will be complete :f it is 
verified that (36) implies the truth of (38) for every n. 

First, (36) implies that 


oO oO l | : 
(39). 2 2 | e(k)| | Yams | <0, (n=1,2,: °°). 


In fact, whether (39) be true or false, the double serjes (39), having only 
non-negative terms, can be ace into 


j=1 , nmk=j : 


where the interior summation extends over the range of those values % corre- 
sponding tə which there exists some m satisfying the condition nmk ==} (in 
which both n and j are fixed). This means that the double series (39) is 
identical with a 


(40) lal 3 lal i 


and is therefore majorized by 


t 
t 


oO . a 
3 |y | 3] #(%)| 
f= klj 


(simply because nk|j cannot hold for any n.if it does not hold for n = 1). 
But (21) shows that this majorant of the double series (39) is identical witk 
the series §36). This proves that (36) implies (39). 

l Since the repeated series (40) is just a rearrangement of the double 
series (391, and since the latter is convergent and consists of the absclute 
values of the terms occurring in the repeated series (38), it follows shat the 
repeated series (38).is convergent and that, in addition, the assertion (38) - 
can be rearranged, corresponding to. (40), into 


\ 
i 3na > PAK) = Yn, co (an=1,2,- ++). 
j= nk 
Hence, in order to a the proof of (38), all that remains to be 
ascertainec. is that the (finite) sum multiplying y; on the left of the las: 
formula line is 0 or 1 according as, j 4 n or j=n. If j and the surnmatior © 
index k are replaced by. m and d respectively, this assertion appears in the form 
(41) : l Z p(d) = en, 


na|m 


ME 
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where (nm) denotes the infinite unit matrix. But (41) is true. In fact, if m 
is not divisible by n, then enm is 0 (since n= m would imply that m is 
divisible by m), and the sum on the left of (41) is vacuous (since nd cannot 
divide m for any d if n itself does not). In the remaining case, that is, if the 
quotient m/n is an integer, say &, the assignment nd|m on the left of (41) 
can be replaced by d|k, and so the truth of (41) follows from (3) in this case 
(simply because the integer k = m/n is greater than or equal to 1 according as 
mÆn or m=n). | 


11. The criterion (VIII), the proof of which is now complete, places 
the restriction on the data and is, therefore, an existence theorem. In contrast, 
the following (incomplete) dual of (VIII) will assume the existence of a 
solution of a certain restricted type; and all that will be claimed is that the 
assertion. of (VIII) then becomes tautological in some respect. 


(IX) If Ex = y has a solution s = (21,2, > +) satisfying 
. | z 
(42) . IPW |n| < 0, 
n=1 i 
then this solution is hyper-regular. In fact, if Ex = y and (42) are satisfied, 
then My exists and is precisely x. 


The existence of My means, of course, the convergence of the series (8). 
Hence, the truth of (IX), no matter how elementary, is curious indeed, since 
the situation is as follows: 


(IX bis) The assumptions of (IX), which imply the ewistence of My, 
do not imply that . 


oQ 
(43) X | yn] < %, 


n=l 


t 


(although nothing short of (43) appears to. guarantee the existence of My, 
that is, the convergence of all the series (9), tf y = (Y1 Yz, °°‘) w a free 
variable; actually, the yn are bound by (43) and Es = y). 


In order to see this, let %1, %2,- * > be a sequence of positive values satis- 
fying (42) and (30). The possibility of choosing such an T= (a1, a2,° ` -) 
is assured by (4) and (5). Let y = (y:,y2,° °°) be defined by Er =y. 
This does define the values yn, since (42) implies (11) and, therefore, the 
convergence of the series (8). Accordingly, the assumptions 3f (IX) are 
satisfied: Nevertheless, (43) fails to hold. This follows from (80), if the 
restriction x, > 0 is used in the same way as at the end of 7. 
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-The assertion of (IX) is that (42) and (8) imply (9). But substitution 
of (8) into (9) gives 


00 co | oe 
(44) z p(m) (3 Dani) == Tn; (n == L es STe 
mri k=1 


Hence, the assertion of (IX) is that (42) implies (44). On the cther hand, 
the proof sf (VIII) in 10 consisted in verifying that (36) implies (38). 
And this depended only on the fact that (86) implies (39). Since (39) 
remains unaltered af the summation indices m, k are inierchanged, it follows. 


on replacing every y by the corresponding Tı, that it is superfluous to repeat 
the details. 


12. This formal procedure supplies some, mostly of course superficial, 
criteria relating, to the pr oblem which is the dual of Möbius’ inversion, namely 
to the proklem of the system My = z in which y is the unknown and Ea repre- 
sents the formal Möbius solution. The simplest fact which « can thus be ootainec 
is as follows: ' 


(X) For any gwen x, the system My =x has at most one solution 
y = (Yo Y» ` `) satisfying 


œo 
Z 2rin) | Yn < 00 
n=1 


This is a partial dual of (V). A complete dual would not postulata 
more thar 


oe. 
RAELA < 0, 


the forma! y-analogue of the assumption (11) of (V). That some restrictioa 
of y is necessary, follows from the fact that the system (13), which is tha 
- homogeneous systern My = 0, has a solution y distinct from the trivial solutior, 
y= Q, 

In order to prove (X), suppose that My = gv has a solution, y == u (£), 
satisfying the assumption of (X). ‘This means that both (9)-and (36) hold 
for a certain y = (41, 42,' °). But (21) shows that (9) and (36) imply — 
(39). On the other hand, it is clear from (9) that the double series (39) 
majorizes the series (11). Hence, (11) is satisfied (andso, in particulaz, 
Ez exists). Consequently, if n in (9) is replaced by nk, the resulting equatiors 
‘can be summed with respect to k, This leads to the relations 


oo o oe 
(45) - X (3 PCM) Yam) = J Enkes (n = 1, 2s a ar 
k=l m=i kzl 


7 
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In addition, the repeated series on the left of (45} is the repeated series 
(38). Since, as verified in 10, the assumption (36) implies that (38) is an 
identity, it follows that the repeated series on the left of (45) is identical 
with yn. Consequently, (45) means that y = Ez. Since y = Ez implies that 
y is determined by «x, the proof of (A) is complete. 

Tt is also seen that (X) can be amplified as follows: 


(X*) If My = <x has, for a given vector x, a solution y satisfying the 
assumption of (X), then this solution must be Möbius? formal solution, that is, 


the vector Ex, which exists, since « must be a regular solution of Ex = y by 


-A 


virtue of the y-assumption of (X). 


13. However, (X*) does not supply any criterion discerning between 
the two cases allowed by (X), the case of non-existence and the case of unique 
existence. Such a criterion, namely, an existence statement corresponding to 
a dual of (iv) in (VI), is contained in the fourth of the following assertions: 


(X bis) Ifa is given, and y is the unknown, in the system My = z, then 
(i) the condition 
“ay oO 
3 da | tn | < CO 
noi 7 


is sufficient in order that Mobuis’ formal solution, which is y = Eż, should 
actually be a solution of My = qv, but -o 


(ii) the condition of (1) is insufficient for the existence of a solution y 
for which the restriction 


M l 
, 3 [Yn | < æ 
‘ n= ; 
is satisfied, although 
(iii) the somewhat stricter condition 

oo ‘ 

Z rân) | ta] < 

n=1 
is sufficient for the existence of a solution y satisfying the restriction of (ii), 
and | | i 

(iv) the still stricter condition 


a 
= nf |ar| < 
n=l 


~ 


í 
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(to. be satisfied by some « > 0) is sufficient for the existence of a solution y 
for which the restriction asstimed in (X) is fulfilled. 


First, it is clear from the comments made at the end of 11 that, in order 
to prove (i), it is sufficient to ascertain that the c-assumption of (i) implies . 
the sequence of conditions which results when y is replaced by x in (39). 
In other words, it is sufficient to ascertain that (86) implies (89). But the 
„truth of this implication was verified after (40). 

What concerns (ii), it is enough to take a glance at the proof of the 
negation in (IX bis). 

Correspondingly, (iii) may be verified as follows: Acone to (4), the 
z-condition of (iii) implies the z-condition of (i) and so, by the assertion of ` 
(i), the existence of a solution y = (41, yz,° ©) satisfying (8). Consequently, 
there exists a solution y satisfying 


[a e co OO 
Slyn|/S 3 Dieu 
n= R=1 m=i : 


Since the double series on the right can be contracted into the series the 
convergence of which i is the z-condition assumed in (iii), the assertion of (iii) 
follows. 


14. It also follows that the z-assumption of (iii) implies the existence ` 
of a solution y = (41, y2,° © +) satisfying the. inequality 


IPA | yn | EI S27 | tam |, 
. nel ` n=l om=1 
W’ 


in which, however, the double series on the right need not converge. But this 
(non-negative) double series, be it convergent or not, can be rearrenged into . 


1 


a ue 


zla | 3: arn), 


nm=j 


Fhe it is understood that the interior sum denotes 7*( Iaa if r” is the arith- 
metical function defined by 


i 


æ 


(46) T” (n) = 3 PW, 
P z 


If this is inserted into the'last inequality, there results the following criterion 


pa 


338 AUREL WINTNER., : 


(which is sharp, since the inequality becomes an equality when every yp is 
chosen to be positive; cf. the end of 7). 


(iv bis) If the data zı, @2,-++ of the system My = < satisfy the condition 


“ 


00 `; 
Xr" (n) | an] < 0, 
then there exists a solution y = (41, Y2,° °°) satisfying the assumption of (X). 


This sharp criterion relates to (iv) in the same way as the fourth asser- 
tion of (VI) relates to (iv bis), 7. . In other words, (iv) is a corollary, since 


(47) (mn) =0 (7°) 

holds for every e > 0. In fact, since the logarithm of 

(48) T(n) = 

is subject to the well-known estimate 

(28 bis) | log r(%) = O (log n) /log log n 

_ (Wigert-Ramanujan), the estimate 

(29 bis) T(n) =O(n*) » 

holds for every e > 0. Hence, (4) and (48) imply the estimate 
32o S B2(d) = O (n°) 3 1 = 0 (n), 


which, in view of (46), is the assertion (47). 


Needless to say, the necessity of replacing the condition of (iii) by the 


condition of (iv bis) is due to the fact that 4 
(4 bis) . LlSr(n) S-*(n) 
but 
(5 bis) lim sup r*()/7(n) = œ. 
Ren? OO 


This is clear from (46) and (48), since 2? 21 but lim sup PW = o. 
i n> OO 
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METRICALLY HOMOGENEOUS SPACES.* 


By HERBERT BUSEMANN. 


: The following note shows how certain questions of metric geometry re- 
lating to the so-called four-point properties + can be unified and derived from a 
general theorem which is in turn a simple corisequence of a geonietric result 
obtained elsewhere.? The theorem states essentially this:-a metric space R 
with suitable compactness and convexity -properties has constant curvature 
when for any linear triple of points q, r, and any fourth point p the distance 
px is aifunction $(pq, pr, zq, + zr). Thus it will be proved that œ is one of 
_ three specific functions (see formulas (1), (2),-(8)) occurring in euclidean, 
hyperbolic, or ‘spherical geometry respectively, whereas any of the four point 
properties assumes a priori that is one of these specific functions. 

The exact formulation of the theorem is this: 


THEOREM. The space R is a locally isometric map of a finite dimensional 
euclidean, hyperbolic, or spherical.space ° if and only if it satisfies the follow- 
ing five conditions: 


I.. E is metric (with distance zy). 
Il. Eis fimtely compact. 
Jil. Ris conves. 
IV. R is locally externally conve. 


If S(z,p) denotes the set of points with zz < p; then IV means more 
explictly this: for every point a there is a pg* > 0 such that for any two points 
P, q in (a, pa*) a point rÆ q with pg + gr = pr exists. 


V> For every point a there is a pa” > 0 and a function balén &, És, 4) such | 
. that for any four poinis p, 1 i z in (a, p) with qz + er = qr > 0, 
e = + 1, the relation ~ 


* Received May 23, 1945. 

1 For the literature see Blumenthal [1], in particular pp. 69-84. 

2 The result referred to states that spaces with locally linear bisectors have con- 
stant curvature, see Busemann [1] (quoted as B.) p. 268.——The author takes this 
occasion to point out that Theorem (1.21) in. B, which characterizes the Hausdorff 
spaces with a finitely compact metrization, is not new, but was proved previously by 
H. E. Vaughan, see Vaughan [1], p. 532, Theorem 2. 

3 More briefly we shall say that # has constant curvature, 
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pr = bal Pq, PT, GQ, EET ) 
holds. 


The theorem would not be true if V were required for «—1 only, even if 


IV is replaced by external convexity in the large. An example is furnished 


A 


by the space consisting of the three rays 0 S ri <0 (i= 1,2, gi with the 
metric 
| | rt — ra | if i=j, 

n? -tri if ij. 
This definition implies’ that the three origins 7?’ — 0 are identified. It is 
easily seen that IV holds in the large and that : 


ed = | 


pz == max (pg — xq, pr — ar) 


whenever gz -+ sr == qr, so that V holds in the large for e=-1. But no 
neighborhood of rt == 0 is even A to the interior of a sphere 


of any E”. 

The necessity of the hypotheses I to Vi is obvious because the Pythagorean 
theorems of the geometries with constant curvatures 0, — B%, 6? yield 
respectively, : 


(1) po? = [pq?- ear + pr? aq —aq-e- ar: gr)/qr] 
(2) cosh (pe) = [cosh (Bpq)siph (<Bar) + cosh (Bpr) sinh (Beg) ]/sinh (qr) 
(3) cos(Bpx) — [cos(@pq) sin (<Ser) + cos (Spr)sin (Bq) ]/sin (Agr). 


To see the sufficiency put 84t == sup pa? (¢—1, 2), where pa’ traverses 
all numbers for which S (a, pa*) satisfies IV or V respectively.. If b e S(a, ò$) 
then § (b, 30! — ab) C S (a, do"), so that 8,* = 84t — ab ; hence by symmetry 


(4) | Ba! — i | Sab, (i= 1,2). 


Because of I, II, III any two points v, y of R can be connected by a 
segment t(s, y). If the three points b, c, d are different and bc + cd = bd 
we write (bcd). The relations (cbe) and (bde) imply (cbd) and (cde) and 
conversely {compare B, Section 1). The following is a consequence of condi- 
tions I to LV. 


(5) If p, ge 8 (a, */3) then any segment ¥ = t(p, q) is a subsegment of a 
segment {(p’, g) with ap’ = aq’ = 28,1/8. 


For by the preceding remarks and ITV there are pairs of points 2’, y’ with 
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an’ S 28/3, ay’ S 28,2/3, (pay), (7 py' ) hence also (z pq) and (2’qy’). 
Because of II these pairs a‘, y’ form with the natural metric (that is 
(27's, 91) (2a Y2) = Ta + yaya) a non-empty compact set ; hence there is a 
pair p’, g’ for which a’y’ reaches its maximum p’q’. Then j, g’ satisfy (5). 
For if ap’ < 28,'/3 a point 2* with (2*p’9’) and ax* = 2841/3 would exist. 
But then also (a*pq’) and (a*p’q’) so that x*, g’ would be an admissible pair . 
x’, y’ with 2*q’ > pg. Then t(p’, p) vf vt(g, g) is a segment which satis- 
fies (5). | | ; 
Next observe the following consequence of I and Vv 


(6) If the points q, T, %, Zz of S(a, 847) satisfy the relations gz; -+ ear 
= gr > 0 (i= 1,2) and zr = zr, then T, = To. 


+ 


For then also qz, = qz, hence 
LaLa == hq (Lig, TaT, Le, ELT) — pa (Lal, Ear, L2G, ELT) = Lot =). 


Now put pa = min (841/3, 82). Then (5) and (6) show that for any 
two points p,q of S (a, pa) and every « > 0O points r in S (a, pa) with (pgr) 
and gr < @ exist, and that (pqr’) and gr = gr imply r= r. Hence the basic 
axiom D-of B. p. 215-holds, so that R is a G-space (compare B. p. 227). 

The only .one-dimensional G-spaces are the straight line and the great 
circles (B. p. 233). In this case the following considerations are trivial, there- 
fore the space will be assumed to have at least dimension 2. i 

If p, p’ e8 (a, pa/2) and p s£ p’ call B(p, p’) the locus of those points x 
for-which px = pz’. If q,r are points of B(p, p’) 9 S(a, po/2), then a seg- 
ment t(g,7) lies in S(a, pa) (B. 1.15). It vis a point of this segment then 


pe = pa (P9, pr, xq, 2r) = gal v’G, p’r, 2q, ar) = pe 


so that t(g,r) C B(p; p’). The neighborhood S (a, pa/2) has, therefore, linear 
bisectors (compare B. p. 262 condition (*)}, so that the theorem follows from 
the First Characterization of the spaces with constant curvature in B. p. 268. 

If in any metric space four points p,q,2,r with gx 4 esr = gr > 0 are 
congruert to four points of a hyperbolic space of curvature —- 8°, then the 
relation (2) holds. A similar remark applies to the euclidean case and to the 
spherical case if Bar <m. Hence we find 


COROLLARY 1. If R satisfies conditions I to IV and if every point a of 
E has a neighborhood S (a, pa) such that any four points p, q, t,x in S(a, pa?) 
with (qzr) are congruent to a quadruple of points in a space R(a) which is 
éuclidean, hyperbolic or spherical, then R has constant curvuture. 


pe 
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Tt is of interest to study the consequences of V if required in the large. 


COROLLARY 2. If R satisfies I to IV and f a function (é, Ez És £4) 
exists such that 


` 


pe = $ (Pq, pr, T9, exr) 


when qz +err == gr > 0, then R is euclidean or. hyperbolic. 


The Teorem shows that R has constant curvature, whereas (6) implies 
that the segment f(a, b) is unique for any a, b. Any geodesic in È is conzained 
in a two-dimensional surface of constant curvature. The elliptic plane and 
the sphere zre the only surfaces of constant positive curvature; * hence every 
space of constant positive curvature contains points a,b for which t(a, b) 
is not unique. 

The only surfaces of non-positive constant curvature on whica shortest 
connections are unique are the euclidean and hyperbolic planes. This proves 
Corollary 2. 

The statement in the large corresponding to Corollary 1 is this: 


COROLLARY 3. If I to IV hold.and any quadruple of points in R tis. con- | 


` gruent to a quadruple of points in a euclidean space or a hyperbolic svace of 


curvature — B? or a spherical space of curvature B?, then R is a euchdean, 
hyperbolic or spherical space. 


The formulas (1) and (2) hold 3 in the first two cases, hence the assump- 
tion of Corollary 2 are satisfied. 

In the spherical case (3) holds only for Bar < r. -But since (8) hclde in 
the small the Theorem shows that Æ has constant positive curvature. Again,‘ 
the only two-dimensional totally geodesic subspaces of A are spheres and 
elliptic planes of curvature 8%. An elliptic plane contains four points 
Qi fe, 3,%, (on a geodesic such that aiGe = del3 = azla = lal = r B/4, 
(@:d203), (A203041), and (a041). This quadruple is not congruent to © quad- 
ruple on a‘sphere of radius 1/8. 

Condition II in Corollary 3 is stronger than completeness and separability 
assumed by Wilson and Blumenthal, consequently their results include <nfinite 
dimensional spaces. On the other hand in the euclidean and hyperbolic cases, 
these authors require external convexity, that is IV in the large. (Compare 
Blumenthal [1], p. 69 Theorem 6.4). 


*See Cartan [1], p. 174. 
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Spherical spaces are not externally convex. Therefore Blumenthal [1, 
p. 74, Theorem 8.3] replaces external convexity by diametrization, which 
means that for every point p a point p’ with pp’ == m/f exists. The present 
condition IV has the advantage of applying to all three cases. © 
} 


SMITH COLLEGE. ` 
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REFERENCES.. 


é 





Blumenthal, L. M. [1], Distance Geometries, University of Missouri Studies XIII 
(1938), No. 2. 
Busemann, H. [1], “ Local metric geometry,” Transactions of the American Mathematical 

Society, vol. 56 (1944), pp. 200-274. 
Cartan, B. [1], Leçons sur la géométrie des espaces de Riemann, Paris, 1928. 
Vaughan, H. E. [1], “ On locally compact metrizable spaces,” Bulletin of the American 
Mathematical Society, vol. 43 (1937), pp. 532-535. 


a 


ra 





AN EXTENSION OF KLEIN’S ERLANGER PROGRAM: 
INVARIANT-THEORY.* 


By F. I. Mautner. 


Introduction. It will be shown in this paper. that two-valued (Boolean) 
mathematical logic of : propositions and propositional functions extension) 
can be considered as “ invariant-theory of the s ymmetric group” in the sense 
of Klein’s Erlanger program (Chapter I). , Consequently an attemp? is made 
to create the means necessary for developing it as such a “theory of notions of 
invariant significance and their invariant a and relations” (Chapters 
II, III and IV). 

The attitude taken towards logic will be dominated by a strong analogy 
with coordinate-geometry and its invariant-theoretic foundations. Indeed, if 
taken in extension, a propositional function is determined by its truth-values ` 
Boolean 0 and 1, just as a vector or tensor in geometry is determined by its 
coordinates. And just as the geometrical properties are shown.to bs in- 
, dependent of any particular choice of the coordinate system by proving thelr - 
invariance with respect to the group of coordinate-transformations, so the 
logical notions afid properties will be shown to be independent of any particu- 
lar assignment of truth-values (the “ logical coordinate system”) by showiag 
their invariance with respect to the “ group of logical coordinate-transfcorma- 
tions,” which will be seen to be the symmetric group of all permutations of 
the domain of individual variables (assuming only one such domain). 

In this connection it ought to be remembered that the group- and in- 
variant-theoretic definition of a geometry has so-far been independent of the 
rigorous axiomatic foundations of geometry. Accordingly two-valued logic 
will in the following not be based on any particular system of axioms, but 
taken in its “naive” form as a purely algebraic system. For the aim of this 
paper is not a contribution to the rigorous foundations of logic, but the 
application cf group- and invariant-theoretic methods. And it is hoped that 
this will result in án invariantive calculus whose symbolism is as algebraically 
suggestive and easily handled as the corresponding invariantive caloulus for 
geometry, namely tensor calculus. 


* Received April 30, 1945; Revised December 15, 1945. 
1 Of. WeyPs formulation of Klein’s Erlanger program (Classical Gr oups, pp. 13-18) 
on which much of the following is based. 
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In order to show that two-valued logic is invariant-theory of the sym- 
metric group we prove first that the group of automorphisms of the calculus 
of those propositional functions which are defined for every member of one 
domain C of individuals is the symmetric group Ga of all permutations of the 
(finite or transfinite) domain C. The second fundamental characteristic of 
an “invariant-theory ” is the existence of coordinates in which the group of 
automorphisms induces an isomorphic group of admissible coordinate-trans- 
formations. If one defines any particular assignment of truth-values to the 
propositions and propositional functions to be a “logical coordinate system,” 
then the symmetric group ©, becomes the “ group of logical coordinate- 
transformations ” with respect to which the logical notions and their properties 
are invariant. This can be given an exact meaning by showing that Weyl’s 
axioms for Klein’s Erlanger program (lec. cit.) are satisfied. Hence under 
the assumption of only one domain of individuals we have the result that 
only such properties of ae of Boolean 0’s and 1’s (n = cardinal number 
of individuals, r —0,1,2,8,---), are of objective logical meaning as are 
invariant under the symmetric group. 

This result is very analogous to the well known state of ‘affairs i in geometry : 
Hach linear geometry ? is the invariant-theory. of a group of linear transforma- 
tions and could be systematically characterised as such. This suggests the 
same for logic: Firstly an appropriate tensor algebra (Chapter II), secondly 
a theory of the possible transformation laws (Chapter IIR) and thirdly a 
theory of the invariant properties of objects transforming according to these 
possible transformation laws (Chapter IV). 

The appropriate tensor algebra is obtained by observing that there is a | 
strong analogy between a propositional function of r arguments (and the 
operations of the caleulus of propositional functions) and a tensor of rank r 
(and the operations of tensor algebra). One will therefore define a “ Boolean 
tensor of rank r” to be an object which is, relative to any fixed logical coordi- 
nate system, defined by an n?-tuple of Boolean 0’s and Ps, with the trans- 
formation-law “r-fold Kronecker product” of G, with itself (Kronecker 
product in the sense of matrices). Then one obtains what I call “ Boolean 
tensor algebra” which is isomorphic to the calculus of propositional functions 
(over one domain of individuals) as far es conjunction, disjunction, implica- 
tion, negation and quantification of propositional functions are concerned. 
Boolean tensor algebra, though very analogous to ordinary tensor algebra, 
differs from it in essentially three respects: The underlying group is the 


2 We confine our analogy here to the linear geometries; the analogy between other 
geometries and logic seems much less deep and not so suggestive. 
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symmetric group, the values of the “components” of a Boolean tensor are 
Boolean 0 or 1 and there may be transfinitely many components. Owing to 
the different group there are two contractions here: Sum and product over one 
index are already invariant; they correspond to the two quantifiers over in- 
dividual variables. l 

In order to find all possible transformation laws one has to study appro- 
priate representations of the group of automorphisms. Whereas in geometry 
one confines oneself to matrix-representations, clearly any representation by a 
group of arbitrary transformations (a ‘ ‘ proup-realisation”) is a possible 
transformation law here. Some properties of matrix-representaticns can be 
deduced from properties of groups with endomorphisms (via the introduction 
of a “representation module”) in-virtue of the fact that every matrix is an 
endomorphism of a vector-space. \ Similarly the fact that (as will be seen) 
every permutation i is an automorphism of a Boolean algebra leads via the intro- 
duction of a realisation-module (= a “ Boolean ring with endomorphisms ”) 
to analogous theorems on group-realisations (by means of arbitrary permuta- 
tions). The analogy can be followed up further: all transitive (permutation-) 
realisations of any group can be obtained’ from its regular realisation and all 
transitive realisations of the (finite) symmetric group are cortained in 
Boolean tensor space. ; 

Next cne has to define a “kind of quanitty” to corresponc to .every 
possible transformation-law (i. e. to every possible realisation). Just as Weyl’s 
and van der Waerden’s quantities for geometry and the theory of inveriants 
form vector spaces with a matrix-representation cf the group of automorphisms 
g induced in them (i. ë. representation-modules), so “Boolean quantities ” 
form Boolean algebras with a realisation of:g induced in them (i.e. realisation- 
modules). One can thus observe step by step a close parallelism between the 
full linear group and affine or projective geometry on the one hand and the 
symmetric group and Boolean algebra of logic on the other. And this close 
analogy reactirms that not only can logic be considered as invariant-theory of 
the symmetric group, but also that group- and invariant-theoretic methods 
should be as fruitful here as in geometry. 

Naturally one will now ask for the invariant properties of Boolean quanti- 
ties. This requires the definition of an invariant property or relation and 
leads to the definition of Boolean invariants and covariants which are strictly 
analogous to the ordinary in- and covariants (in the modern sense). It is 
shown that the components of a Boolean covariant of any Boolean quantity g 
are Boolean polynomials of the components of g, no matter what the group 
of automorphisms.’ “Hence there ‘exists always a basis for the Boolean in- 
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variants of any Boolean quantity q such that every Boolean invariant is a 
Boolean polynomial of these “ basic invariants,” which are themselves Boolean 
polynomials of the components of g. This basis cannot however always be 
finite. Finally it is shown that the Boolean invariants (under S,) of proposi- 
tional functions. over one finite domain of individuals can all be obtained by 
the processes of the calculus of propositional functions; in particular the 
Boolean invariants of one propositional function of one argument can be 
expressed by numerical conditions. 

In conclusion the question as to the possibility of a further extension of 
Klein’s Erlanger program is raised. It is indicated in what way Boolean in- 
variants under the symmetric group might perhaps be applied to yield a classi- 
fication of formal axiomatic theories. For’ it is characteristic of the axiomatic 
method to assume meaningless, hence in particular indistinguishable, indi- 
viduals. Therefore, if there is only one domain of individuals, the formalism 
of any completely formal axiomatic theory must be invariant under all per- 
mutations of its individuals. 

I should like to thank Professor Hermann Weyl for his kind assistance 
in obtaining very helpful criticism of the original manuscript which led to 
its revision. 


CHAPTER I. 
Invariance under the Symmetric Group. 


1. The group of automorphisms of the calculus of propositional 
functions. We assume one domain C of individuals to be given as a priori 
fixed, and that every propositional function f(x) is defined for every x in C.- 
livery f(x) is then fully determined by that subset Cı of C such that f(z} is 
true if and only if æ is in Cy. Hence the Boolean algebra of all f(x) is 
isomorphic to the Boolean algebra of all subsets C, of C (called the “full 
Boolean algebra of dimension »” where n is the cardinal of C). 


THEOREM 1.1. The group of automorphisms of the Boolean algebra Bn 
of all subsets of a set C is the symmetric group Gn of all permutations of C. 
(Proof obvious). j 


One now sees the necessity of an a priori fized domain C of individual 
variables: Otherwise one could not speak of the group of automorphisms. 


It follows incidentally that every automorphism of a finite Boolean algebra Bn 
induces and is induced by an automorphism of the lattice of all Boolean subalgebras 


i 
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of B,. For avery finite. Boolean algebra is full and G. Birkhoff è? has shown tnat the 
lattice of all Boolean subalgebras is dually isomorphic to the lattice E(C) of all 
equivalence relations over C if n is finite and that the group of automorphisms of #(0) 
is the symmetric group 6, on (.* 


$ 


. Thus the group of automorphisms of the calculus of propositional func- 
tions of one variable is—with respect to conjunction,. disjunction, implication 
and negaticn—the symmetric group S,. A propositional function f(z, y) is 
determined by that subset of the totality of ordered pairs (z,y) with s and y 
in C, for which it takes the value 1 (true). I.e. we make the assumption 
that the demain and converse domain of every binary relation coincide and 
as the same for any two f(x,y), namely C. Similarly all propositional func- 
lions f(%1,° +. ,&r) of r arguments under consideration are assum2d to have 
the same range of definition, namely the set of all ordered r-tuples of elements 
_ of ©. Under this restriction the propositional functions of r arguments form | 
with respect to conjunction, disjunction, implication and negation a Boolean 
algebra [B,.]- isomorphic to the Boolean algebra of all subsets of the set [O]; 
of all ordered r-tuples of elements of C. The permutations of. C induce in 
[C], a subgroup of the symmetric group of all permutations of [C]-. every one 
of which is by Theorem 1.1 an automorphism of [B,J], Hence Gx induces 
in [C], a subgroup of the group of automorphisms of [Ba]: re 

That quantifiers such as 


> TI r > D f(t ta ' è Er) f 
Tii Fin Tig 


- 7 i 
are invariant follows at once: Hach X or Ti is a symmetric function of all 
» £i Ti 

the values of f as g; ranges over Ç and hence it is invariant. 


‚Again the two quantifiers 


2 f(y str) JI f(t: "+, ar) 


fe(Bnlr ‘felBalr 


ranging over all propositional functions of r arguments are clearly invariant. 
Besides conjunction and disjunction of propositional functions of the same 
| 


3G. Birkhoff, Lattice Theory (New York 1940}, Theorem 6.7. We adcpt the 
terminology of this book. 

t G. Birkhoff, Proceedings of the Cambridge Philosophical Society, vol. 31, p. 449. 

s J. C. C. McKinsey has given an axiomatisation of the calculus of binary relations, 
every realisation of which is isomorphic to the Boolean algebra of the set of all ordered 
couples from some domain of ee {Journal of Symbolic Logic, voL 5 (1940), 
p. 94, Theorem B). ) 
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variables, there are conjunctions and disjunctions of propositional functicns: 
of different variables. E. g., 


f(z) & gy) =h(ey)s Fe) V gy) = k (z, y). 
Let S be any permutation of C and denote by S- f(z), NE h(2,y),- - - the 


- propositional functions into which f(s), h(x,y),-- > are transformed by 8. 
I.e. let S- f(x) =f (Sx), E: h(x, y) = h(S8z2z, Sy) where Sx, Sy, ++ are the 
elements of C into which zq, y,* > - are transformed by S. Then 


= K (f(z) & 9(y)) =8-h(z,y) =h (8z, 8Y) 
and ` S- f(t) & 8: giy) =f (Sr) &g(8y) =h (8z, Sy) 
S: (f(t) &g(y)) =S: F(z) & 3 g (y). 
Similarly 
S: (F) Vo(y)) =8: f(a) V S-g(y). 


In exactly the same way it follows that. 
S- (f (#1, ° " ' fr) & g (Tras à ',Tt)) w= S: f(T" ' "3 Tr) & 8g (Erai es stt) 
and 
8: (f (a1; ° i Tr) Vg (Eri meaa) == Ñ - f (£i ‘, Gy) V E: g (Tr: s +; tt) 


i.e. every S in G, is an automorphism also with respect to conjunction and 
disjunction of propositional functions of cifferent variables. 

In order to show now that such formation as the relative sum and relative 
product 


pa (x,y) & 9(y, 2), Mey) V gle) 


of two binary relations f(z, y), g (2, y) are invariant, it only remains to remark 
that to put equal variables in a propositional function is clearly invariant 
under permutations of C. This completes the proof of 


THEOREM 1.2. The group of automorphisms of the calculus of proposi- 
tional functions is—under the assumption of one a priori fixed domain O of 
individual variables—the symmetric group ©, of all permutations of C, pro- 
vided every f(X1,%2,° ` +, fr) is uniquely defined for every x, in O and no 
other x.§ : | 


° The following remark is due to one of the referees: The extended group of auto- 
morphisms may be obtained by interchanging 0 and 1, i.e. by adjoining the fundamental 
duality of the calculus of propositional functions to its group of automorphisms, exactly 
as one adjoins the polarities to the group of collineations. 


öl 
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2. Logical coordinates; principle of relativity. In order to be able 
to give an exact meaning to “independence of the particular assignment of 
truth-values ” we shall now define logical coordinates in strict analogy to the 
coordinates of geometry: - 

Suppose the system ® of all popon functions of r arguments x in 
C to be abstractly given, without any particular assignment of truth-valves, 
for instance by formal axioms. Next introduce the system of all possible 
truth-functions or “logical coordinates” consisting of all m’-tuvles é of — 
Boolean 0 aud 1, where 0 and 1 occur together n” times in é (n = cardinal of O). 

Any wcmorphism between the system ® of abstractly given propositional 
functions fof r ar genni and the system Z of all n"-tuples é of Boolean 0 
and 1 (r=0,1,2,- +)’ is defined to be an admissible logical coordinate- 
system. (r==0 includes atomic propositions as a special case). 

‘There are as many isomorphisms between © and = as there are auto- ` 
morphisms of ® (or Z), hence n! different equally admissible logical coordinate- 
systems,” in the sense that if any one coordinatisation 


foe 


is given, every other equally admissible one is obtained by applying an auto- 
morphism: to ® (or Z). Hence the group of transitions between equally 
admissible -ogical coordinate-systems is induced’ by the group of auto- 
morphisms of ©, i.e. by the symmetric group G, on C. It is the realisation 
of ©, as the group of regular permutations of the. class of all n! equally 
admissible logical coordinate-systems (the “regular realisation of Gn”). 

An alternative way of introducing logical coordinates is the following: 
Again suppcse the system ® of propositional functions to be abstractly given. 
Let ©, be the set of all propositional functions f(x) of one argument which 
are true for one.and only one s (= m). [To be true for a given rumber of 
individuals ig of abstract objective meaning, since it is invariant]. Then any 
other f(z) is the unique logical sum of all the f(x): 


1 if f(z) D fi. (2)9 
0 if f(z) D fela). 


Similarly every f(a,° * °, r) can, be expressed uniquely in the form 


f(a; Tas” * r) a 2 koka.. ke” fy (21) -fra (22) ape fx.(2r) 


kis ka Fs Kr EK 


a 


o= Ze f(s) with a=} 


7 This is true for any two isomorphic algebraic systems. 
8 By n! we mean the cardinal number of all permutations of n things. 
"fD g means g implies f, f- g means logical product of f and g. 
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where 
Iir Tti : Tr) — fr, (21) * fic, (Lz) an ` fur, (2r) 


Chike .. a Er FF : 
gan l Q otherwise 


(1) 


determines the es uniquely and where K is an arbitrary index set with the 
same cardinal n as C. 
This uniquely determined set of e,...x, = 1 or 0 can be taken as the 


logical coordinates of f(z, £s, * `, 2r). Suppose ePi... em.. kep are 
the logical coordinates of f® (a1, %2,- © *, €r), FO (1° © +, 2,) respectively, 
obtained from equation (1). Clearly es, ...2,—e«@s,...5, for all ki’ © +, kr - 


in K if and only if f® (a,---, a) = fO (a1,--+-,a7) for all zt * t, 2r in O. 
Hence the correspondence 


een ° "5 Ur) <> ay. ke 


defined by equation (1) is one-one. Moreover it is easily seen to be an iso- 
morphism with respect to the operations of the calculus of propositional 
functions. 

Every one of the n! permutations of C induces a unique permutation of 
®, and hence a transition to another one-one correspondence f<>«. Clearly 
the class of n! coordinatisations f<>« obtained in this way is equal to the 
above class of n! equally admissible logical coordinate-systems f <é It 
follows in particular that any logical coordirate-system is determined when 
the coordinates of all those propositional functions f(x) of one argument are 
given which are true for one end only one value of z. Hence any two one-one 
correspondences between the set ©, of all abstractly given propositional func- 
tions which are true for exactly one x and the set E, of all n-tuples of 0 and 1 
with exactly one 1 determine equally admissible logical coordinate-systems and 
they are the only ones. 

The specification of one such logical coordinate-system is arbitrary; at 
best we can determine objectively the class of equally admissible logical co- 
ordinate-systems and ascertain the group of transitions between them. This 
is the “ relativity-problem ” for logic. Its answer is 


THEOREM 1. 3 (Principle of Relativity for Logic). The group of transi- 
tions between equally admissible logical coordinate-systems is induced by the 
symmetric group S, of all permutations of the domain C of individuals; it is 
the regular realisation of Èn- 


3. Invariant-theory of the symmetric group. The existence of a group 
of automorphisms and of coordinates, hence of a “ principle of relativity ” are 
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the very conditions on the ground of which one can call a g2ometry an 
“invarians-theory.” Since these conditions are fulfilled here just as in 
geometry, it results that two-valued mathematical logic is also an invariant- 
theory in the sense of Klein’s Erlanger program. This can, however, be given 
an exact meaning by defining a mathematical theory to be an Invariant-Theory 
of a groug g if it satisfies Weyl’s axioms for Klein’s Erlanger program © wita 
g as groug of automorphisms. 
We then have 


THECREM 1.4. Two-valued (Boolean) mathematical logic of vropos:- 
tions and propositional functions over one domain O of individual variables 
is invariant-theory of the symmetric group ©, of all permutations of C, pre- 
vided every propositional function f(T, > *, r) ts defined for all =, in O 
(k == 1,2, > -,7) and only such zre. 


Proof. We have to show that Weyl’s axioms are satisfied: 


A. (1). (Existence of a group g). This is the symmetric grou ©,,. 


A. (2). (Existence of a set of elements called coordinates ard a realise- 
tion of g by means of one-one correspondences within that set). Tke lcgicel 
coordinates as defined in I. 2, and the regular realisation of ©, as group cf 
logical coordinate-transformations. 


B. (1). [i]: (Existence of “frames” any two of which determine a 
group element). Logical coordinate-systems (i.e. isomorphisms @<+ =) are 
the required frames, any two of which determine an automorphisra of ®, i. €., 
an element of. Gy. 


[ii] (Every group element shall induce a transition from one frame io 
another). ‘This has been shown in 2. ~ 


liii] (The group of transitions is homomorphic to g). This holds ty 
Theorem 1. 3. ' 


B. (2). [i] (Requirement that the objects of the theory be quartities 7, 
i. e., relative to an arbitrarily fixed frame there is a one-one mapping of tke 
possible values of q onto the set of coordinates). By the definition o= logical 
coordinates, as f varies over all propositional functions of r arguments, tke 
coordinates é of f vary over all possible »’-tuples of Boolean 0 and 1 in a on2- 


10 Classical Groups, loc. cit. or Duke Mathematical Journal, vol. 5 (939), p. 491. 
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one manner. In particular every atomic proposition has either 0 or 1 as its 
coordinate. | i 


[ii] (Under transitions to other frames the coordinates of q shall be 
transformed according to a realisation * of g). For a propositional function 
of r arguments this realisation is the group induced by ©, in the set of all 
ordered r-tuples of elements of C. For an atomic proposition it is the identity- 
realisation of ©,, since the two-element Boolean algebra B, has no auto- 
morphism besides the identity. (In this sense atomic propositions are analo- 
gous to scalars). Thus propositions and propositional functions (over one 
domain C of. individuals). satisfy the requirements of the objects of an 
invariant-theory, i.e. of “ quantities.” 


This completes the proof. . | 

It is an interesting consequence of the fact that the one-dimensional 
Boolean algebra B, has no automorphisms other than the identity, that to 
“ assert a proposition,” i: e., to state that an atomic proposition has the value 1, 
is of invariant meaning. | 


` 4, “Several domains of individual variables, Suppose now that there 
are several domains C:,C2,- © +, Cp of individuals (p = finite). They may 
be “ dependent ” or “independent,” i~e. if z; is in O; and a, in Or, 3e may be 
a function of z; or not. In two special cases one can still speak ‘of invariance 
with respect to one or several symmetric groups: 


1): Let C2, C2,° © +, Cp be completely dependent on Cı, by which we mean 
that every element x, in Cy (k==2,3,-°-+,p) is a priori given as such a 
function of elements 2, and/or subsets Cı of O, that every permutation of C, 
‘induces a permutation of Cy.° Then it follows at once by the same argument 
as before that the group of automorphisms of the calculus of all those proposi- 
tional functions which are defined for every elemént of a finite number of a ` 
priori fixed domains Cı; C2, + -,Cp of individuals is the symmetric group 
of all permutations of C1, provided that C2, Oz,* * -, Op are completely de- 
pendent on Cy. l 


One can now introduce logical coordinates just as in the case of one 
domain of individuals and show again that Weyl’s axioms are satisfied. 


2) If there are several independent disjoint domains C1,°*- -, Cp, ie, ` 


11 For logic we have to take axiom B (2) ‘in its unlimited form, where a realisation 
of g may be any homomorphism of g onto a permutation group and net merely a 
matrix-representation. 
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no a priori functional dependence between elements of different domains then 
the calculus of propositional functions with arguments in one Cp only, has by 
Theorem 1.2 the symmetric group ©,, on Cx as its group of autoraorphisms. 
Propositional functions of r variables zj,a,° °° from differen: domains 
Cj, Cus + + will transform. according to the group induced in the set of all 
ordered r-tuples (£) Te) by Snp Gn,‘ °°, i.e according to the direct 
product ©,., X Gna, X. Invariance of the operations of the calculus of 
propositional functions (except disjunction and conjunction of propositional 
functions cf variables from different domains) follows in the same way as 
before. To establish invariance of conjunction of propositional fcnctions of 
arguments in different domains, let Sj, Sa be arbitrary Ecru b on of C1, C2 
respectively and let 2, be in C4, Tə in Ca Then 


f (Sw:) & g (8222) = Sif (21) & 82g (22) = 81 X So(f (21) & g (a2) ), 


where S, X Sz is the permutation induced by S, and S in the set of all ordered 
pairs (2,22). Similarly for more arguments. Hence the operations of the 
calculus of all those propositional functions, which are defined for every ele- 
ment of several a priori fixed disjoint domains Ci» C2, © *, Cp of mdiriduals, 
are invariant under the symmetric groups on Cı, C2,* + -, Cp and their direct ` 
products, provided the domains are completely independent in the above sense. 

In more complicated cases of several domains no such simple result 
will hold. 


CHAPTER II. 


= Boolean Tensor Algebra. 


The result obtained that logic is invariant-theory of the symmetric grouy 
reaffirms that there is an analogy of fundamental importance with geometry. 
especially with the linear geometries, and raises the question whether. one 
cannot create a theory. of invariants as an appropriate tool for tke study ol 
logical notions and their properties, similar to the powerful tools for the study 
of linear geometries, namely linear algebra (especially tensor algebra), th2ory 
of group-representations and invariants. This will now be attempted: First 
an appropriate “ tensor-algebra.” 


1, Definition of a Boolean tensor. There is a great similarity betweer 
a propositional function of r arguments and a tensor of rank r. The proposi- 
tional functions of one argument constitute the full Boolean algebra Bn oi 
dimension n. Since a full Boolean algebra is uniquely determined (ud tc 
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isomorphism ) by its dimension (= the cardinal of C), one can (just as in the 
‘case of vector algebra) take the set of all n-tuples of Boolean 0 and 1 as a model 
for B, and define the operations of Boolean algebra to be performed by per- 
forming them on the “components of these Boolean vectors.” This can be 
done for propositional functions by associating with every individual x in C 
in a one-one manner a “dimension” of a finite- or transfinite-dimensional 
Boolean vector space. Then the full Boolean algebra of all propositional 
functions f(21,: * `, r) can be isomorphically replaced. by the Boolean algebra 
of all “n-dimensional Boolean tensors of rank r” if one defines: An n- 
dimensional Boolean tensor a;,...;, of rank r is a single-valued function of r 
arguments ranging over all elements of a given set C of cardinal n, whose 
values are—relative to an arbitrarily fixed logical coordinate-system—Boolean 
0 or 1 (“ihe components” of the Boolean tensor). Under a logical coordinate- 
transformation Qi ...j, ts transformed into 


f 
his. ke = O8j,... Sje 


obtained by applying the permutation 8 to every index j. Alternatively,” if 
(sez) is the permutation-matrix corresponding to 9 


S Ota kee T > Ska jSkoja* ° * Skrjp-Bjijn... je 
Jar jæ- sr ” 
= II (Sian + Sr He Siete Ghats. de) 
AJorevey tr 


The last equality follows by observing that the permutation-matrix (sx;) has 

in the row corresponding to the index 4 exactly one 1, at the intersection with 

the column i say, and 0 elsewhere. Then > Sixth, = l: ay = ap. Hence 
: ‘ ke , . 


TI (Sa + ar) 0 4 av,ice. © Suede = [| (Sx + ar) for any (finite or trans- 
. ke keC xeC 


finite) permutation-matrix. 

Thus the transformation law of a Boolean tensor is quite similar to that 
of an ordinary tensor; if a Boolean vector transforms according to the per- 
mutation S, i.e., aceording to the permutation matrix [sj], then a Boolean 
tensor of rank r transforms according to the 7-fold “ Kronecker product” of 
the permutation matrix 8: 


- [8] - = [Shki * * Site] 


in the sense of the Kronecker product of matrices. - 
Since a permutation matrix is a special case of an orthogonal matrix, there 


12: We use a -+ b,ab,& for Boolean algebra-sum, product and complement respectively. 


oy 
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can be no distinction between contravariant and covariant components in the 
cuse of Boolean tensors. Thus the Boolean principle of duality has—in 
contradistinction to geometry—its cause in a duality of the algebra of coordt- 
nates and not in a duality (contragredience) of the transformation group. 
It also follows that there is no distinction between tensors and tensor densi- 
ties here. | ; 


2. Addition, multiplication, subsumption and complementation of 
Boolean tensors. One has now to develop the possible invariant operations 
on Boolean tensors. They are quite analogous to those of ordinary tensor 
algebra, but owing to the fact that here the only transformations are permuta- 
tions of the components, Boolean tensor algebra is richer in operazions: 

First cne has the operations of Boolean algebra to be performed on the 
components of Boolean tensors of fixed rank r and yielding again Boolean 
tensors of rank r. E.g., | 


Miia.. ir Te Dita... 4p =™ Ciia.. ip 


Besides, two Boolean tensors 4i,,..i,, 0x,...%, can be added (multiplied) 
by adding (multiplying) every component of a with every component of b, 
relative to a fixed logical coordinate-system: | 


t 


üa... ir F Ok... ke = Fate. tp Man k Úi... dr’ Ok.. ki = Thala. bed a. Kt 


yielding invariantly two Boolean tensors f, g of rank r -+ t, whica we shall 
call the outer sum and outer product of the Boolean tensors a and b. Cne can. 
of course, form the outer sum (outer product) of any number of Boolean 
tensors. Quter sum (or product) of an infinite number of Boolean tensors 
would lead to Boolean tensors of infinite rank. 

Example. Let ai, ba be two 3-dimensiona: Boolean vectors; their outer . 
sum E 


ay + ba Ay + de a, + bs 
[ a: -f bi. | == de +- bDi Ge -+ bo a + bs 
as + bi da + de a3 + bs 


is a Boolean tensor of rank 2. 
- As a particular case of an outer product one can form the outer product 
of Boolean vectors: 
ti" bi. 0 0 Ri 


yielding a Boolean tensor of rank 7. It follows from the transformation law 
of a Boolean tensor (II, 1) that a Boolean tensor of rank r transforms like 
the outer product of r Boolean vectors, just as for ordinary tensors. 
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However, not every Booleen tensor of rank r is of the form da’ big’. © «+ Zip 
but it can always be expressed as sum of r-fold outer products of Boolean 
vectors (as is easily seen). | 

By duality, a Boolean tensor of rank r also transforms like the outer sum 
of r Boolean vectors: e 


f n Ma e e 
or as a combination of outer sams and products of r Boolean vectors e. g.: 
Gi, H be> (Ca + + i) 


to which there is, of course, no analogy in ordinary tensor algebra. 
Ancther invariant operation on Boolean tensors is the interchange of 
indices, e.g. frime depends invariantly on fixim. In ordinary tensor space 
one derives invariant subspaces by ‘imposing symmetry and anti-symmetry 
conditions. E.g. 
likl == kil OT iki == — Aiki. 


. In the case of a Boolean tensor ‘one can still impose symmetry conditions, 
e. g. ijn = frji; however anti-cymmetry conditions such as fj == — fijx have 
no meaning here. ` Hence, whereas in ordinary tensor algebra there exists to 
every symmetry-class of tensors of rank r a complementary symmetry-class 
such that every (ordinary) tensor is the sum of two tensors, one from each 
class, this is not so for. Boolean tensors. : 

The transformation law of a Boolean tensor fi,;,...4, completely sym- 
metric in its indices (i. e, admitting every permutation of thy ta, + *, tr) “is 
the same as that of the 7-fold outer sum fi, + fi, ++ + ++ fi, or outer product 
fi,’ fig’. - »* fe, of a Boolean vector with itself. i 


8. Contractions. Under the full linear group one can derive from an 
ordinary (mixed) tensor by “contraction” (i.e, by summation over two 
contragredient indices) a tensoz of rank two less. Under the symmetric group 
one can already sum over one single index: | | : 


2, Qiz... ip-afirmi... ir 
Jec 


obtaining invariantly a Boolean tensor of rank r— 1. Dually one can form 


II Qin... palir... te 
ge 
Thus in Boolean tensor algebra’ there are two kinds of contraction: Sum 
and product over one index, each lowering the rank of the Boolean tensor 


by one. 
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Nevertheless one can contract over several indices simultaneously. E.g.: 
S an; =b; or [I ciji = dy 
ieg ©. 7 46C : 


For, from ixj one obtains invariantly a Boolean tensor fi; = aiij Dy putting 
t = k in a and then contracting fi; :- 


Í bi = È fu = È tuj 
te? te 
Besides putting indices equal one can put ais unequal in a Boolean 
tensor. E.g., let ' 
g f , = Qik for 4 z6 k 
bis (aix) = | undefined for i == k. 
Clearly, ba depends invariantly on aix Similarly for Boolean tensors of 
higher rank. 
Thus instead of contracting over all components of ai; one can contract 
invariantly over all those for which 734 j:. 


PAS (i747) or a aij 0) or È May Gj). 
,J E tJ E 4 3 s 
Or else over one index only. E.g 

È dij (i= j), Hasy (i j). 


4, Isomorphism with the calculus of propositional functions; Boolean 
tensor-equations. It is clear from the definitions of the variocs Boclean 
tensor-operations that Boolean tensor algebra is isomorphic to the zalculus of 
propositional functions over one *—a priori fixed—domain of individuals such 
that to addition, multiplication, complementaton, subsumption and contrac- 
tions of Boolean tensors there correspond conjunction, disjunction regation, 
implication and quantification respectively of propositional functicns.. Thus 
the calculus of propositional functions over one domain of individuais * is seen 
- to be isomorphic to an invariantive calculus of greatest analogy ‘> ordinary 
tensor algebra. 

Just as geometrical and physical laws can generally be expressed by tensor 
. equations, so the properties of relations between the individuals of eny mathe- 
matical theory which can be formalised within the calculus of propositional 


13 From I,4 it follows that one can easily extend Boolean tensor algebra 30 as to 
be isomorphic to the caleulus of propositional functions over several fived domains C, 
of individuals, if the transformations of each C, are induced by the transfcrma- 
tions of 0. z 
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functions over one 1° fixed domain of individuals could be expressed by in- 
variant Boolean tensor equations. 

In ordinary tensor algebra such invariant relations can be put into the 
form of the vanishing of a certain tensor expression, since the 0-tensor of rank 
r is left fixed under all linear transformations. In Boolean tensor algebra 
many Boolean tensors of rank r are left fixed by Gy. E.g. there are four 
fixed Boolean tensors of rank 2: 


0i = 0 for all i, k in C; 


=d for i= k 


0 for ioe p TVH) anc their duals Oir — liy and Sie 


Similarly for Boolean tensors of higher rank. E.g. 


{0 for t=] =k 

1 for t=] k 

fur = \0 for t= k] 
1 for J= k 5&1 


1 for i<j Abi 


is a Boolean tensor of rank 3 left fixel by ©,, and there are altogether 2° 
Boolean tensors of rank 3 left fixed by ©,, for any m. In fact it is easily 
seen that all Boolean tensors of rank r eft fixed by ©, form a fimte Boolean 
subalgebra of [B,], independent of the dimension n. . 

Any invariant Boolean tensor expression of rank r put equal to any one 
of these many fixed Boolean tensors of rank r will be of invariant meaning. 
However the most important among chem, into which any other can be 
brought, are 


Jita... ir = Dhia... 4, Or equivelently Gi4,...4,= late... 6, 
where g stands for some invariant exprssicn in Boolean tensors and 
Ois a as 0 and 1 ay a. m= 1 for all li; 125 moe oe ty in C 


are the “Boolean zero-tensor” and the “ Boolean one-tensor of rank r” 
respectively. And any mathematical sroposition which can be formalised 
within the calculus of propositional functions over one (or several completely ** 
dependent) domain(s) of individuals can also be expressed as such an in- 
variant equation. | 


14 In the sense of I, 4. 
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i CHAPTER III. 
Group-realisations. 


Just as the theory of matrix-representations of (particularly linear) 
groups underlies the theory of invariants, tensor algebra and the develcpment 
of a linear geometry as an invariant-theory, especially as it yields a knowledge 
of all linear transformation laws possible in the geometry in question, so one 
would have to study for the purpose of developing logic as invarient-theory 
the realisations of a (particularly the symmetric) group by groups of arostrary 
permutations. But in the following we need not confine ourselves to groups: 


DEFINITION. A realisation R of an abstract semi-groupoid * y ts a khomo- 
morphism of y onto a semi-groupoid T of permutations “S$ of a set C. The 
degree of R is the cardinal of C. The realisation R is called faithful if it is an 
isomorphism. 

There is some analogy with the theory of matrix-representations: Since 
every matrix is an endomorphism of a vector space, one can reduce the theory 
of matrix-reoresentations to the study of “ representation-modules,” i. e. vector 
‘spaces together with a domain of endomorphisms, i. e. groups with two domains 
of operators, and deduce from. theorems on operator-groups theorems on ~ 
matrix-representations, in particular Schur’s lemma. Analogously, every 
permutation is by Theorem 1.1 an automorphism of a full Boolean algebra. 
Hence a reclisation of a semigroupoid can be considered as a full Eoolean 
algebra (or Boolean ring 1°) together.with a domain of ring-endomorvhisms 
(a “realisation-module”) and one can now deduce from theorems on 
(Boolean) rings with endomorphisms theorems on realisations, in varticular 
an analogue of Schur’s lemma (1). : 

And just as the regular (matrix-)representation of a finite group g is 
the source of all matrix-representations of g, so from the regular realisation 
(now considered as a poranio on TAREN) all transitive realisations of g 
can be obtained. T on 


1 By a semi-groupoid y is meant an algebraic system with a produet &,0 8, = 
element of y (not necessarily defined for all elements), which is associative whenever 
defined. 

1¢ Stone has shown that to every Boolean algebra there is a unique Boolean ring 
with identity and conversely; further that every homomorphism of a Boolean algebra 
is one of the corresponding Boolean ring and conversely (Transactions of the American 
Mathematical Society, vol. 40 (1935). 


2 


\ 
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1. Realisation-modules. We now follow Emmy Noether’s example and 


introduce a realisation-module in analogy to her representation-module: 


Dertnirion. Let R:s—>& be a_relisation of a semi-groupoid y by 
means cf permutations S of a set O and let B be the Boolean algebra (or ring) 


of all subsets of C. For every element s of © and every b of B we define a- 


` product sb by means of the equation 
sb = Sb. 


We call this full Boolean algebra or ring- with the second multiplication ‘sb 
- the realisation-module corresponding to the realisation R. 

By Theorem 1.1 the mapping b—» sb — Sb is an automorphism of ae 
Boolean algebra (and ring) B, i.e. s(b, + bs) = sb: + sba, s (bi? Pa) == $b, * Sba, 

sb = sb. 

In this way one can reduce the study of realisations of y to the study of 
full Boolean algebras (or rings) together with a domain Q of ring-endo- 
morphisms. This (commutative) “ Boolean Q-ring ” determines the realisa- 
tion Æ completely by means of the equation sb == Sb and conversely. For this 
purpose we need the notion of an Q-ring which is analogous to (but not a 


special case of):an Q-group. It is a special case of the general notion of an. 


Q-algebra, i.e. an algebraic system relative to a given domain Q of its endo- 
morphisms. . T : 


DEFINITION. An Q-ring is a ring R together with a domain © of ring 
endomorphisms 8. A subset of R is called admissible or an Q-subset if it is 
transformed into itself by every 6 in Q, which defines in particular Q-subrings 
and Q-ideals. Let R and W be two O-rings with the same domain Q. A 
mapping H of R on W is called an Q-homomorphism if it is a ring-homo- 
morphism and if H@ == 6H for every 02. 

To establish the following two theorems one has only to remark that 
they are true for Q-groups and for ordinary rings.*® | 


THEOREM 3.1 (The Q-homomorphism theorem for rings). If H is any 
0-ring-homomorphism of Q—St'on,.Q —W then W is Q-isomorphic to R/J, 
where J is the Q-ideal of all elements of R mapped into 0’, and conversely. 


COROLLARY. The Q-homomorphism theorem holds for Boolean rings and 


l , } 
17 Of, v. d. Waerden, “ Gruppen von linearen Transformationen,” II, § 1 (Ergebnisse 
der Mathematik (1935)). Our treatment is strictly analogous to the one given there. 
18 T owe this observation to one of the referees. 
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Boolean algebras. For Stone has shown (loc. cit.) that the ordinary. homo- 
morphism theorem holds for Boolean rings and that every Boolean ring- 
homomorphism is a Boolean algebra-homomorphism and conversely. 


~ 


THEOREM 3.2 (The Q-isomorphism theorem for rings). Let J, and Ja 
be two Q-iceals of an Q- -ring R, and let Jı J2 be their greatest common 
divisor, J, 9 Je their least common multiple. Then 


(Fs +I SIA 


where = mzans Q-isomorphic.  ' 


In analogy to the application of the theory of 9-groups to matrix- 
representations one can now apply Q-rings to (permutation-)realisetiors: 


1) Transitivity and intransitivity: If R is an intransitive (>educible) 
realisation, then C has a subset C, invariant under R. C, then transforms 
according to a realisation Æ (say) called a component R, of R or contained 
in R. If B, is the Boolean subalgebra of B of all subsets of C, then Q — B, 
is a principal Q-ideal of Q— B and conversely every principal Q-ideal of 
Q — B defines a unique component of R.- Hence the (distributive) lattices of 
- all principa. Q-ideals of OQ — B and all components of R are isomorphic. In 
particular to the minimal principal Q-ideals of GB corresponds the irre- 
ducible components (subsets) of R (of C). Hence R is irreducible (= transi- 
tive if y is a group) if and only if the corresponding realisation-module is 
simple, i.e. has no proper principal Q-ideals. 


2), IfQ2—B is the direct sum of principal Q-ideals Bi, Ba,’ 
B=B,+B,+: - - and therefore Bah dt hee Aa 


we say that Q— B (and R) is decomposable. If C is finite or y a group then 
the lattice of all principal Q-ideals of Q — B is a full Boolean algetra; hence. 
in particular every group-realisation is sum of its transitive components (i. e. 
“ decomposes compleraly ”\, as is well known. 


3) Reduction ‘into irreducible components: To successive reCuction of 
a realisation Æ into irreducible components there corresponds by Theorems 3. 1 
and 8.2 the formation of a series 


Bua DB es Be) (v == any ardiral} 


such that every By contains its successor Bu as a proper maximal principal 
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(i-ideal. If Q— B decomposes completely the description can be made by a 
direct scm of minimal principal Q-ideals. 


4) Commutators: We first need 


THEOREM 3.3. Lvery homomot phism of a finite Boolean algebra (or 
ring) By into a finite Boolean algebra Bn can be expressed as a Boolean matris 
M of m rows and n columns every row of which contains at most one 1 (and 
the rest 0’s). 


Proof. With respect to addition a Boolean ring of finite dimension con- 
stitutes an Abelian group with every element of order 2, all of whose homo- 


7 
morphisms are mappings b; —> A aixb, where A stands for Boolean ring-sum 
k=l 


-and by are the components of an n-dimensional vector over the field F == {0,1}, 
Gi any matrix with m rows and n colunins over Fa. In order to be a homo- 
morphism also with respect to multiplication, i. e. A@ixbuc, == (Adinbdy) (Aaaxce) 
it is necessary and sufficient that ai, should have at most one 1 in each row. 
For suppose lin == Gik == 1 and that a; == 0 when 7 is neither k, nor ke, then 
A (G@ixbr¢:) == br,Cx,Ade,Cr, Whereas : 


(Adixbn) (Alinee) = (Or ADK,} (CAC) FE Dx, Cr AD EC, 


for all b and c unless either Qim, == 0 or a, == 0. But every Boolean ring 

homomorphism is also a Boolean algebra homomorphism (Stone, loc. ctt.). 

Moreover since there is at most one 1 in each row Aad, == Saindz. I.e., every 
k 


homomorphism b —> 0’ of Bn into B’m is of the form b —>b = M; b where 
b, b” are the variable Boolean vectors in B,, B’m respectively and M is a Boolean 
matrix with at most one 1 in each row. 

Hence if Rı and Rə are realisations of y by permutations Sı, Sa respec- 
tively and Q —— Bı, Q— B. the corresponding realisation-modules, then any 
Q-homomorphism can by Theorem 3.3 be expressed by a Boolean matrix M 


' , with at most one 1 in each row such that Af; S:(s) == S2(s); M for all s in y. 


In particular if M is a permutation-matrix then S2(s) = M; 8:(s); M> 
i.e. equivalent realisations correspond to 0-isomorphic realisation-modules and 
conversely. 

If R, = R: then M; 8 = 8; M, i.e. the Q-endomorphisms of the realisa- 
tion-module can be expressed by those Boolean matrices with at most one 1 
in each row which commute with every S, and conversely. 


‘One can now apply theorems on Q-rings to realisations: 


w 
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i) Uniqueness: If the finite chain condition holds for the lattice 
of principal Q-ideals then the (generalised) Jordan-Holder theorem entails 
uniqueness of successive decomposition into irreducible components. ‘The 
Krull-Schmidt theoreni can be applied to entail uniqueness (up to equivalence 
and order) of the directly indecomposable principal. Q-ideals of Q— B and 
components of R. | | 


ii) Analogue of Schur’s lemma: Combining 4) above with Theorem 
3.1 gives ` 


- THEOREM 3.4 (Analogue of Schur’s lemma). -Let Ri and E, be irre- 
ducible realisations of finite degree n, m respectively of a semi-groupoid y: 


Ry: s—> S: (8), ! Rs: s—> 82(s). 


Any Boolean matria M of m rows and n columns with at most one 1 in each 


row such that 
— MS Si (s) = 82(s);M for alls my 


| , 3 
is either the zero-matriz or a permutation-matriz. In the latter case m =n 
. and R, and Re are equivalent. 


In particular every Boolean matris M of this type which commutes with 
every member X of an irreducible family of permutations of a finite set is 
either the Boolean 0-matria or a permutation-matriz. 


iii) Just as for a set of matrices one can now prove without difficulty 


THEOREM 3.5. Let T be a (completely reducible) system of permuta- 
tions S of a finite set O: T= al, +aP,+:---+aT,, meaning that the 
irreducible component Ty occurs a times in T (equivalent components being 
identified). Then . 
M;S==8;M for all Sin T 


= 


implies for cny Boolean matrix M with at most one 1 in each row that it must 
be of the form 


P, 0 0--+-- 0 s 

oon rr 

0 0 0 ve G P. r 
akae PoPa es P, are permutation-matrices or zero-matrices of degrees 
Adi, Gedo, * `, Ardy respectively, dy being the degree of the irreducible com- 


ponent Ty. 
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As a special case one can let M in Theorem 3.5 be a permutation-matrix 
and T a group. We then obtain as a particular case the well-known 


COROLLARY. A permutation M of a finite set C which commutes with 
every meriber of a group G of permutations of C must consist of cycles per- 
muting only such elements of C as belong to equivalent transitive subsets of C 
with respact to G. (By equivalent we mean such transitive subsets of C as 
transform according to equivalent transitive components of G.) Another 
special case is the well known fact that the only permutations which commute ° 
with a given permutation S (both acting on the same. finite set C) permute 
only such elements of C as belong to cycles of the same length of 8. 


Tt should be noted that all the above argument about commutators (with 
at most one 1 in each row) of realisations only applies to realisations of finite 
degree, since every infinite Boolean algebra has non-principal ideals (Stone). 


2, Kronecker products; characters. Just as the notion of the Kronecker 
product cf matrices underlies that of an ordinary tensor, so the following 
notion of the Kronecker product of permutations underlies that of a Boolean 
tensor. Let S, be a permutation of a set Cı of cardinal nı, S2 a permutation 
of a set Ca of cardinal nz and [Six], [Sin ] the corresponding permutation- 
matrices, which can be considered to act on Boolean vectors ai, b j of dimensions 
nas Ng respectively: a, > 2 Six ay, b jas jz bi Then then,’ ne products 


aib; can be considered as the components of an nı’ n-dimensional Boolean 
vector (the outer product of a and b) which undergoes a transformation 


aid; —> > Siz O 851 (2) abr 
kl 


whose matrix [Sæ YS] is the Kronecker product [S] X [SP] of 
the permutation-matrices [Siz ] and [8j: J. Clearly [Sx] X [Sy] is 
again a permutation-matrix and the corresponding permutation 8, X Sz is 
easily seen to be the permutation induced by S, and S, in the set Cı X C 
of all ordered couples (x,y) with z in.C.,y in C We call S, X Sz the 
(Kronecker) product of the two permutations Sı and Se. Then if S is the 
transformation of a Boolean vector, the corresponding transformation of a 
Boolean tensor of rank r is the r-fold product S X- X S = [S], say, 
of S with itself. ; 

If one defines (as usual) the character of a permutation S of a set C to 
be the cardinal number of elements of C left fixed by S, then it follows at 
once that if yi (8), x.(8) are the characters of the two realisations R, and Rz 
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then xi(8) 4B) is the character of Ri X Rə. It is well known that for a 
finite realisetion of a finite group g of order lg | : 


| 7 | >= x(S) = number ot transitive components. 

Seg 
But, by the above, the m-fold Kronecker-product RX:::-xXR Š [E Jr of R 
with itself is again a finite realisation of g, if R is,,and it has the character 
x” (8). Hence the character x(S) of any realisation R of finite degree of a 
- fimte group g must satisfy the denumerable sequence of conditions 


a ; | 2 = x” (S) = positive ie (m= í; yes E E 

In the same way it follows that af x1 (8), x2(8),° --,xv(S) are the 
characters o7 any finite number of realisations of finite degre oF a finite group 
g of order |g | then 


Ta | s 2 x5) > x (8) > -xv ( S) — positive integer, 


~ 
where Mı, M2,° '. ; my = any combination of positive integers. 


8, The regular realisation. We first recall that every transitive realisa- 
tion T of a group g is equivalent to a realisation obtained by associating with 
every group-element s of g the permutation which the lezt-cosets of a certain 
subgroup A of g experience ‘under left-multiplication by s. We call %4 the 
subgroup which generates the transitive realisation 7’.*° 

We next need a criterion to decide whether a given transitive realisation T 
of a group g is contained in another given realisation D of g: 


THEOREM 3.6. Let D:s—S8 be a-faithful realisation of a group g by - 
means of a group G of permutations S of a set C and let T be a transitive 
realisation of g generated by the subgroup h of g.` Suppose that under the 
realisation D there corresponds to h the subgroup H of G. Then T is con- 
tained in D -f and only if there exists at least one element c of C euch that H 
ws the larges! subgr oup of G which leaves c fixed. 


Proof. Necessity : If Ti is contained in D, then iere exists a subset Cı 
of C which is transformed into itself according to 7’. T is generated by a 
certain subgroup h of g, 1.e. there is a one-one corresponcence 


> Ch <> wh 


10 Speiser, Theorie der Gruppen, § 37 (2nd edition}. 


— 
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between the elements cs of C, and the left-cosets wsh of h in g, such that 
Se; = Cr if and only if swj;h == wh. The element c corresponding to A itself. 
. under this one-one correspondence is left fixed by every permutation S in H 
and by no other element of G; since sh = h if and only if s isin k. Hence 
if T is contained in D then at least one element of the subset C, of C is left 
fixed by every element of the subgroup H and by no other element of G. 

‘Sufficiency. Conversely, if to a given subgroup k of g there exists under 
the one-one correspondence D: g—> G@ (and in particular h > H) an element 
cı of C such that H is the maximal subgroup of G which leaves c, fixed, then - 
any two permutations in G and not in H will transform c, into ¢2,5£ Cu if 
and only if they belong to the same left coset of H in G, Hence there is a 
~ 1-1 correspondence between the elements c of C into which c, is transformed 
and the left-cosets of H in G. Choose this 1-1 correspondence so that to 
Cr = Wrc there corresponds the coset WH of H in G. Then the element S 
of G transforms cz into Sc, = SWgcı and WH into SWH. Hence the trans- 
‘formations of the elements c of C (into which ¢; is transformed) constitute 
a transitive realisation which is equivalent to that generated by the subgroup 
H of G, which is in turn i aden to that generated by the aero h of g, 
since the correspondence g —> G is isomorphic. 


THEOREM 3. 7. Let R be the regular realisation of any group g by means 
of permutations of a set C. Then the realisation < E > of g induced by R in 
the set < C> of all subsets of C contains all transitive realisations of g. 


Proof. We have only to show that the criterion of Theorem 3.6 is satis- 
fied. Since E is the regular realisation we can identify C with g and the 
permutations of C with the left-translations of g. Then we have to show that 
there exists to every subgroup / of g at least one subset U of g, such that U 
` goes over into itself under left-translations by elements of h, but by no other 
elements of g. Clearly ‘any right-coset huw of h in g is such a subset 
U : shwy = hw; if and only if s is in h. 

If g is the symmetric group ©, of all permutations of a finite set C, 
then the set of all ordered (n —1)-tuples (21, £a,” + +, %n-1) of elements of C, 
such that 2,54 54: + © Æ Tu- transforms according to the regular realisa- 
tion of Gy. But it isa are ideal of Boolean tensor-space of rank n — L. 
Hence we have 


THEOREM 3.8. Every transitive realisation of the finite symmetric group 
is contained in Boolean tensor space. 


By Theorem 3.5 this is equivalent to the fact that to every subgroup H 
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of ©, there exists, if n is finite, at least one propositional function f, such 
that H is the largest subgroup of ©, which leaves f fixed. As a natural 
generalisation of an automorphism of an algebraic system, we call the maaimal 
group of permutations of a set C which leaves a propositional function f, 
defined over C, fixed, the group of automorphisms of the propositiona. func- 
tion f > and have the result: 


THEOEEM 3.9. Every group of permutations of a finite set C ts the group 
of automorphisms of at least one propositional function defined over C. 


However, the correspondence between propositional functions and their 
groups of automorphisms is many—one not one-one, as is easily seen. 

If one admits propositional functions of transfinitely many variables 
(Boolean t2nsors of transfinite rank) then Theorems 3.8 and 3.9 would hold 
also for a comain with transfinitely many individuals. 


CHAPTER IV. 
Boolean Theory of Invariants. 


1. Boolean quantities. In order to develop an analogue of the theory 
of invariants as the appropriate instrument for the study of logical notions 
and their properties our first step must be the definition of “ quantities” 
which can appear as arguments and values in the formation of invariant 
functions. I.e., we have to define for every possible transformation law its 
corresponding substratum. Any such quantity q is reproducibly determined 
relative to a fixed logical coordinate-system by an m-tuple of Boolean 0’s and 
1’s (an m-dimensional Boolean vector), the logical coordinates g; (say) of q. 
In another logical coordinate-system g will have coordinates gq’; obtained from 
qi by applying the permutation S to the components q; which corresponds to 
the trensition s from the first logical coordinate-system to the second. The 
transition s is an element of the given (abstract) group of automorphisms g, 
and S corresponds to s under the realisation #:s-—»>; this is the trans- ° 
formation-law which characterises the “ kind of the quantity q? whereas g 
characterises the theory as a whole. We can without loss of generality restrict 
ourselves cirst.to those g which constitute full Boolean algebras. For any 
collection of q’s, being determined relatively to any logical coordinate-system 


*° This definition has been given in the case of binary relations by O. Ore, Galois- 
connections, Transactions of the American Mathematical Society (1944). 
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by Boolean vectors, will constitute a subset of a oE Boolean algebra. We are 
thus led to the following 


DEFINITION. A Boolean quantity q of kind R is an element of a full 
Boolean algebra Bm of a certain dimension m which is characterised by a 
realisation R of the group of automorphisms g:s—>S of degree m. Each © 
value of q determines relative to a logical coordinate-system an m-dimensional . 
Boolean vector (qi), which transforms under the transition s to another logical 
coordinate-system by applying the permutation S to the components qi. 


Hence a system of Boolean quantities of kind R is the realtsation-moduie 
(cf. LIT, 1) corresponding to the realisation R of the group of automorphisms; 
just as a system of quantities in geometry is a representation-module, i.e, a 
vector-space with a given matrix-representation induced in it, which a 
the transitions to another (geometrical) coordinate-system. Thus “ Boolean 
quantities ” are strictly analogous to Weyl’s ™ and v. d. Waerden’s ?? quantities 
for geometry. 

Although we need not specify the group of automorphisms in ie defini- 
tion of a Boolean quantity, for the purpose of logic it will be the symmetric 


group. 


Examples. 1) The simplest case of a Boolean quantity is an atomic 
proposition, in extension. The realisation-module consists of the one- 
dimensional Boolean algebra {0,1} (the truth-values) with the identity- 
- realisation as the induced group. 


2) Boolean tensor-space of rank r is a system of Boolean quantities 
of kind ©, X -© X G,— [Gy], (= the” 7-fold Kronecker product of 
GS, with itself). 


3) Symmetrical Boolean tensors: All n-dimensional Boolean tensors of 
rank r whose indices satisfy certain symmetry-conditions form a full Boolean 
algebra with a certain realisation of ©, induced in it. ; 

Two systems of Boolean quantities will be called equivalent if they corre- 
spond to equivalent realisations. 

A system Q of Boolean quantities q of kind K will in general contain 
other systems of Boolean quantities: Any full Boolean subalgebra of. Q which 
is transformed into itself under Æ will be a system of Boolean quantities con- 
tained in Q. Among them are the admissible principal ideals of Q. To each 


a Classical Groups (loc. cit.). 
22 Mathematische Annalen, vol. 113 (1937 j, p. 15. i ; 2 
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minimal admissible principal ideal of Q there corresponds a transitive com- 
ponent of R. If Q has no proper principal admissible ideal we call it a simple 
- system of Boolean quantities. I.e., a simple system of Boolean quantities 
corresponds to a transitive realisation of g and conversely. 


Bzamples. 1) f(z) is a simple quantity because ©, is a transitive rea_isa- 
tion of itself. | 


2) A Boolean tensor of rank r>1 is not a simple Boolean quanzity. 
E. g. a Boolean tensor fi, of rank 2 contains two simple Boolean quantities, 
namely these f which are defined for i = k and those for i s4 k only.” 

Defining the direct sum of Boolean quantities to be the direct sum of 
the. reali Sa OT eae which they constitute; it follows that Boolean quenti- 
ties are “ Cirectly added” simply by juxtaposition of their components (just 
as for quantities with respect to linear groups), Hence every system Q of 
Boolean quantities is the direct sum of simple subsystems of Q, namely cf those 
which correspond to the minimal admissible principal ideals of Q, with respect 
to any group. - 
l Besides addition one can define the Kronecker mali of Boolean quenti- 
ties: If q, and ge are two Boolean quantities of kind A, R, respectively, then 
the Boolean quantity corresponding to Rı X R will be called the Kronecker 
_ product qı X q: of the two Boolean quantities g, and ge. If q; and qy” 
are the components of q, and gz then all possible sums Sq; qr” range over 
all the components of qi X qə and so do all the products Ig;‘? + q4‘? , as is 
easily seen. 


Ezamole. Boolean tensor space of rank r is the r-fold Kronecker product 
of Boolean vector space. . Since the Kronecker product of two Boolean tersors 
is again one it follows that the class of simple systems of Boolean quantities 
occurring as admissible principal ideals of Boolean tensor space is closed with 
respect to Kronecker multiplication (followed by decomposition into admissible 
principal ideals). If Boolean tensor space of rank 1 belongs to this class, 
then it is obviously the smallest which is closed in this sense. However, not 
all simple Boolean quantities with respect to S, will belong to it in general. 
For examples show that the transitive components of ©, X` ° X G:=([Gnl, 
(r= 1,2, + -) do not exhaust the transitive realisations of ©,. Even ir the 
simplest case of ©; the realisation ©, > ©, is not contained in 6; X G. 
To obtain all transitive realisations of ©,, if n is finite, one has to go further: 


33 Called self-relatives and alio-relatives by Peirce (American Journal cf Mathe- 
matics, vol. 3, p. 44). 


we 
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It is not sufficient to decompose Boolean tensor space into its principal ad- 
missible ideal, but to determine its transitive subsets. (That the latter is 
sufficient follows from Theorem 3.8). 


2. General properties of invariance. We are now confronted with the 
task of studying the possible invariant properties of and relations between 
systems of Boolean quantities. The first question must be: What is meant 
by an invariant property or relation ? 7 | 


DEFINITION OF INVARIANCE IN THE Most GENERAL SENSE. . A property 
of or relation between members Tı, Zo, -,2%, of a finite number of sets 
C1, C2: © `, Cu respectively, which can be expressed as a propositional func- 
tion f(X1,%2,° © +, 2p), is invariant with respect to an abstract group g and 
realisations | 

Ry: 8—> S(s), By: s > Kols), © + +, Re: s— Sels) 


- 


(ti, £a * ° 2) == f(S1(s) 21, 8 ees - +, Sn(s) Tr) 


& 


for all s in g and every x; in O; (7 = 1, 2, ey Ie) .24 


of g as groups of permutations of Cu, Ont >>, Ce respectively if 


In the case of one set C only of cardinal n, all possible propositional func- 
tions f(x) with z in C form the full Boolean algebra of dimension n. If, 
however, we limit our attention to those f(x) which are invariant with respect 
to g and a realisation R :-s —> 8 (s) by permutations of.C, then whenever f(s) 
takes on a certain truth value for a certain Te in C it must have—by the above 
definition of invariance f(z) — f(Sx)—the same truth value for every x in C 
which belongs to the same set of transitivity as 2. Also if f (£o) = f (yo) and 

g(%) = g(yo) then f(t) + g(%) = f(yo) + glyo), f(a) > g(a) 
= f (yo) *g (yo) and f(to) = F (£0) for any fixed To and Yo in C. Hence the 
totalit y of invariant propositional functions f(x) is tsomorphic to the Boolean 
algebra of all subsets of the set whose elements are the transitive subsets 
of.C with respect to g. Similarly the invariant propositional functions 


*4In his Grundlagen der Geometrie, K. Reidemeister says: One could use the 
definition of a geometry as invariant theory of a group as a rigorous axiomatic defini- 
tion if there existed a formal logical definition of invariance. Moreover such special 
notions as algebraic or differential in- and covariants are special cases of the above 
definition and so is the notion of an automorphism of an algebra. 

This definition could at once be generalised to any (associative) semi-groupoid Y 
(instead of a group g) and realisations of y as sets of arbitrary transformations of 
Ciu Ca» + -,C, (See the definition at the beginning of ILI). But no use will be made 
of this eariy in the following. l 
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f (T1, 22° © *, 2) constitute a subalgebra of the Boolean algebra of all 
propositional functions of k arguments, namely the full subalgebra consisting 
of those f(21,%,° © °, 24) which take on the same truth value for any such - 
ordered k-tuples (a1, £a, ` °, 2y) as are permuted amongst each-otrer bu g. 
In short they constitute the subalgebra obtained by identifying any such 
ordered &-tuples as are permuted by g (under the realisations Ra, Ra, © +, Rx), 
which is possible since g is a group and therefore permutability umder any 
realisation of g an equivalence-relation. 


It follows that a knowledge of all invariant propositional functions 
f (#1, £a + +, 2%) is obtained by the decomposition of Ri X Ra X=- X By 
into its transitive components and conversely. | 

The invariant propositional functions f(æı, %2) of two arguments are 
equivalently characterised by the condition that the Boclean matrix F (say) 
whose components are the values of f(zı, %2) shall commute with the two 
realisations K, and F» in the sense that for every s in g we have 


F; Si(s) = S82(s) 5 F 


where S(s), S(s) are the permutation matrices corresponding to s under 
fi,, ko respectively. If Rı= E then the propositional functions f(z, 2) 
invariant under R are those Boolean matrices which commute with every 5 in R. 

Returning to the case of & arguments, the number of invariant proposi- 
tional functions can, if g,C1,C.,° - +, Cx are all finite, be obtained frcm the 
characters yi(8), x2(s),° © *,xe(s) of Ri, Re,- > +, Ry respectivley. For the 
character of Ay X Ea X+- -X Er is x (8) > x2(8)°. . «+ xe(s) and therefore 
the number of transitive components of Kı X Bo X- X Ex is 


ane xa (8) xe(S) + pals) (| g | = order of g) 
B 


and 2™ — number of invariant propositional functions f(%1,%2,° © Zg). 
In particular the number of Boolean matrices which commute with two 
realisations Æ, Ra (in the above sense) is 


2 exp} Tip Zx) nals) f . 


If R = k, = k is a transitive realisation then the number of eamrauting 
Boolean matrices is 


2 api ET > x (s) —. 9! 
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where J = number of double-cosets of that subgroup in g which generates the 


realisation # (in the sense of III,.3). For it is known * that Al Sx (s) 
is the number of double-cosets of that subgroup in g which generates the 


transitive realisation #. Since four Boolean matrices commute with ©, and 
since ©,_, is the subgroup of ©, which generates the realisation of ©, by itself 
- (as follows at once from Theorem 3.6) it follows that the number of double- 
cosets of Sn- in Gy is two, 4. e. 


Sr = Sra + Sn 10Gn-1 (acn, ae ©n-1) 


if n = finite > 2. Also if the number of double cosets of any subgroup g 
in any finite group g is 2 and the number of cosets of g’ in g greater than 2, 
then the transitive realisation of g generated by g’ has no self conjugate 
elements. For if the number of double cosets is 2 then there are four com- 
muting Boolean matrices, namely Oir, Six, dix and liz, none of which except 
the identity ô: is a permutation-matrix, since their dimension is greater 
‘than 2. | | 

Now suppose that g’ is a subgroup of any group g and R a realisation 
of g by a group G of permutations of a set C. Under R there corresponds to g’ 
a subgroup G” of G. Then the partition of C into transitive subsets with 
respect to G is a (not necessarily proper) refinement of the partition of C 
with respect to G. Hence we have 


THEOREM 4.1. “Given any set C of elements of invariant significance with 
respect to a group g, then O will also be a set of elements of invariant signifi- 
cance with respect to any subgroup g’ of g and the propositional functions f(z) 
[x in C] invariant with respect to g form a full Boolean subalgebra of the full 
Boolean algebra of the propositional functions f (x) invariant with respect to g’. 


This gives an exact meaning to the statement: To decrease the group increases 
the possible invariants. | | 

There is another way of “deriving” one invariant-theory from another 
which hes been used much in geometry: If g’ is a subgroup of g one considers 
instead of the g’-invariant propositional functions f(y) the g-invariant 
propositional functions f(a, y) of one argument more, where the set {a} con- 
tains an element &o such that s-@) =a if and only if seg’. (E.g. g = pro- 
jective group, a = plane at infinity, g.= affine group). It is very easily seen 
that these two ways are equivalent for any two groups g’ SS g as far as arbitrary 
invariant propositional functions are concerned : 


26 Speiser, Theorie der Gruppen, § 39 (2nd edition). 
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THEOREM 4,2 (The “adjunction argument”). Let U and Y be two 
realisations of a group g within sets {a} and {y}. Suppose that g’ is that 
maximal subgroup of g which leaves one element-ao of {a} fixed (under the 
realisation N). Then every g’-invariant propositional function f(y) is 
obtained from a g-invariant propositional function f(a,y) by putting a = ap, 
i.e. by putting f(a.y)=f(y). . 


Proof. Consider all ordered pairs (a@o,y). Two pairs (do, Y1) and (ao Y2) 
will go over into each other under g if and only if there is an s in g’ such that 
S` Y= Yo. 


3. Boolean invariants and covariants. Let us now apply the general 
definition of invariance of 2 to an invariant-theoretic study of Boolean quantities. — 
I.e., we want to determine the possible invariant properties of, and relations 
between, Boolean quantities. Let Q={---,q,:°-"} and H= {h,=} 
be two systems of Boolean quantities of kind R,:s—>8i(s) and Rz: s—>§,(s) 
respectively, with respect to a group g: A binary relation f(q, h) between q 
and h will be invariant if F(q, h) = f(S.q, Sek) for-all s in g, h in H and 
gin Q, i.e if f:q— h implies Sig—>S.h. (Using the same symbcl f for 
the mapping q— h, i.e. q, is mapped into h if and only if f(g, hì =1). 
Confining curselves to single-valued mappings f:¢—>h we define a Boolean 
quantity h of kind R, to be a “ Boolean covariant” of another Boolean quantity 
q of kind E, if h is a single-valued function hiq) (i.e. f: q— h) such that 


fS: (s1 = 82(s)f or equivalently h(Sıq) = Seh(q) for all s in g. 


I. e., the mapping q—> h shall commute with the two realisations Ry, Fa. 
Similarly simultaneous Boolean covariants are defined. 


As a special case, if H is one-dimensional and therefore Rs the icentity 
realisation then h (== j say) is called a Boolean invariant of q. . I. e., a Boolean 
invariant j(q) of q is a single-valued function j(q) whose ae 1S a 
Boolean quantity q of kind R and whose value is Booléan 0 or 1 such that 
1(q) =j (8q) for all q and S. Similarly a simultaneous Boolean invariant 
J (qu G2," © +) of several Boolean quantities is defined: ‘Thus a Boolean in- 
variant j is a special case of an invariant propositional function f in the 
general sense of 2: The argument of 7 is a Boolean quantity, whereas that 
of f is arbitrary. Hence the simultaneous Boolean invariants of Boolean 
quantitites Qı, q2,* > + are the invariant properties of and the relations between 
Qi, 92," © °, while the Boolean covariants are those invariant relations which 
` define a single-valued dependence. I.e., the Boolean covariants h(g) COTTE- 


FA 
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spond to a subclass of all simultaneous Boolean invariants 7(h, q)- namely to 
those 7(h, q) which define a single-valued mapping q —> hk. 


Examples. 1) Let Q consist of all propositional functions f(z) of one 
argument x. The two quantifiers X f(z), [[ f(z) are Boolean invariants of f. 


But so are any symmetric functions of the values of ie 
2) A Boolean tensor fiz of rank 2 has Boolean covariants $; fiz == ky and 
. i 
li fiz == h’; for instance. But quantifiers, though the simplest Boolean co- 
k 


variants, are not the only ones: Clearly, any function of fix, symmetric in one 
index i, say, will be a Boolean vector cx(f) say, which is a Boolean covariant 
of fix. Any symmetric function i in both indices i and k is a Boolean invariant 
of f. E. 5- = fiiis 

THEOREM 4.3. Let hı and ha be two Boolean quantities of the same kind 
R:s-—->S8 and q be a Boolean quantity of kind R':s—> 8’. If hy and he are 
Boolean covartants of q, then so are their Boolean sum, product and com- . 
plement hı + ho, hy: ha and hy. Hence the Boolean covariants of fixed kind R 
of a Boolean quantity q form a Boolean algebra. 


Proof. hı(q) and he(g) being Boolean covariants of q we have by 
definition 
h(g) = Shi(q) and h-(8’¢) = Shaq). 


Then 
hy (S’q) + he(S’q) = Shi(q) + She(q)- 
But S is an automorphism of the system cf Boolean quantities Ai, hatt +, 
therefore k 
Jhi (q) + Sho(q) = S[h: (q) + he (9)] 
hence 


Sih (q) + helg) J = h (8q) + h(g) 
showing that hı (q) + ha(g) is a Boolean covariant of q. Similarly it follows 


that 


hı (8’q) ha(g) = Shi (9) ] - [She(q) | = S [hi (q) - he (q) ] 
and - 


CSa) = Fil = Aa 


i.e. that hi(q) hə(q) and h(q) are Boolean covariants of q with hı and hz. 
Among the Boolean covariants of a system Q of Boolean quantities there 


t 
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is a subclass of “homomorphic Boolean covariants 1(q}” defined thas: If 
qı and qz are any two members of & then 


q+ qz)==1(g1) + 1(q2), (di: 2) =I) -L(g2) and therefore 1g =1(q). 


I. e., the mapping g—> 1 is an Q homomorphism of Q onto L (as defined in 
III, 1). Hence by the corollary to Theorem 3.1 a finits-dimensional simple 
Boolean quantity q has only such homomorphic Boolean covartants as are 
equivalent to q. It also follows at once from the considerations of IL, 1 that 
all homomorphic Boolean covariants of a finte-dimensional Boolean qrantity q 
are—up to equivalence—obtained by juxtaposition of the components of such 
simple Boolean quantities as constitute principal admissible ideals o- Q. 


Ezampie. fi; is a homomorphic Boolean covariant of fiz and 3c is fix 
(i k). | l 
Since every minimal principal admissible ideal of Boolean tensor space 
„consists of those Boolean tensors whose indices satisfy a maximum number 
of consistent equality and inequality ‘conditions (as is easily seen), i> follows 
that all homomorphic Boolean covariants of a finite-dimensional Boolecn tensor 
Tiie... i, a6—up to equvalence—obtained by imposing equality and wnequaitty 
conditions cn its indices. In particular, a finite-dimensional Boolean vector 
has only such homomorphic Boolean, covariants as are equivalent to Œ. 

The central problem is now; To obtain al! Boolean in—and covartants 
of a gwen system of Boolean quantities. 

For Boolean invariants the general answer is almost trivial: The Boolean 
invariants 4(q) of a system Q of Boolean quantities q constitute a full Boolzan 
algebra isomorphic to the Boolean algebra of all subsets of the tcéclity of - 
transitwe subsets of Q. This follows at once from IV, 2. In particular if g 
is of finite order | g | and x(s) the character of the realisation < R > induced 
in the set of all subsets of that set on pe È acts (k= kind of q), then the 


! 


‘number of transitive subsets of Q is T F Tt >x(s) and therefore the number 


' of Boolean invariants j (g) is 2 exp E Ri x x (s) ; 


-w 


In evezy given case one will; however, want to go a step furfhar: To 
determine, if possible, a set of “ basic Boolean invariants * explicitly as Boolean 
polynomials of the components of q, such that all Boolean invariants cf q are 
generated by them. To show that there are always “ Boolean basic invariants,” 
we need 


THEOREM 4.4,° Suppose that an n-dimensional full Boolean algebra By 


8 i 
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(n = arbitrary cardinal) is given as the, n- -dimensional Boolean vector space. 
Then any single- -valued MAPPING p of any subset U of By onto the one- 
dimensional Boolean algebra B, 


~ 


p: g — pe = 0 orl (x in U) 
can be expressed as a Boolean polynomial P(x) of the components x, of the 
Boolean vector x. By a Boolean polynomial of the 2, is meant any expression 
in the 2 obtained by Boolean addition, multiplication and negation (including 
transjfimte sums and products). 


Proof. The mapping p determines a partition of the subset U of 
By: U = U +4- U, such that | - 
k i 1 if ze Cı 
m=] o i eee o g 


Every Boolean vector a in B, determines a partition K =K, (a) + Ko(a) 
of the arbitrary index-set K == {k} of cardinal n such that 


. =} 1 for k in Kx(a) 
“= 0 for k in Ko(a). 


Now for every ain U, we construct tha Boolean polynomial 


F a (Tx) = [I æ. I] 
ke K- (a) ke Ko (a) 
of the e Ty Of z. Clearly 


1 if z—=a 
Palar) = i TE . 


We now take the sum ~ ; 
>» Pa(tx) = P (24), say 
GE Uy 
obtaining a Boolean polynomial P (z+} of the components x of the variable 
Boolean vector v in Ba with value 1 if z is in U, and 0 otherwise. I.e. 


1 if’ po ==] 
P(t) = 0 if os == () or undefined. 

‘Coronary. Every Boolean invariant j(q) of an ar bitrary Boolean quan- 
tity q with respect to any group g is a Boolean polynomial of the components of 
q. Hence in particular j(qg) is always a sum of certain Boolean polynomials 
of the components of q, namely of those which have the value 1 for every 
element of one transitive subset of Q and 0 elsewhere. 
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We shall call these Boolean invariants of q of which all others are sums 
the strict bazic Boolean imvariants of q? Their number is equal to the number 
of transitive subsets of Q, hence cannot always be finite. There may be smaller 
bases than this strict basis, such that every 7(q) is a Boolean polynomial of 
these basis invariants, but no longer a sum of them. However, even a 
smaller basis for the Boolean invariants of g will be finiċe if and only :f the 
number of transitive subsets of Q is finite, because it is known that the number 
of Boolean polynomials generated .by a finite number of symbols is always 
* finite.” Hence if the number of transitive subsets of Q is transfimte there 
can be no finite basis for the Boolean invariants of q. 

Any single-valued mapping Bn —> Bm can, if both B, and Bm are taken as 
Boolean vector spaces, be considered as m single-valued mappings Br —> By 
of the n-dimensional Boolean algebra By, onto the one-dimensional, namely as, 
the mappings of B, onto each of the m components of the variable Boolean 
vector of Bn‘(m and n arbitrary cardinals).. By Theorem 4. 4 each of these m 
mappings can be expressed by a Boolean polynomial. Hence 


THEOREM 4, 5. Any .single-valued mapping Bn —> Bm of an n-dimensional 
Boolean vector space into an m-dimensional Boolean vector space (m,n 
arbitrary cardinals) can be expressed by letting each component of the variable 
Boolean vector of Bm be a Boolean polynomial of the components of the 
variable Boclean vector of By. Hence, in particular, the components of any 
Boolean covariant of a Boolean quantity q are Booledn polynomials of the 

components of q. 


e * \ 
As an immediate consequence-of Theorem 4.2 one has 


THEOREM 4.6. The adjunction argument holds for the Boolean in- 
variants of any Boolean quantity q with respect to any two groups g’ © g. 


Indeed ore has only to repeat ‘the remark made in IV, 3 that the Boolean 
invariants of g are the invariant propositional functions of q. 


4, The Boolean invariants of propositional functions. A Boolean poly- 
nomial in the components 2 of a Boolean vector will be called homogeneous 
of degree d if it is the sum of monomials 


I] a (Ka == arbitrary index set. of cardinal d) 
keKa f 
26 By the principle of duality it follows at once that every j(q) (except j(q) 
==] all q) can also be expressed as the product of certain Boolean invariants of q. 
21 Lattice Theory, Theorem 6.8 (p. 93). 


~ 
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each of degree d. It follows at.once that every strict basic Boolean invariant 
of any Boolean quantity q of kind & is the product of a homogeneous Boolean 
‘invariant and the complement of a homogeneous Boolean invariant of q. 
From now on we suppose that the dimension of q is finite. Then every 
homogeneous Boolean invariant of degree 5 4 = finite of g is of the form 


(i) E | > Pr... re’ Ges « +” Oka 
i ; Kı- -Kā , 
where Pa. „a WUSİ be the components of a fixed member of the system of 


Boolean quantities of kind RX RX- X R=[R]e But the fixed mem- 
bérs of Q X Q X- - X Q = [Q]u form a full Boolean algebra each of whose 
atoms ** is the Boolean sum of all members of one transitive subset of [Q]a. 
- Therefore every homogeneous Boolean invariant of degree = d is the sum of 
"certain expressions of the form (i) for each of which P., p, has a minimal 


number of values equal to 1. Since by the above every Boolean invariant of q 
is a Boolean polynomial of homogeneous one’s, these minimal homogeneous 
Boolean invariants form a basis for all Boolean invariants of a finite-dimen- 
sional Boolean quantity q. l 

If q is a Boolean tensor aix... of rank r then every homogeneous Boolean 
invariant (under ©,) of degree d of a is of the form _ 


È Pith... takata.. Ogi es * œ . ° hidkalg.- . 


where P. must be the components of a fised Boolean tensor of 


ikri -o o idkalg- 
rank rd. But for atch P to form the product P. hnedne °° a as 


is the same as to impose equality and inequality conditions on the indices of 


a. a. EEEE ;’ similarly for several Boolean tensors. 
dikili... toktala... 4akdl@. us < 

Hence every homogeneous Boolean invariant of finite-dimensional Boolean 

tensors Qizi’ *, bint ++, °° + under ©, ts obtained by forming outer 


products, imposing equality and inequality conditions on the indices and 
summing over all indices (i.e. contracting). By negation and multiplication 
all strict -basic invariants are obtained from homogeneous ones, whence all 
invariants by addition. Thus all Boolean Invariants under Gy of Boolean 
Tensors of Finite Dimension (Propositional Functions over one finite Domain 
‘of Individuals) can be obtained by the processes of Boolean. Tensor Algebra 
eae of Propositional Functions). - 


Incidentally, if one is interested in the Boolean invariants of a Boolean 





aS 2s Meaning they cover 0. 
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tensor @ix:' > © under a subgroup g of ©, one has by the adjunction argument 
(Theorems 4.2 and 4.6) only to find a Boolean tensor fa which is left fixed 
by g and no -arger subgroup of ©, and to determine the simultaneous Boolean 
invariants j(@,f) under ©, and finally pat = fo. That fo always exists 
follows from Theorem 3.8 or 3.9. 

Applying the above to Boolean vectors yields at-once the result that the 
polarised elementary symmetric ERRER 


Di T A a, rs 4 Oe . (any two indices =<) 


- form a basie for the es Boolean. invariants of finite-dimensional 
Boolean- vectors dy, bx,” + +, e under Sn. In particular a basis for the Boolean 
invariants of one finite-dimensional Boolean vector consists of the elementary 
symmetric functions i 
Cn = > Cie Oey” © * lkm (m= 1, + +52) 
ky Lkol e Lkm 

where >) stands (as everywhere) for Boolean algebra-sum. 

It is now easily seen that the Boolean algebra generated by o1,02,° * *,0n 
has the following n -+ 1 atoms: 


Wo = iða * ` + Ün , l 

Wy = Mið * ` Ün F Öloãs' © © Ën —' * + Gide" © * Onin 

Wm = lilo’ ** Ombim-1* * ‘Ante -+ Aide ° * * Gym Gn-m-1' * * On 
: 

Wy = illz ” * ins 


Hence these n -+ 1 Boolean polynomials constitute a strict basis for all Boolean 
invariants of.a finite-dimensiongl Boolean vector (Qi, Q2, + *,4) under the 
symmetric group ©, in the sense that every non-zero Boolean invariant of a 
ws a sum of some of them. This follows also directly by simply remarking 
that Ym has the value Boolean 1 if and only if a; has exactly m components 
equal to 1. 

Interpreting a, as truth-values and therefore æ as a propositional func- 
tion f(x) of one argument v with finite range, then Ym can be interpreted as 
the proposition: “ f(s) is true for exactly m values of 2.” Similarly sn 
becomes the proposition: “ f(s) is true for at least m values of x.” These 
are the so-celled numerical conditions.” The two sets.of basic Boolean in- 


ae Hilbert-Bernays, Grundlagen der Mathematik, vol. I,-p. 169 ff. (called Anzahl- 
bedingungen taere}. . 


4 
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variants of a, can' therefore be interpreted thus: Any proposition about one 
propostiional function f(x) of one argument x over a finite domain of in- 
dividuals, which is at all of invariant meaning, can be expressed by numerical 
conditions. 

Another basis for the Boolean invariants of one finite-dimensional Boolean 
vector is obtained by applying the fundamental theorem on symmetric func- 
tions (which is true for any commutative ring with identity) to Boolean rings: 
The elementary symmetric functions 


A Gy, Uka’ + > -° km 
kaL kaL e LEm 
formed by means of Boolean ring-sum a&b (and product) constitute a basis 
for the Bolean G,-invariants of one finite-dimensional Boolean vector. 


5. On the possibility of an invariant-theoretic classification of mathe- 
matical theories. The result that logic is invariant-theory of the symmetric 
group places logic in a similar position for all mathematical theories (which 
ate based on two-valued logic) to that of projective geometry for the linear 
geometries: The projective group is the largest linear group and therefore 
every other linear group a subgroup of it; hence any linear geometry can be 
“derived” from projective geometry by diminishing the group or, whet 
amounts to the same, by demanding the acditional invariance of one or several 
tensors. Similarly the symmetric group is the largest transformation group, 
the group of automorphisms of any mathematical theory its subgroup. This 
raises the question: Can one obtain mathematical theories from logic as 
_geometries are obtained from’ projective geometry? I.e., can one identify 
mathematical theories as invariant-theories of subgroups of the symmetric 
group or as invariant-theories of the symmetric group relative to a “ dis- 
tinguished ” Boolean tensor? 

However, to be invariant-theory of a given group cannot lead to the defini- 
' tion of any mathematical theory unless an algebra of coordinates is given as 
well. For from IV, 2 it follows that to demand invariance means merely to 
consider all propositional functions with the same truth-values for arguments 
permuted into each other, hence mere invariance cannot give rise to any 
process of decision whether a propositional function is true or false for given 
individuals. Indeed if f is an invariant propositional function, then so is f. 
Invariance is only an upper limit. 

The question as to a further extension of Klein’s Erlanger program must 
therefore be put thus: Can one identify any mathematical theory in the usual 
sense as invarlant-theory of a subgroup of the symmetric group with two- 
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element Boclean algebra as algebra of coordinates? The answer seems to be 
in the negative. A subgroup of the symmetric grcup is in general the group 


of automorphisms of many propositional functions f(z,--:), g(t, 45° 7° 
_ {ef. II, 3]. i.e., the group of ene ee of eny mathematical theory in 
which f(z, + +) and/or g(#,---) and/or---, are primitive ideas. Hence 


with By as elgebra of coordinates invariance with respect to a subgroup of the 
- symmetric group would in general be ambiguous. Moreover the group of 
automorphisms of many mathematical theories i3 so small that it cannot 
characterise the theories in question. [E.g. The theory of numbers has only 
the identity as automorphism and so has the theory of real numbers. The 
complex numbers have only one automorphism basides the identity.| The 
way towards a group- and invariant-theoretic classification of mathematical 
theories seems to lie in a different direction: ` 

Instead of considering subgroups of ©,, we Eeep ©, as the underlying 
` group. Indeed a mathematical theory in its completely formal abstract shape 
is the theory of individuals from whose nature one has entirely abstracted. 
I.e., (if we assume only one domain of individuals) any two individuals are- 
a priori equivalent, indistingushable, i.e. any permutation of the individuals 
must be admissible. Hence any mathematical theary when completely forma- 
lised, must be invariant under the symmetric group ©, of all permutations 
of its domain of individuals, although its epee of automorphisms need 
‘not be Gn. 


EHxamp-e. Theory of numbers: The only actomorphism is easily seen 
to be the identity. However if one puts Peano’s axioms in the form where 
no special individual symbols with a distinguished meaning (e.g. zero) or 
special symbols for distinguished relation (e. g. suecessor or less:than) occur, 
then it follows at once that each axiom is invariant under permutations of the 
individuals. Such a system of axioms has been given by Hilbert-Bernays.*° 
One of these axioms is - 


Ad(a, b,c) & Sq(b,r) & Sq(c, s) — Ad(a, r, s) 


where Ad and Sq are arbitrary propositional frnctions of three and two 
variables respectively (interpretable as addition and successor) and a, b.¢,7r,8 
arbitrary individual variables. Let fran, gvp be two arbitrary Boolean tensors 

‘of rank 3 and 2 respectively: Then the above axiom can be put in the form , 


fran’ gav’ Jup. + fevp = leawvp (= the “ Boolean one-tensor ” of rank 5) 


20 Axiomen-system Z** (Grundlagen der Mathematik, vol. I, pp. 465-467). 
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or 
TT (feae + Jwt Jup + fevp) = 1. 
K Äss PD 

In this form the left-hand side is at once seen to be a simultaneous Boolean 
invariant of f and g with respect to G,. 

As another example take the axiom for mathematical induction in the 
form where the special symbol for zero has been eliminated, from the same 
system of axioms: 


(2) Sq(z, b) & A(B) & (2) (y) [Sq(2, y) & A(x) > A(y)] > A(a) 


where A is a variable propositional function of one argument. This can be — 
put into the form 


> (fer + An) F 2 fuv Au’ Ay + i 4p= 1 


in which the left-hand side is a simultaneous Boolean invariant with respect 
©, of the Boolean tensor f and the variable Boolean vector A. 

In general the axioms of any completely formal axiomatic theory will—by 
the very nature of such a theory—have to be invariant under any permutation 
of the individuals, if there is only one domain of individual variables. By 
applying the universal quantifier to any free individual variables, the axioms _ 
become atomic propositions i. e., Boolean mvariants under S, of the Boolean 
tensors which corerspond to the primitive ideas of the theory and (possibly) of 
one or several variable Boolean tensors. Thus a knowledge of all simultaneous 
Boolean invariants under ©, of propositicnal functions f,g,° + - would yield 
a systematic knowledge of all possible completely formalised axiomatic mathe- 
matical theories in whose axioms f,g,° > - occur as primitive ideas or variable 
propositional functions. E.g. the determination of all Boolean invariants 
under G, of one propositional function of three variables would yield a 
knowledge of all those theories of which the theory of groups, the theory of 
quasi-groups etc. are special cases. The knowledge of all simultaneous Boolean 
invariants of two propositional functions, each of three variables, would give 
an enumeration of all those theories of which the theory of rings, the theory 
of integral domains or of fields etc. are special cases. 
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THE ADIABATIC LINEAR OSCILLATOR.* 


By AUREL WINTNER. 


1, In the linear differential equation v” +- fe = 0, let the coefficient 
f= f(t) be defined and continuous on an half-line, tọ < t < œ. The coeffi- 
cient function and the integration constants will be restricted to the real field. 
Unless stated or implied otherwise, only the non-trivial solutions x(¢1 (that 
is, those. which do not vanish identically) will be considered. 

Ina posthumous note edited by Goursat, Fatou [1] has arrived, from two 
different points of aepunrure, at the ean conclision: If 1 > 0 and 
L < œ, where 


(1) l = lim inf f(t) and Z = lim sup f ($), 
t-3 20 . t-> 

then 

(2) l e(t) =0(1) as ta 


holds for every solution of 


(3) x” + f(t)e=0, 


The first of Fatou’s starting points suggesting this theorem is nothing but 
an appeal to Sturm’s comparison theorem; g” -p (L + e)s = 0, waere 
L 4- e= Const. > L, being of higher, and g” -+ (t— e)z = 0, where 
l —— € = const. > 0, of lower, frequency than (3), as t— œ. Somewhat more 
details are sketched with regard to the second approach. The latter consists 
in a formal introduction of “ polar. coordinates,” # = r cos 6, and of splitting 
(3) into a non-linear differential equation of the second order for t = 7 (t) anc 
into a subsequent quadrature determing 6 = 6(¢). This formalism is the same 
as that in Newton’s method for determining the radius vector r= r+) of & 
path described under a central (conservative) force in an (2, y)-plane. 
Correspondingly, there is little doubt that this second approach suggestec 
itself to Fatou in connection with his last long paper [2], dealing with astro- 
nomical models which depend on a non-central (conservative) force. 

Both of Fatou’s starting points, the “ Sturmian” and the “ Newtonian,” 
will be utilized in the present paper, the problem of which is due to the fac; 
that the assertion of Fatou’s posthumous note is. false (that is, (2) need nož 
hold if the limits (1) are positive and finite, respectively). In order to se2 


* Received December 20, 1945: 
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this, itis e to choose f(t) = p + q cos t, where p and q are constants 
satisfying 0 < gx p, and then to apply Poincaré’s results concerning the. 
stable or unstable nature~of the characteristic exponents of the resulting 
Mathieu equation, 


(3 bis) | _ Pe a mee 


ef. [7]. Quite a different counter-example has been given by Perron [4]. 
who, without emphasizing it, has disproved mére than what has been claimed 
in Fatou’s note. In fact, whereas 0 <q < p and (1) imply that O<I< L 
in the case (3 bis) of (3), a glance at Perron’s example shows that the two 
positive limits (1) coincide in his case, although (2) is still false. _ 

In order to avoid an interruption of subsequent calculations, let here 
be derived a slight simplification of Perron’s counter-example, in a way which 
will admit extensions to more sophisticated situations. Curiously enough, 
the natural way of deriving counter-examples of any possible type (cf. below) 
proves to be precisely Fatou’s “ Newtonian ” EDPFOAEY: x == r cos 0, with 6 = t. 

If r is independent of t, then 


(4) ‘ ‘ec=rcost 


is a solution of the pure harmonic equation ’+-x=-0. In order to violate 
(2), let £” -+ z = 0 be replaced by- | 


(5) | a’ + (1+ $)¢ = 
where ¢ = $ (t) is a continuous function satisfying 
(6) l b(t) D as i> œ; 


Then f(t) ~1+¢(¢) in (8) is a continuous function for which the two 
limits (1) coincide. But for any function r= r(t) (of class 0”, or having 
just a second derivative), 


r” + g= r” cos t— 2r sin t 


is an identity by virtue of (4) alone. Hence, (4) will be a solution of (5) 
if p(t) is defined by . Í ' 
(7). — p= (r7 — Rr tant) /r. 


And what is now required is that *==r(¢) be so chosen as to make (7) a 
function which remains continuous (even when tan? becomes infinite) and 
satisfies (6). 


aN 
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‘The simplest choice of an r= r(t) which fulfills these conditions but 
for which the function: (4) violates (2) is the choice | 


(8) -©  r=t+t dein 2t, 


(which difers from Perron’s example only in that it curtails the formal 
- differentiations). In fact, (8) shows that 7” —2cos?¢. Hence, both v “tan t 
and 7” are continuous and bounded. But (8) also shows that r—> œ as 
t-> œ. It follows therefore from (7) that (t) is continuous and satisfies 
(6). Nevertheless, (4) does not satisfy (3), since r(t)'— œ. 


2. There are various senses in which the linear oscillator (3), with a 
positive) frequency f} which is-a given continuous function of time, can be 
thought of as representing an adiabatic distortion of the conservative linear 
oscillator 2” ++ œ°s = 0, with a constant frequency w > 0. From tke point 
of view of Hilbert’s space, the definition of an adiabatic behavior is repre- 
sented by the condition - a 


f EO — edt < o 


(to be satisfied by some w = const. > 0). But all that is available in this 
regard is contained in Weyl’s linear perturbation theory in the (L”)-space 
‘(ef. [5]). And his spectral theory of (3) deals, in the main, with solutione 
a(t) satisfying the (L?)-condition ` 


CO re 


f wat < 00, 


whether the preceding (2) condition, that concerning the coefficient Ko) o2 
(8), be sazisfied or not; cf. [6]. 
Two other definitions of “ f(t) is close to «œ? — const.”, namely, 


f(t) > a? as t— œ 
and ; 


f f(t) — o? | dé < œ, - 


were er in [8]. Clearly, none of the three conditions impliz3 eithe> 
of the other two, the three conditions being based on the Tees of tha 
os function spaces (L°), (L®), (L). 

n [E], the (Z™)-problem was just mentioned, in connection with the 
Pa edn theory of (3) in the case, i 


! 
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(9) . lim f(t) =c 0, 
t> 


(where, however, c must'not be of the “stable” form o°; cf. [3], pp. 158- 
160), and’ was formally contrasted with an (L)-theory. If the unit of time 
is so chosen that œ becomes 1, the result of this (L) es can be for mulated 
as follows: , 


Suppose that p(t) is a continuous function satisfying 


(10) K f | p(t)| dé < o; 


Then, corresponding to every solution, x(t), of (5), there exists a solution, 
a cos (t —«), of the trivial approximation, x” + x = Q, to (5) in such a way 
that it | 
(11). a(t) —acos (t— a) — 0 as t> œ. 


In addition, the formal differentiation of this asymptotic relation is legiti- 
mate, that is, . 
(12) | a’(t) + asin (t—a) as t—> oo. 


Conversely, if any solution of the trivial approximation, that is, any pair of 
constants a, &, is given, then (5) has a unique solution x(t) satisfying (11) 
- and (12). 


Actually, only the ‘first two of these three assertions were proved in [8]. 
However, the third assertion, that concerning the converse, is a corollary of 
the first two. In fact, let z =— s(t) and s= z(t) be two solutions of (5). 
By the first two assertions, there exist pairs of constants, say a1, % and de, , 
satisfying (11) and (12) for z = v, and x = g, respectively. But, since (5) 
is self-adjoint, the (binary) Wronskian of 2, and a2 is independent of 7. 
If C denotes its value, the constant C is 0 only if a and gs are linearly 
_ dependent. On. the other hand; if the asymptotic formulae (11), (12). are 
substituted into the Wronskian of x, and Tə, it is seen that C = 0 if and only. 
if da. 0. Hence, the two solutions are linearly independent if and only 
of a, 0 and a, 0. Accordingly, the converse assertion of the theorem is 
clear from the principle of superposition. 

It is worth nothing that the theorem dualizes the spaces (Z*) and (L), 
the assumption (10) being in the former, whereas the assertions; (11), (12) 
concern the latter, But this is quite an accident. In fact, easy examples 
show that the situation fails for conjugate spaces (ZP), (Le) if q = p/(p—1) 
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> 1 (in fact, even if p = q). In addition, the theorem becomes false if (L°) 
and (L) are interchanged. ° 

The purpose of the following considerations is to eblibet a few general 
facts, positive and negative, which result if this interchange of (L) and 
(L) is effected; that is, if the (Z©)-condition is the assumption for the 
perturbation, ¢ (t), of the coefficient function of (5), rather than the assertion 
for the perturbations, (11) and (12), of the solutions of (5). In this sense, 
what will be developed is the (L)-theory, whereas the theorem italicized 
above contains the (Z,)-theory, of the adiabatic variations of a linear oscillator. 


3. Let a function z(t), defined and having a continuous second deriva- 
tive on an half-line 4) < t < œ, be called quast-harmomiec if its graph imitates 
the behavicr of the real non-trivial solutions, 


a cos wt + b sin of, (a? -+b > 0), 


Í 2” + wc = 0, where w = const., > 0, in the following sense: There exists ' 
a sequence to < uw < w <: such that the distance Unyı — Un terds, as 
n—> œ, to a finite, positive limit (= r/»), and z == x(t) is positive and con- 
cave or nezative and convex (from ‘below) according as @ is on the open 
intervals (1, Ua), (Us, Us), (Uss Us)>* © © OF (Uzta), (Us ts), (Ue tir); 
the points $= th, Ue, us, © © being both the zeros and the points of inflexion | 
of c = q(t). The properties-of being concave or convex should be means in 
their strict sense, that is, so as to exclude rectilinear segments. In particular, 
a(t) is nowhere constant, and so there exists on each of the intervals (Un, uns) 
a unique point, say == Vn, at which the derivative of «(¢t) vanishes. The 
absolute value of (vna) then is the maximum of | æ(t)| on the “ half-wave ” 
(ttn, Un). By the “n-th amplitude,” ada, of sít) will be meant this (local) 
absolute maximum. 

In the above notations, 


(13) an = (— 1)** g(a) > 0, z (Un) = 0, 
since 

(14) sgn g(t) == (— 1)" if Un < i < Una, 
and 

(15) Un < Un < Uns. 


Correspondingly, the absolute value of the slope z’ (t) has on the interval 
(Un; Un) a unique maximum, say bn, and 


(16) | (tin) = 0, p == = 1) (un) > 0, 
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the zeros = Un being precisely the points of inflexion. The (local) absolute 
maximum, b,,of 2’(t) will be. referred to as the “n-th co-amplitude” of (t). 


(i) Every non-trivial solution x(t) ‘of (5) is quast-harmontc. 


In (i), and in (ii), (iii), --- below, the- coefficient function, $(t), 
_oceurring in (5) is meant to'be a real-valued, continuous function satisfying 
the (L°)-condition ( 6), ind «(t) is any real-valúed solution (which does not 
vanish identically). 

In view of (6), it can be assumed that 1+ ¢(¢) is positive on the half- 
line t << œ. Then (5) shows that a(t) and 2’(t) have opposite. signs, 
with the understanding that x(t) = 0 if and only if g” (t) —.0. This means 
that the curve æ == z(t) is turning its concavities toward the -t-axis, with the 
understanding that the points of inflexion and only these points are on the 
t-axis. And x(t) does not vanish identically ; hence, by a standard property 
of the solutions of any differential equation (3), the roots t of x(t) = 0 
cannot cluster, and so the same holds for the roots of v’(t) =—0. Conse- 
quently, the curve æ = z(t) cannot contain a rectilinear segment., This proves 
. that the function w(t) has all properties of a quasi-harmonic function, except 

possibly those requiring the existence of a sequence of zeros ti, us,’ > and 
of a positive limit for the distance Uns — tne ' 

= In order to ascertain for x(t), these properties also, let «> 0 and 
-te<t< oo. Then, if teis large enough, 


1—e< 14e) <1+e l (e< 1), 


by (6). Hence, (5) is f surrounded, ” in the sense of Sturm’s oscillation 
theory, by two linear differential ‘equations (3) the solutions of which are of 
the form 

- acos (t(1- «)? — x), 


where a and « are integration constants. But (if a4 0) the distance between 
two consecutive zeros of either of these harmonics is a function of e, namely 
a/(1 + ¢)4, which tends to r as e> 0. And this limit process can be effected 
by letting the end-point of the half-line te < i < œ% tend to œ. It follows 
therefore from the simplest of Sturm’s comparison theorems, that a(t) has a 
sequence of consecutive zeros, say Wi, wa, °°, and that - 


(17) l ‘Uni — Un —> T AS n —> CO 5 


a being the half of the common wave-length of the non-trivial solutions of 
the approximation 2” -+ z =Q to (6). ; 
This completes the proof of (i). 
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4. Somewhat deeper lies the following fact: 


(ii) If a» denotes the n-th amplitude of a non-trivial solution x(t) of 
(5), then, as n—> œ, 


» (18) Oni1/An—> 1. 


. Moreover, ij bn denotes the n-th co-amplitude of x(t), then 


(19) +) E Gn {tm —> 1 7 
(hence bnr br 1). 


If 1-+- ¢(¢) in (5) is replaced by w + (t), where œ is.a positive con- 
stant, it is clear from (13) and (16). that the resulting change in the unit 
of time amounts to the replacement of 1 by 1/w on the right of the limit 
relation (1£). In contrast, the 1 on the right of (18) has nothing to do with 
the choice, » = 1, of the t-unit in (5). ) 

A procf of (ii) follows by applying a well-known device of Liapunov, 
rediscoverec by G. D. Birkhoff (for references, cf. [8], pp. 424-425). It is 
the same device of Square-sums on which Perron’s theory [3] of the formally 
unstable cage of (9) is based. In the case of (5), the square-sum of Liapunov 
has a simple meaning, since it can be interpretec. as the energy, say h = h(t), 
of the “varied” linear oscillator, calculated under the assumption that the 
presence of the small disturbance, ¢ (t), is neglected in the Hamiltonian func- 
tion, but not in the solution, ~(t), of (5); so that 


(20) hm f(x? -4-2%). 


Differentiation of (20), where z = s(t) is the given solution of (5), 
gives W == zg” +g. Hence, if 2” is substituted from (5), it follows that 
k =— 22’. But |ar| Sh, by (20). Consequently, | h’|Sh|¢|. This 
differential inequality for h == h(t) and ¢=¢(t) can be written in the form ' 
| (log 4)’ | =| ¢|, since 2340. In fact, (20) is positive throughout, since 
the simultaneous vanishing of « and a’ (for some t) leads to that solution 
x(t) of (5) which vanishes identically, that is, to the solution excluded in (ii). 

The last differential inequality is equivalent to the estimate 


x 


s B 
e) [log h(8)/h(a)| E f 18C) dt, 


in which a (> to) and £ (> a) are arbitrary. And (21). readily leads to (ii). 
In fact, if either a = Un, B = Uni OF. %== Un, B = Un, it is seen from (15), 
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(17) and (6) that the integral on the right of (21) tends to 0 as n—> œ. 
It follows therefore from (21) that 


log h (vna) /h (vn) —> 0 and log h(tn)/h(tun) —> 0 


as m—> co. But it is seen from (13), (16) and (20) that (vn) = an? and 
h (un) = ba”. Hence, the last formula line proves both assertions, (18) and. 
(19), of (ii). | 


\ \ 


5. Of the same type as (ii) is the following fact; | 
(iii) If en denotes the (absolute) area of. the n-th half-wave of a non- 
trivial solution x(t) of (5), then, as n> œ, | 


(22) Cnar/ Cy > 1, 
Moreover, ' 
(23) 5 Fen/bn —> 1. | 
First, from (5), 
: l B B 
Y (a) — r (B) = f eedit f eW, 


where æ and B are arbitrary. Hence, if 
a>, 0 < B—a—O(1) and sgn s(t) = const. when « < t < £, 


then, BeOTdIng to (6), 
£0) 2m f oala f | 2) hdt). 


But (17), (15) and (14) show that the conditions required of « and £ for 
‘the truth of this o-relation are satisfied if a = Un B = Una. and n> ©. 
And, according to (16), the expression on the left of the last formula line 
then becomes identical with the sum bn -+ bns, whereas the first integral on 
the right is precisely the value c» defined before (22). ‘Finally, the second 
integral, that following the o-sign, is majorized by 8 — a times the maximum 
_ of |æ(t)| on the ¢-interval («, 8) and so, since (&, B) = (Unsun), by 
Unsı — Un times the n-th amplitude, an. Accordingly,- 


Bn F Ony == On + (Un ii Un) 0 (an) 


as n=> œ. Hence, (23) follows from (19), (18) and (17). Finally, (19) 
and (18) show that (22) is a corollary of (23). | 


i 
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The truth of what would -correspond to (17) in the same wey as 
Qnsi/Gn—> 1 corresponds to bns/ba —> 1, that is, the truth of Uns = Ur 7 
(and even the existence of lim (Unm — Vn) as n—> ©) remains undecided. 
All that will be shown is that l 


(24) l 0< limi inf (Vas — Yn) S = lim \ sup. (Uns — i Zr. 


Clearly, the content of the first of the Tea (6 can be described as 
follows: A 


N AS n— œ, the abscissae of the amplitudes of a non-trivial solution 
a(t) of (5) cannot cluster at the ends of the respective half-waves. 


This can be interpreted as a limitation-of the way in which the uniform 
continuity cf z(t) on a bounded interval ło <t < #° can deteriorate as 
t —> o. Needless to say, (i) and (ii) do not imply (and, in, view of Perron’s 
counter-example, cannot imply) that-x(¢) remains bounded during this limit 
process. Ali that i is true is that, as £-> 0, 


(25) z(t) = O(1) if and os if a(t ) = O(1). 
Tn fact, since a1, @,° * and bs, ba, * - represent the local maxima of | a(t) 
and | 2’(¢)| respectively, (25) is a corollary of (19). 

If t— œ, then 2’(¢) =— x(t) + a(t)o0(1), by (5) and (6). Sirce 


d» is the maximum of | x(t)| on the n-th half-wave, it follows that =” (t) 


` = — g(t) + ano (1) holds uniformly in t if mS < tS ten and n> 5 cf. 


(15), (17), and (18). Consequently, by Taylor’ s formula, 


L (Uns) — L (Un) = V (Un) (Varı — Vr) + Fr” (Un) (Vus — Vn)’ 


+ O (Gn) O (Unn a Vn)”. 
Hence, from (13), 


Const + by == $an (Uan — Un)? + 0 (an) Q (Umi = Un) z 


since T” (vn) == — (Vn) + o(|£(0n)|), by (5) and (6). If this represen- 
tation of amı + an is divided by am, it is seen that the assumption that the 
values (Un — Un)? can cluster at 0 cOntradicis the relation (18). This 
contradiction proves the first, while (15) and (17) imply the last, of the 


_ inequalities (24). 


6. It turns out that, in a certain sense, (i) and (ii) are of a final nature. 
For instance, it is clear from the Perron type of example which is defined by 


4 
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(4) and (8) that, although the amplitude must satisfy (18), rot only 
Qn 4 O(1) but even di © is possille. In the same example, x(t) is seen 
to be the sum of ¢ cost and of a periodic function; so that s(t) is. aa 
not almost-periodic in Besicovitch’s sense. 

In contrast, if the (1°) -conditior., (6), is replaced by the (L*)-condition, 
(10), then the n-th. amplitude of (tf) must tend to a finite (and non- 
vanishing) limit, which implies, among other things, that (2) cannot be 
violated. And s(t) must be almost-rericdic even in Wevl’s restricted sense. 
All of this, and more, is contained in tne theorem italicized after (9). On the ` 
other hand, nothing like (i) or (ii) can be true if (6) is replaced hy (10). 
In order to see this, it is sufficient to oserye that (10) can in no sense restrict 
the behavior of a continuous (or, for that matter, regular-analytic) function 

(t) on a sequence of t-intervals a te hy beste ge aay BS 
t,** — t,*—> œ as ne 00: 

The example (4) defined by (8) is of.a somewhat primitive E In 
particular, its amplitudes tend to infinity. More pathological possibilities 
compatible with (6) can be realizel by applying the following rule of 
construction : 


Let g(t), where 0S t < œ, be c real-valued function possessing a con- 
tinuous first deriwatwe and satisi ying 


(26) g(t) — 0 and gt) —0 as t-> œ 


(neither g nor g’ need be monotone). T. hen, if G(t) denotes the “ Fourier 
primitive,” i | 


E 
(27) G (i) = f g(s) coss ds, 
0 
of g(t), the function o 
(28) a(t) == 20 cost 


is a solution of a differential equation (5) in which $(t) is a real-valued con- 
tinuous function satisfying (6). 


This rule supplies examples of various type, since, in view of the paren- 
thetical remark following (26), the assumptions. imposed on g(¢) can hardly 
restrict the oscillations of (27) or of the amplitudes, an, of (28) (the 
sequence @, 2," '' is that of the relative maxima of the absolute value of’ 
(28) ).. à 


In oiai to verify the males let r= r(t), where Ot < œ, bea re 


* 
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valued function which is of class C” and has the following properties: The 
assignment (7) defines a function (t) which (notwithstanding the tan t) is 
continuous, end such as to satisfy the (L@)-condition, (6). As was seen 
in-the introduction, the function (4) defined-by any such.r(t) -is a soluticn 
of the differential equation (5) which belongs to the coefficient function (7). 
Hence, it is sufficient to verify that the conditions required of r(t) are ful- 
filled by e@‘t', if G(t) is the “cosine primitive” of the function g(t) whic, 
in turn, is of class C’ and satisfies (26). In fact, the rule can then be verified, 
just by identifying (4) with (28), as follows: 
First, G’ = g cost, by (27). Hence, if r= é%, 


17 = 1g cos t. 
This representation of 1” implies that ` 


\ 


Erg eost t + g cost— g sin 1) 
Éut the last two relations reduce (7 ) to | | 


a eee cos" tg" eas ac 


so that the tan t hea: eliminated. Thus,. g(t) being óf class O”, the iune- 

tion ġ (t). detined by the last formula line is continuous. And it satisfies (6), 

since (26) is assumed. - : A 
-In view of the “converse ” aio ER (12), no non-trivial 

solution of (5) can satisfy 

(29) > s(t) 0 as t— æ, 


if the continuous coefficient function is subject to (10). But if (10) is 
replaced by (6), it now follows that, notwithstanding (i), (ii), (iii), a non- 
trivial solution of (5) can satisfy (29). In fact, the preceding Verification 
remains: unaltered if coss, ‘cost in (27); (28) are changed to sins, sint 
respectively. Hence, ‘in order to satisfy (6) and (29), where z(t) we const., 
it is sufficient to ascertain that, for -a ne g(t) of class C’, 


1 


(29 bis) o; l f roiasa as t-> co. 


is not Sea by (21 ) alone. But this’ is -seeri from the example 
g(t) = — sin t/t. eo eS sas 
' Since (29) is aes to an —> 0 as n—> 0, this azarae proves the 
existence of the second possibility in the following assertion : 
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(v) Put . 
(30) A = lim inf an and p= lim sup a, 
on n->00 moo 
where Qn denotes the n-th amplitude of a real; non-trivial solution x(t) of a 
differential equation (5) in which pt) is a continuous pencon satisfying 
(6). Then each of the seven a ieee | l T 


0<CA=p< ow, actin A= o =p OSALLIS 
can actually occur. 


The first of these possibilities is realized, of course, by 2” -+ z = 0, where 
¢=0, The third possibility is exemplified by (4) and (8). Needless to say, 
the third case, too, can be subordinated to the above: rule. Correspondingly, 
the four remaining possibilities, that is, the “mixed ” cases OSA <p ow, 
can be obtained by alternating the choize of ¢(¢) on consecutive t-intervals (of 
appropriately constructed lengths) in such a way ‘that sometimes the second, 
and sometimes the third (or first), of the three “ pure’ > types preponderates. 

In view of (v), there are at most two ways of improving on (i), (ii), 
one being the adjunction to (6) of a metric assumption, (10), the other the 
restriction of! p(t) by some qualitative condition (possibly some restriction 
of monotony). In. the latter regard, -t seems to be a general principle that, 
by virtue of (6) alone, there is a certain balance between the asymptotic 
behaviors of two linearly independent solutions of (5), as illustrated by the 
following fact: : 


If (5) has a (non-trivial) solution the amplitudes of which tend to 0, 
then (5) has another ( linear arly O a solution the amplitudes of which 
tend to œ. 


In other words, the occurrence of the second of the possibilities established 
by (v) necessitates, for one and the same differential equation (5) satisfying 
(6), the occurrence of the third of the possibilities. In fact, let x(#) and 
z*(t) be two linearly independent solttions, and-let @n*, bn*, Un”, va” be the 
constants which belong to z*(7) in the same way as the constants an, bn, Un, Un 
occurring in (13), (14), (15), (16) belong to a(t). According to (18), the 
Wronskian of s(t) and zë (t) at t = vs is + an times the derivative of 2*(t) 
at t == Va. But a- Wronskiam belonging to any differential equation (3) is 
independent of ż, and its (constant) value is 0 if and only if z(t) and s* (t) 
are linearly dependent. Consequently, if an—> œ, that is, if w(t) satisfies 
the assumption, (29), then the abso-ute value of the derivative of x*(¢) 


~ 
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at t= Yn must tend to œ as n— œ. Since the co-amplitude, 6,*, of 
x*(t) is, the maximum of the absolute value of the derivative of 2*(t) 
between = Un" and t= %n4.*, it now follows from (15) and (17) that 
bn*—> œ. In view of (18) and (19), this implies the assertion, a,* —> 00. 
A corollary can be formulated as. follows: -; 


If (5) has a (non-trivial) solution satisfying (29), then (5) has a 
(linearly independent) solution violating (3). 


+ 


It is also seen that (29) is equivalent to the corresponding assuraption 
for z(t), tkat is, . aa 


| x(t) —o(1) if and only if 2’ (t) =o(1). i 


This corresponds to (25). 


THE Jonns HOPKINS UNIVERSITY. 


+ 
4 


REFERENCES 





[1] P. Fatou, “Sur un critère de stabilité,” Comptes Rendus, vol. 189 (1929), pp. 
967-969. j 

[2] , “Sur le mouvement d’un point matériel dans un champ de gravitation 
fixe,” Acta Astronomica (Cracow), ser. a, vol. 2 (1931), pp. 101-164. 

[3] O. Perron, “ Ueber Stabilität und: asymptotisches Verhalten der Integrale von 
Differentialgleichungssystemen,” Mathematische Zeitschrift, vol. 29 (1929), 
pp. 129-160. 

[4] , ~ Ueber elr vermeintliches Stabilitatskriterium,” Göttinger Nachrichten, 
1930, pp. 28-29. 

[5] H. Weyl, “ Ueber beschränkte quadratische Formen, deren Differenz volistetig ist,” 

| Rendiconti del Circolo Matematico di Paledmo, vol. 27 (1909), pp. 8173-392. 

[6] - , “Ueber gewöhnliche Differertialgleichungen mit Singularitäten und die 
zuzenhörigen Entwicklungen willkürlicher Funktionen,’ Mathematische 
Arnalen, vol. 68 (1910), pp. 220-269. 

[7] A. Wintner, “On a statement of Fatou,” Journal of the London Mathematical 
Society, vol. 11 (1936), pp. 245-246; cf. also “The periodic analysic con- 
tinuations of the cireular orbits in the-restricted problem of three 3odies,” 
Proceedings of the National Academy of Sciences, vol..22 (1936), pp. 434- 
439, where further references are given. 

[8]. , © Small perturbations,” American Journal of Mathematics, vol. 67 (1945), 
pp. 417-430. 














` ON COMPONENTS OF A FUNCTION AND ON one 
TRANSFORMS. * 


By H. Koper. 


1, Introduction. Let F(Z) be defined on a Jordan curve C in the com- . 
plex plane. Various writers have treated the problem of representing F'(£)_ 
in the form F(¢) = F, (¢) + F.(£); the ¥;(£) [j= 1,2] are required to be 
the limit-functions of functions F(z) [z == 2 -+ iy; z— ċĉ, on C] which are 
analytic in the interior or exterior of C, respectively. 

Now replace C by the real axis. It is known that any function 
F(x) eL,(— ©, 0) is representable in the form F(s) = F(s) + F(z) 
where F(x) or F(x) is the limit-function of an element F(z) of §2 or F(z) 
of $, [z = z -+ iy; y—> 0], respectively ;* the class p has been introduced 
by E. Hille and J. D. Tamarkin.® A similar result holds for F(z) e Lp(— œ, œ) 
[1 <p< œ]; also for p=-1 and p= œ, though the result is here less 
simple. There are, however, a number of further cases of interest, first of all 
the most general case F(x) (1+ 2?)-+eL,(— œ, œ). The problems thus 
arising will.be treated in the present paper in detail, starting with preliminary 
results concerning the case where C is the unit circle. l 

' The resolution of a function, defined on a Jordan curve C or on the real 
axis, into its components is a useful tool for analysis, for it is adapted to the 
reduction of problems on Lebesgue-integrable functions to problems on analytic 
functions. In fact, it has been applied in the approximation by rational 


* Received November 4, 1945. 

? E. g., J. Plemlj, Monatshefte für Mathematik und Physik, vol. 19 (1908), pp. 205- 
210; his method of proof, however, is not strict. J. L. Walsh, Comptes Rendus, 
vol. 178 (1924), pp. 58-59, and “Interpolation and approximation by rational func- 
tions in the complex domain,” American Mathematical Society Colloquium Publications, 
1935. A. Ghika, Comptes Rendus.. vol. 186 {1928), pp. 1808-1810, and. vol. 202 
(1936), pp. 278-280; his results, and some more general and more detailed ones, can be 
ieduced from 2 of the present paper by means of a conformal ‘transformation. 

E. C. Titchmarsh, Introduction to the Theory of Fourier Integrals, Oxford 1937, 
Theorem 98. l 

3 Fundamenta M E vol. 25 (1935), pp. 329- 352. Šp is the class of func- 
sions #(z) which, for y > 0, are regular and sikist the inequality 


flr F(¢ + iy) |p da = Mp [0 < p < o) or | F(z)|S=M [p=], 
-09 


zespectively. A function F(z) is said to belong to ®p when F(— g) belongs i So 
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functions * end in the solution of integral equations* and, implicitly, in zhe 
theory of Fourier series. In the present paper’ the theory is employed to” 
establish necessary and sufficient conditions for a function to be represented 
as a Fourier or Fourier-Stieltjes transform, using the Widder’ thecry of 
- Laplace transforms. The theory is further used to deal with the Stieltjes 
transformation (13-14) and with Hilbert transforms (15), and to generalize 
the equatior 2 cos z = e# + etz (6-7). 
The following notations will be used.® 


(.1) Hy Hf; e] =È P.V. SEN cotton 
[P. V. == Principal Value]. 


(1.2) F= Ş[F(t); PEE (T704, 


t—az ’? . 
RF = Q[F(i);r] =i p.v. [TPO (+- - — iy) ae 
ye (ae) Lae 92S 7 Lz] <i; ae 
Gea Ne ra f—z P =? 


where the. integral is taken over the unit circle, and 


(L41) F,(2) Pinter 


Ort ~ CX} t— 2 Í 


`Q. 42) T eE ee fa F(t) Es — aq) ae 


where z = z + iy, and y > 0 for 71, y < 0 tor j = 2; OF is the Hipa 
operator, ani evidently 


$F =8F +0, C= =f" mt at 


whenever the latter integral and either SF or &F exist. ` Similarly 
i \ ‘ 
F(z) == &)(2) — (—1)7C). 


Constants depending on A only are denoted by the single symbol Ay. 


_ "“ 


1J. b. Walsh, loc. cit, and H. Kober, Proceedings of the Edinburgh Mathemat- ‘cal 
Society, (2). vol. 7 (1946), pp. 123-1383. I. Vecoua, C. E. (Doklady) de VAcadémie des 
Sci. de VURSS, vol. 26 (1940), 134, pp. 327-330. 

5), V, Widder, The Laplace Transform, Princeton, 1941. ` 

e For the operators Hf and GF, see M. Riesz, Mathematische Zeitschrift, vol. 27 
(1928), pp. 218-244. For @F, see H. Kober, Journal of the London Mathematical 
Society, vol. 18 (1943), pp. 66-71; there in the first footnote, p. 69, the “(3.2)” is to 
be omitted, the correct result is given in Lemma 11 of the present paper. 
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2. .On functions defined on the unit circle. Except for Lemma 2, the 
results of this section are either aoe or, in substance, equivalent to known 
theorems on Fourier series. 


LEMMA 1: Let 1<p< œ and f(e)-e Ly(—n, r). Then 


(2.1) f ipie paos ae f ipep, [STS] $6 Ai 


LEMMA 2. Let f(e) eLi(—r, r) and let 0 <X< l, yv < 1—AàÀ. Then : 
; w | f;(re# [dé MN gs r a 0 a r 1 Jax 
ee) cn P1 aa ret? ? 4 T Ane f | jte ) ue 1 for * = af 
Lemma 1 is deduced from the inequality 


fafo GES apaa foa PIES], 


due to M. Riesz, taking g(0) =f (2%) and observing that 


— ret% 


f 9(0) Ge ae do — — f f(0)d0 + def (ro) 


Evidently (2. 1) holds for any p [l<p< on if f(e”) belongs to 
Læ (— w, r). ‘ 

For v== 0 and Jad fee 1], (2. 2) is in substance: due to J.. E. 
Littlewood. 7 From this result, (2.2) follows for v=0 and j—2 [r>1] 
by the identity 


ho =—i [Honor hf Oe y 


2|>1]. 
wa p= al 
To prove the general case we fix a number q>1 such that 1—AaA 


> q% >v and take v >0,s—gq(qg—1)*. By Hélder’s inequality, the left 
side of (2.2) is not greater than 


(fico) "(Spt)" 
| ime Sil ture) pean" 


since vg < 1. We have 0 < As ~<a G applying the Littlewood eu we com- 
plete the proof. 


7 Journal of the London Mathematical Society, vol. 1 (1926) 5 pp. 229-231. 
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Let f(e) e Ly (= m,r). Then, for almost all ¢ in (—r, r), 


(2.8) file) > aCe) —$ (—1y Il +55 [Henan [FIT 
This result is known. From the lemmas and from (2. 3), we deduce — 


Tueokrm 1. Let lS pS and f(e) eLyp(—a,7). Then f(e#) 
can be represented in the form f(e) = filet) + fele) where fife?) 
[j= 1,2] is the limit-function of f;(z) as z—>e®. When 1<p< œ then. 
the functions f,(z) and f.(z+) belong to the Riesz class Hp. If p==1 or 
p = œ, then they belong to Ha for any positwe q smaker than p, while they 
belong also to Hp if and only if Hf belongs to Lp(— r, 7). 


The lest assertion is deduced by means of Fatou’s theorem and of the 
Smirnoff theorem:°. If 0<p<PS œ and g(z) «Hp, and if g(et?), the 
limit-function of g(z), belongs to Lp(—v7,7), then g(z) e Hp. 


3. On functions defined on the real axis. 


THEOREM 2. Det F(x)(1+2*)*e«Li(— 0,0). Then F(x) can be 
representec in the form F(x) = F (@) + F(x) where Fj(z) [jf = 1,2] i 
the limit function of &;(z) [see 1.4]. Again 


. © |; (x -+ iy) Pde } 1A © | F(t)| dt fy >t p=] 
e r. ee eSa TFE y <C for ak 


for O <A <1, 2u > 1-A, uniformly with respect to y. 
_ Some better results can be proved for the following particular cases: 


(A) F(#}(1-+|@|)7«Li(— o, ©). (B) F(x) ¢L,(—, 2). 
(C) F(t) eLy(—%,”) 1<p< œ. . (D) F(z) «Lo(— œ, œ). 


It will be shown that F(x) is the limit function of F; eet or ee) respec- 
tively, where y > 0 for 7 = 1; y < 0 for 72; 


i 


F; Riesz, Mathematische Zeitschrift, vol, 18 (1923), pp. 87-95. A function f(z. 
belongs to H; if, for |2| < 1, it is regular and satisfies the inequality ` 


T 
f | f (ret8) i [90 <r <1] 
z R 
when 0 <p < ©; | f(z)| < M when p=, For the connection between the classes 
§ and H_, see Wille- Tamarkin, loc. cit, and H. Kober, Bulletin of the Americar 
Mathematical Society, vol. 49 (1943), pp. 437-443, Lemma 2. 
E.g., A. Zygmund, Trigonometrie Series, Warsaw, 1935, 7.56 (iv). 
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© |P;(z+iy)[de \ ©] F(t) | dt-0 <A I, 
oo Len n SAJ IFHTL pod 


00) (f) u fro DESEN 


(60) f | Pile-+ iy) ede <p [| FC) fat [1 <p < ol; 
| Ton iy) | Bio iy) jide - i | ji<c¢g<'a, 

oa S. w+ @+lyp<? | B>} 2? 

co | P(t) [edt © O E<a< o7, 

sde f. TLE eS wile 


and the following theorems will be deduced : 


THEOREM 2’, Let F(t) eL,(— 0,0). Whenl<p< œ then F (2) 
eG, Fo(z)eQp. When p=1 then Fylz)eSp if and only if Fe. 
Ly, (— œ, ©); when p= œ then (2) Sp if-and only if RF ẹ Lo(— 6,10); 
the .conditions F(z) e Qı and F.(—2z) «1 are equivalent and so are the 
conditions ®,(z) e Pa (— 2) eGo. 


THEOREM 2” (Uniqueness theorem). (a) Whenever a function F(a) ts 
represented in the form F(x) = Ẹ (£) + F.(2) where Fj(z) is the lmit- 
function of F(z) [j =1,2] and P,(z) eS, P2(—2) «Sq, 1S pS, 
1<q< œ, then this representation is unique, except for a constant when 
p= q =o ; in the latter case the function F;(z) is equal to ®;(z) [see 1. 42] 
except for a constant. (b) When 0<p<1 and 0 < q'<1, or when it is 
merely required that F,(z) and F.(z) shall be regular for y>0 ory <0, 
respectively, then the representation is not unique. 


The last statement is evident. For the function {(z—1)(z—2)- - 
(z— n) Y= belongs both to §, and Sa whenever mi <à <i. 


Remark to Theorem 2. Let (i) F(x) and (ii) RF be of bounded 
variation over (— œ, œ). Then $, (2) = d®,(z)/dz belongs to $1, ®2{z) 
to §, and F(2) and RF are absolutely continuous in (— œ, œ) ; so is F;(zx), 
being the integral of ©’;(2) = lim $; (z2) [y > 0; J= 1,2]. 


, oO 
Remark to Theorem Z. Let (i) F(x) «L, and (ii) Í F(z)dz =9. 
l ane 


10 The proof is rather complicated. The statement can be considered as a generalisa- 
tion of the Hille-Tamarkin Theorem 3.2 (i and iii). 
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Then there are functions F, (2) [n = 8,4,5,---] such that- both Fa and , 
SF, belong to L, and that fl | F(a) —Fa(z)| de —> 0 as n—> œ. The son- | 


ditions are necessary. 1 


Further remark. ‘The ienie (3. 1), (8A), (8B), (8D) do not noe 
whenever $4 1+, 2u S 1, 24S 1—A or 2u & 1, respectively. 

To show this, take F(t) = ¢?e(t), te(¢), e(t) or e(t), where e(t) =1 
for 0 < t< 1, e(t) = 0 otherwise. 


t 


4. Proof of Theorem 2.. By the transformation 
(4.1) ¿= tan 40, z= tan ġġ, z= Siti — WwW) a Ee wy; F(t) = K 230" 


e | [r< <r] 


we have 
(4.2) f(e#) eDr(—m r);  RLF(); s] =— HU (e"); 4]. 


(4.3) (2) =fy(w) HEI; w= (FOS frena. 


From (2.3), (4.2) and (4.3) we deduce that, for almost all z in (— œ, œ), 





(4.4) CHE) > EF) + 6/2) (IRP as y0  [(—1)4y < 0]. 


Thus 2F (x) = F(x) + (—1)4RF, and so F(r) = F. (s) + F(z). - 

By a xnown argument, based upon a result due R. M. Gabriel,” we can 
now deduce (38. J from (2.2), taking u = 1 — 4v. Ina similar way we prove 
. (8D); when a = 1 we use (2. 1), while for 2 LH <1 we use the inequality 


pegi u s L falre) wrasse” \1 + ret? Irigy 
ge Aaral f | f(e) |asdgyr/s< o, 


-where 
f(e )e Lo(—r, 7) 30 y= 2(1—p) < 1; 0 < 1m =s 1r; g> 
To deduce (3A) from (2. 2), we employ the transformation 

(4.5) t, 2,2 asin (4.1); PU == a + el) f(e); F(z) = (1+. w)fi(w) : ; 


12 A. Koter, Bulletin of the American Mathematical Foetet. vol. 48 (1942), pp. 
421-426, Theorem 3. i 

12 Jourral of the London Mathematical Society, vol. 5 (1930), pp. 129-131. Cf. 
Hille-Tamarkin, proof of Lemmas 2,1 and 2.5, loc. cit. 


t 
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GLP 52] = (1 + 6) (iao — Hf) ; E. f (0%) d8: yp Am a Op. 


a 


To prove (3B), we replace (4.5) by 


(4.6) ¢,2,2 as in (4.1); F(t) = (1 4 eyf (e); 
F(z) = (1+ w)*fj(w)+onQl+w); | 
OF = (1+ et)’ (tao — Hf) + iaa (1 + ett); 


mn =p [Feeds [n—0,—1]; y+ A= y 
T Jar - : i 
Some further results can be proved, for instance 


THEOREM 2”. Let (1 +E) F(t) or (14+ |t|) F(t) belong to iy. 
Then (i+ 2)°®;(z) or (i+-2)“F,(z) belongs to §, if and only if 
(1+2) RF or (1+ |s|)“ 9F; respectively, belongs to Lı, and the cca- 
dition (i + 2)°®,(z) e © or (i + 2)7F,(2) e G1: is equivalent to 
(i + z) °b(— z) € G1 or (i + 2) 7 Fa ( ze Gu, respectively. l 





Both in the cases (3A) and a ‘ete. we have, for dinoe all T in 
{— œ, 0), 


(4.7) © Fy(2) > P,(e) = 4P (2) + (4/2) (19r [y > 0]. 


5. The inequality (3C) is, in substance, due to M. Riesz.* Together 
with (4. 7), it yields the first part of Theorem 2’. For the proof of the secord 
part, we need 


Lemma 3. Let p=1 or p= œ and F(t)eLy Then Fi(z) e% or 
P, (2) e Goo, respectively, if and only if OF « Ly or RF « Loo. 


Take first p = 1. The necessity of the condition follows from (4.7) 
by Fatou’s theorem. Conversely, let both F and SF belong to Lı. Then the 


constant a4 = (4r) f Flai vanishes. Hence, by (4.6), both f(e#?) ard 
-00 : 


Hf belong to £,(— r,r). By the last assertion of Theorem 1, therefore, f, (x) 
belongs to the Riesz class H,. By (4.6), we have f,(w) (1+ w)? = Fi (23; 
employing a known result, we have F.(z) «$1. The case p= © is treatzd 
in a similar way, using (4.1)-(4. 4). 


13 M. Riesz, loc. cit. The first part (p = 1) of Lemma 3 is proved by the author 
in the paper cited in **; but that method fails for p =œ. ` 


t 
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The proof of Theorem 2” is based on known properties ** of the “ proper 
Cauchy integral” of an element of §, (cf. Lemma 9, 15). 


COROLLARY. If F(x) is represented in the form F(x) = F(x) + F(x) 
where F(x) and F,(— sx) are limit functions of elements of Soo, then both 
F(z) and RF belong to Se. 


Finally we state the following result: 


If (G) (A+ |z |) F (2) e Lo(— œ, 0) [m= 0, or = 1, or = 2, + °] 
and (ii) RL (¢+1)"F (t); 2] eLo(— œ, ©), then F(x) = F(z) + F(z) 
where F;(z) is analytic for y > 0 [7 = 1] ory < 0 [7 = 2], respectively, and 
|F| <A(L4+[21)™ [(—-1)#*y> 0]. Phe conditions are necessary ; 
the components of F(x) are unique except for an arbitrary polynomial of 
degree not greater than m. | | l | 


6. Let G™ be the set of integral functions which are of order not greater 
than p, let Ga?) [0 < & < œ] be the set of integral functions F(z) such that, 
given any « > 0, | F(z)| < Ar, exp { (a + ¢)|2|*}. We shall prove 


Lemma 4, Let F(z) eG” or e Ga"), respectively, let F(t) eLp 1S p 
<S 0, Then F;(2) belongs to G® or Ga [15 p< œ] and so does %;(z) 
[p = 0]; [j= 1,2]. : 


Let 1 < p< and F(z) « G,‘), and let C, be the semi-circle w = re*, 
—*7S6=0. Then, for y > 0, we have 


Pri P(e) = f ee (i+ f°) S041 44H 


Cr W — Z t— z 


Since r is arbitrary, F, (z) can be continued analytically over the entire plane 
and is, therefore, an integral function. We have to show that, given 8 > 0. 
| Fi(z)| < exp{(@+ 8)|z |}. Let «> 0 and (2+<)(1+c)? =a 4+8; we 
have | F(w)| < Ar exp { (a +e€)| w |P}. Let z be fixed, |z| = 1, and let 
r= (1+ e)|z!. Then 


u For I Sp < œ see Hille-Tamarkin, Theorem 2.1 (ii). For p= œ we define the 
“proper Cauchy integral” of a function g(z) of Go by 
; p 
G(z) = (2ri)- f g(t) [1/ (t+ 2) —t/(# + 1) Jdt. 


-CQ 


Then we have G(2) ==g(z) —2g(i) or =—łg(i) for y > 0 or y < 0, respectively. 
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} |Z, |S a(1 + et) Ave exp ((a+8)| z |°), 
Bdt) 1/2 Lee Pa {2,0 
DENS Popa S yr) < ane Ee 


Hence F,(z) e @a®. The proof of the remaining assertions is similar. 


7. We need not enlarge by formulating the theorems for G) and Ga‘? 
resulting from the lemma and the preceding theorems. We can, however, 
deduce some more detailed results for the class Ga. | 


THEOREM 3. Let F(z) eGa and F(t) eLo. (a) When 1S p < œ 
then f í i 


(7.1) F(z) == F(z) + F(z); F:(z)eGa™; Filz) eQa Fa(— z) e Ña 
for any q such that ps =o oo when p> 1, and such that p < q5 œ > when 
pes. , 

(b) When F(t) log (t) eZ, and fires —0, then (7.1) holds 
forg=1. 


(c) When p = œ, then F(z) ts bounded F for y > 0, Fal for y = 0, if 
and only if the une | 


(7.2) T(z) =” F(t) — ao) 


is bounded in (— œ, 0). This condition, is certainly satisfied if 


(7.8) f° F()dt— Ax + 0(1) o batel 


The first assertion follows from Theorem 2’, using Lemma 4 and the Plancherel- 
Pólya theorem: Let F(z) «eG. and F(t) «Lp; then, for pS qo, F(t) ~ 
belongs to La- The hypotheses of Theorem 3(b) k that oF e L436 
Using Lemma 3.we deduce (b). Now we have 


QF += (2) -i freyre (t | 2 cn 


Let Ar be the upper bound of F(x) in = 0, oe Then | F (s)| S Ar,” 
and so 

œ% /1 t 
| RF + = A w(2)|<Zade f (G=: Aaga Bea 


15 Commentarii Math. Helv., vol. 10 (1937/38), pp. 110-163, § 30. 
t H, Kober, Journal of the London Mathemetical Society, vol. 18 (1943), p. 69. 
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Consequent! ly the boundedness of RF in (— œ, œ) is equivalent to that of 
¥(x).. This gives the first part of (3¢). Since F(x) is bounded in (— », œ), 
W(x) can ke put into the form 


l o "Po +1) —F() 
a ee Jo EFI idt, 


Integrating by parts and using the hypothesis (7.3), we have 


KOI fae E 


E Ta EOLIE f E dt. 


Hence (7.3) implies that Y (zx) is bounded, which completes the ‘proof, 
It can be shown that Theorem 3(c) holds when (7.3) is replaced by 


(7.31) | F(x) — Ag = Š aa" (logs) + O(1) a 
gai 


\ 
i 


Šole |" (log | # |) +0) 


for t-> © or ©-—>— œ, respectively, yaer vs <ir 1, 0S 7; <1: By 
oj real. 

The function 2? (1—2cosz-+ cos2z) is an medals for the case 
1=p=g< œ, while cosz is an example for the case p = q = œ, with: 


A=0, The function Fo(z) = {iu sin udu, however, belonging to G.™, 
0 + 


is bounded in (— œ, œ), while the functions 





oe a. tis gin u O T 
(7. 4) a OPLI E a= log |æ | + O(1), 


RF, = f ret ay. du -+ constant 
TA ae | F 


are not bounded ; hence Fo(z) cannot be re represented in the form i .1), with 
q = ©, Finally y we note that the function . 


ney: = (4 + aT CS a a sale + 2) “Eels = 3 n] 


is an example for the class G“ such that F(z) e Sp, Falz) e Bp MEE 
1< p SS cc, 


8. In the following eerie we shall treat the Pourier-Streltjes transtorm 
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oOo 
(8. 1) P(x) = (2r) f oitada(t), 
l -00 
and the Fourier transform of a function f(t) of Li (— œ, œ) 


(8.2) F(a) = (20) f f(t) eitedt 
: -00 
and the WMI Fourier transform of a function f(t) of Lp (— œ, «) [1/p A 1/¢ 
=Li<cp=2] | 
order q 


(8. 3) F(z) = (2r) “AM f f@eteat— (2r) lim. i. mean f f f(tje dt, 


N~?oo 


In (8.1), «(¢) is required to be a function of bounded variation over 
(— œ, œ) and is supposed to be normalized, i.e. a(t) = 4{a(t-++ 0) 
-+ a(¢—0)}, «(0) =0. The following conditions are certainly necessary 
for a function F(z) to be representable as a Fourier-Stieltjes transform: 
(i) The function \ 
(8. 4) h(t) = (27) lim  F(a)ettede 

MOM e -2 

which should, in fact, be equal to a(t + C) —a(¢—0), exists for all ¢ in 
(— œ, ©), vanishes except at a finite or enumerable set {tn}, and X | h(t,)| 
< œ, (ii) F(s) is bounded and uniformly continuous in (— œ, œ), and 
(iii) so is RF. For, by the previous theory, (8.1) implies that 


i (2a) RP = (S> f hedat) +4;A— f alali) Tae 


We note that (ii) implies the existence of functions fn(z) [rn = 1,2,- ] 
represented as Fourier-Stieltjes transforms, even as Fourier transforms, uni- 
formly bounded with respect to # and n, and such that f,(2) > F(x) [n= œ] 
for all z.” ! 
These conditions, however, are not sufficient. The function Fe(s) 


== fo sin udu (see 7) satisfies (i) and (1), but.not (111) (see 7.4). Con- 
0 

sequently it is not a Fourier-Stieltjes transform; the same is, therefore, true 

for G(x) = e#F,(x). Now G(s) satisfies (i) and (ii). Since G(z) «Ox, 

and since this implies that RG=iG(a#)—iG(t) [see 4.4 and **], the 

function G(x) satisfies also (iii). 


17 Compare this with a fundamental property of Fourier-Stieltjes transforms in 
the case when both a(t) and the a,(t) are required to be real monotonous functions. 
E. g. S. Bochner, Vorlesungen über Fouriersche Integrale, Leipzig 1932, Theorem 21. , 
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9. To solve the problem thus arising for Fourter-Stieltjes transforms 
and, correspondingly, for Fourier transforms, we have to use the Widder theory 
of Laplace transforms. Introducing the operator 


(9.1) gel) = gil) st S a E Begg 


we obtain the following results. 


THEOREM 4. The function F(x) is, for almost all s in (— œ, œ), equal 
to (A) a Fourter-Stielijes transform, or (B) to the sum of a constant and of 
the Fourier transform of an element of L)(— œ, œ) [1 < pS 2], respec- 
tively, if ané only if | 


9) oO 
(9.2) (A) Fl gel) dt <M or (B) f |g pdt < Me [b= 1,2,-- 1 
where M is independent of k. 


- Tuxorem 4’. The function F(x) is, for almost all x in (— œ, œ), equal 
to the sum of a constant and of the Fourier transform of an element of 
Lp (— œ, œ) [i S ps2] tf, and only if, {gx(t)} [k = 1,2,°° -] is a weakly 
convergent sequence in Dp(— œ, œ). 


Trivially the weak convergence of {gx(¢)} in Ia is,a much stronger 
condition than (9.2) (A), and obviously there is strict equality in the cases 
concerned ir Theorem 4(A) and Theorem 47 (p—1), if F(z) is required 
to be continuous in (— œ, œ). The constants are zero if we add the con- 
ditions F(z)—>0 as eo for p=1, (1+ 2)"F(a) «LZ, (0,0) for 
L<ip=2. 

For corapleteness we state results which have been proved in another 
paper.’® 


18H. Kober, Journal of the London Mathematical Society, vol. 19 (1944), pp. 144- 
152. In this paper Theorems 4 and 4’ have been stated without proof. The candition 
of weak convergence of {g,(t)} in L, (—-%,) can be replaced by the following one: 
given e > 0, there is a == (e) > 0 such that, uniformly with respect to k (k=1, 2,-. 


J ox (t)dt| <e WHERE ver the set H satisfies the condition | J [dt/(1 + #5] | 2 ô. 


There i is an aralogous result for Fourier series, better than the known ones with respect 
to sufficient conditions: Let 0< r<l, 


oO 
&,(@) = ` apet”, o,(v) = [1/ (n + 1)] Š s (s), u(r ag) = S tarie, 
Pa j=0 -00 
Then Zanet”? is the Fourier series of a function f (æ) e Lı(— r; r) if, and only if, there 


5 


— 
« 
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THEOREM 5. If a(t) iz a normalized function of TET variation over 
(— œ, œ), and if F(x) is represented in the form (8.1), then 
| ist 
(9.8) Falt +0) —a(t—0)}= (2) lims | e LI iy 
. s20 V-o T a $o 
[— o <t< œl]. 
f © F(x)ds 
OR Een E A a ae 
(9.4) a(t) —a(0 + eni (2) lim f ' du f o 


— o <i< aw 
, | | 3 sgn 0 = 0 


THEOREM 5’. If, for lS p< œ, F(x) is the WI Fourier transform of, 
an element f(t) i La(— 0,0) [1/4 + 1/p = 1], then 


yo 


= 60 fi t) dt 
(9. 5) P(e) (2r) M7 f Eee 


(9.6) 1) — ae [rii [b= 1,2,---,k> 2]. 


For q = œ, i.e. p—=1, in (9.5) the limit in mean is to be replaced by 
the ordinary limit, which is uniform with respect to x in any finite interval, 


We observe that (9.6) holds for p == 1, while, in general, the familiar 
inversion formula f(t) = (2r) 4% fet# F(x) da holds for 1< p < œ only. 

From the latter results the necessity of the conditions in Theorems 4(B) 
and 4’ follows easily, obsezving that strong convergence in L,(— œ, œ) 
implies weak convergence ard implies therefore also (9.2), and that g,[1;¢] 
= 0 [k = 1,2,- -]. Hence we have only to prove the necessity of (9.2) (A), 
and the sufficiency of the conditions. . a 4 


10. Proof of theorem 4(A). First we show that the condition is 


sufficient. 

Since g.(«) is finite for almost all æ, we deduce that (1 -+ ¢?)7F(t) 
is a Sequence My na- [n,; < tal OT Pasie -[r;>1 as -j> ©], such that one of 
the o alternative conditions is satisfied: i 


) {nj (@ )} is a weakly convergent sequence in L,(—7, 7). 
a Given e > 0, there is a ô= ô (e) > 0 such that, uniformly with respect to j, 


j f a dæ | < e whenever m{E) <8 [E a set in (— r, r)]. 


) {u(r;,@)}, is a weakly convergent sequence in L,(— m, r). 
ns | 1 u(r;,@)dax| <e whenever m(H) < ê= 8 (e). 
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belongs to L,(— œ, œ), taking &=-1. Now we form the function $,‘z) 
defined by (1.42), and put z = — is where s>0: Then we have 


wa o F(t)dt 
(10.1) gecis (yf pa wee te 


. the differentiation under the integral sign being justified by integrating. Let 
h(t)-be defined in (0, œ), and let 


À D i% k+1 f . ` dE ath (t) 
(10. 2) Irah = CE) hE) (5) , f hO (t) = z 2 | 
Se ea a k = 1, 2, 
denote the Post-Widder operator. From (10.1) we have | 


= f” Inul: (—is)]! du = = f du u | f (1 qe |: 


In consequence of the hypothesis, the right side is bounded with respect to k. 
This condit:on, however, together with. the existence of derivatives of all orcers 
` of B,(— >) for 0 < s < ©, is necessary and sufficient 1° for the representation 
_ of b, oa ts) in the form 


Se 8 >0, 
hcg aes -st 
Do ( is) f, $ 3 aß (t) (f ” dp(t)| < ° 
Both sides ere analytic functions of s for R(s) > 0. Taking so + tx and 


o—> 0, the left side tends, for almost all z in (— œ, oo), to the limit-function © 


F(x) (see Theorem 2), while the right side tends to S e*ap (t) for all a. 
7 Jo i 


Hence 
F(x) = £ etstaB(t) 


for almost all z. In a similar way we deduce that 


i. 


(is) =f A F,(—x) = ERTA R (s) >0; 


| dy(t)| < %, 
P(x) = f otetdy(t J, eo 


Observing that F(x) = F, (£) + F, (2), it is easy to complete the prooi. 
To prove the necessity of the condition, we compare the resolution of Fie) 


2 D, V. Widder, loc. cit., Ch. 7, Theorem 12a: 
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into two components, based on the representation (8.1), with that given by 
Theorems 2’, 2” (a). Thus we have 


da (— is) = (2r) % f ? e-teda(t) + A, 
By (is) == (2r) * f ” eted{—a(—t)} —A. 


Applying the Widder theorem, we deduce (9.2% A), which completes the proof. , 
11. The case (B) is treated in a similar way. We need some lemmas. 


Lemma 5. Let F(t) satisfy (9.2) (A) or (B). Then-both ®,(1s) and 
P (— is) tend to finite limits as s—> oœ.. 


Lemma 6. Leb l<p< œ, 1/p -+4 1/4 =1, and let H(—zx) be the M 


Fourier transform of a function h(t) « Ip(0, 0) [ie h(t) ==0 for t < 0]. 
Then H (s) is the limit-function of an element H(z) of Sq, defining H(z) by 


(11.1) (2) H (is) = (Tenoa [Rs > 0]. 


Lemma 77° If (i) f(s) has derivatives of all orders for 0 < s < œ and 
(1) f(o) = 0 and (iii), for some finite p > 1, 


(11.2) fo Luuf [Pdu < M NEN 
; | 


then f(s) is representable in the form 


P ; 
Fe) = forth (t) dt [0<s< o], . 
0. 
where h(t) e Lp(0, ©). The conditions are necessary. 


Proof of Lemma 5. We need only snow that the function 


l © Fi(t)d 
x(s) = 2m = d (is) -| a, , 


belongs to Z, (1, œ). Certainly s?-?/*x(s) e Da (0, 0) [1 5 p 5 2]; for 


f, x(s) pds— f du pi ee 
Oo, -00 


Using Hölder’s inequality if p > 1, we arrive at the required result. 


t 
r 


co 


= i | g:(u) [edu < M. 
-00 








« 


2 D, V. Widder, Ch. 7, Theorem 15a. 
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Lemma 6 follows from known results, due to E. Hille and J. D. Tamerkin,”* 
and to G. Doetsch.?? ; 


Proof of the sufficiency of the condition (case B). By Lemma 5, 
®,(— 700) exists and is finite. The function &,(— is) — ®,(—iw) satisties 
the hypotheses of Lemma 7. Hence there is a function he(t) e Ly), œ) 
such that | 


b)(—is) = Í “athi piia [s => 0]. 


By Theorem 2 and Lemma 6, therefore, we have Fa (x)= H (— s) + ®,(—-10), 
where H(z) is defined by 
H(—zx) = M f ” iath, (t) dt, 
0 
Similarly | 


P (2 =m f” hi(t)etetdt 4, (ico) Maene 


Using Theorem 2, we arrive at the required result. ` 


12. Proof of Theorem 4’. The result for p > 1 is now evidens. We 
are left to show that for the case p = 1 the condition is sufficient. We need 
a result which can be considered as a generalisation of a Widder theorem.” 


Lemma 8. If (i) f(s) has derivatives of all orders for 0 < s < » and 
Gi) f(co)=0 and (iii) {Enuf} [k = 1,2, --] ts e weakly comergent 
sequence in L,(0, œ), then f(s) is representable in the form f(s) 


"o0 

-f estg(t)di, where 0 < s < œ and g(t) «L,(0, 0). The conditicns are 
0 

necessary. 
In the Widder theorem, {Lrf} is required to be a strongly convergent 


sequence in J7,(0, 0). Therefore we need only show that the conditicns are 
sufficient. If g.(w) is the element of £,(0, 0) to which {Lkr uf} corverges 


weakly, and if fo(s) — f etgo(t)dt, then, by the Widder theoren, the 
o 


` Lr,ufo converge strongly in L, (0, œ); in fact they converge to go(t). Hence 
they converge to go(t) also weakly; therefore the sequence {Lr ulf — fol} 
converges weakly as well, and so 


2i Loc. cit., Lemma 4. 2. 
22 Mathematische Zeitschrift, vol. 42 (1937), pp. 263-286. 
23D. V. Widder, Ch. 7, Theorem 17a. 
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STI Laaf fall du < M - oe ee 


Consequently f(s) —fo(s) is representable in the form | 


f(s) —fo(s) = h(s) — fdal) [s 5 0, i da(t)| < œ]. 


But the Druh converge to the null-element, and we have *® 
“yy —h(o0) i= 0 
a(t) = lim a f E du + T | ec) = too 


where {n;} is some sequence tending to infinity. Hence a(t) == 8(t).- Since 
h(@) =f (%2) — fol% ) = 0 — 0 = 0, we have «(t) = 0 [0 St < ~] and, 
therefore, f(s) — f (so) = 0, which proves the lemma. ’ 

Using this result, the proof can now be completed by arguments advanced 
in the preceding section. 


13. The Stieltjes transformation 


© f(t) dt : 
tte 


A solution of the Stieltjes problem in terms of functions of a real variable 


es been given by D. V. Widder, also for the case Tf = r as (t -+ x) df (t). 


(18. 1) TF = TLf(t);2] == Lf [0 <r< wl]. 


Here we shall deal with (18. 1) only, using analytic functions, and shall 
generalise a result known for the case f(t e La(0, œ). 


THEOREM 6. (A) If (i) both g(2) and g(—z) belong to Sp [1 Sp < œ], 
and if (11) g(z) is analytic for 0 < x < œ, then the equation g(x) = TF has 
a unique solution f(t) «L,(0, ©). The conditions (ii) and, forl<p< œ, 
(i) are necessary. ` 


(B) If (i) both (2+ 4)g(2) and (z + 4)7g(—2) belong to §1, and 
(ii) g(2) is analytic for 0 < s < œ, then g(x) = Tf has a unique solution 
F(t) such that (1+ #)“f(£) is integrable on (0, œ). 


“D. V. Widder, Ch. 7, Theorem 12a. 

2 D. V. Widder, p. 307. i 

28 E. C. Titchmarsh, loc. cit., 11.8. It can be shown that the Titchmarsh condition 
is equivalent to those of Theorem 6 by the following result: F(z) belongs to §, 
` [0 < p < ©] if and only if F(z) is analytic for y > 0 and if, uniformly for 0 < @ < T, 


z | F (rei) |p dr < Mp, 
0 
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In both cases the solution tis. 


y > 9, 
oo ee A ae ay © 2) 
Proof cf the uniqueness of the solution. It will suffice to show that the 
conditions (1-+ t) f(t) «L,(0, 0) and Tf;(t) = g(x) [;=1,2] imply 
f(t) = f(t) [0<t< o]. Let falt) —fe(t) =F (t); y) =TIf(¢) 52]. 
Then y(z) is analytic for |argz| <m, while y(x) =Tfı— Tf: =0 for 
*0<7g<%w. Hence y(z) vanishes identically. Taking F(t) = 0 for è < 0, 
F(t) = f(t} for ¢>0, and using (1.41) and Theorem 2, we have Fit) 
— F(t) + Fe(t), and Fy(z) = (1) (8) y(— 2) for y > 0 (j= 1) or 
y <0 (j= 2), respectively. Thus F;(z) vanishes identically; so does, there- 
fore, F(t) and f,(t) —f.(t) =f (t). 


. 14. Proof of part (A) of the theorem. The necessity of (ii) is evi- 
dent. So is that of (i) for 1< p< œ by (8C), taking F(t) = f(t) for 
t>0,—0for? <0. If, for p= 1, we require further that f(t) «Li(0, ©) 
and that $f e Lı (— œ, œ), then the necessity. of (i) follows from Theorem 2’, 

The function f(t), defined by (13.2), has the properties required. Since 
g(z) is analytic for 0 < s < œ, f(t) vanishes for t < 0. In consequence of 
(i), f(t) belongs to Lp(0, œ). Taking 


y(i) lim g(—t—iy), - y(t) =limg(—#+¥y)  [y>0] 


we have 27 


(18.2) F) = gp liia (9(— ty) — g(t + y)) [_ 


Ova — wr, Oye Ss We 


as wi(t) anc y2(— t) are limit functions of elements of GS». Hence 


~ 


F(t) =E (vst) — vat) 
STA) ; 1] = F(a (2) + yela) ) € Lp(— 00,2). 


In the latter equation the term -on the left is equal to T[f (t) ;— g] for z < 0 
and the term. on the right to g (— x) which proves the case (A) of the theorem. 
The case (E) is treated.in a similar way, using Lemma 10 (15). 


15. Generalisation of known results in §, and on Hilbert’s operator. 
Lemma 9. If (2+i)“*F(z) eS, or (2+i)?F(z) eG, respectively, 
then i 


H, Kober, Bulletin of the American Mathematical Society, vol. 48 (1942), 
loc. cit., Lemma 4. \ 
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O1 f° Fat o wy 1 6% ame 
= a P(e) =r f FO t—z i m 


for y > 0, while the integrals vanish identically for y < 0. | X 





LEMMA 10. The function (t +i) Fit) (7 = 1,2) is the limit-function 
of an element of 1 if, and only if, (1+ |t|) F(t) «Lı(— ©, ©) and 


GF = iF or RF =i(F —ay), respectively, where Qo =m f ee $ ere 


Lemma 11. If (i) (4+ [¢|)*F(¢) (7 =1,2) and (ii) (1+ |z [AGP 
or (1+ 2?) “QF, respectively, belong to L,(— 0, o), then 


$°F = — F(a) [;=1] cr &@F=— F(zr) +a [j—2]. 


Ti (z+ i)F (z) «91, then the statement concerned in Lemma 9 is 
deduced from the representation of a function g(z) « $, by its proper Cauchy 
integral. 28 We take g (2) = (z + 1)*F (z) and observe that g(z) « §, impliss 


that f g(t)dt = 0. The other statement is reduced to the PDA case by 


taking (2 +i) F (2) = F (z). 

The proof of Lemma 10 is left to the reader. 

To deduce Lemma 11 for j = 2, we resolve F(t) into its components ` 
according to Theorem 2 and (4.4). Thus we have 


(15. 1) | F(t) = Fa (t) + F.(2), 
(15. 2) | QF = iF, (t) —éF,(t). 


By Theorem 2”. (4), Fj(x) (j =1,2) is the limit-function of a function 
®;(z) such that (z + 7) °#,(z) or (2 i i)-2@(— z) belongs to Pi By Lemma 
10, therefore, we have 


RF; = = nmi(E; (2) == f 





“Eat 


Applying the operator & i (15.2), we have 


r= ee) HES BOM ne ee eee + ao 


In a similar way we deduce the other assertion of the lemma. 
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28 Hille-Tamarkin, loc. cit., Theorem 2.1 (ii). 


N 


HADAMARD’S FORMULA AND VARIATION OF 
DOMAIN-FUNCTIONS.* 


By MENAHEM SCHIFFER. 


l. Hadamard’s differential equation for Green’s function, 


1. The present paper deals with applications of functional meik to 
the theory of the- logarithmic potential and analytic functions. We consider 
domains Z in the complex z-plane bounded by a finite number of proper 
continua Cy(v—1,:--,n). If x and y are voints ir D, Green’s function 
g(2;y) of D is defined in the following way: 


= Be g(3; y) is a harmonic function of x throughout D, the point £ =, 
excepted; shere however g(z;y) + log |z— y | is harmonic. 


b. Ifs converges to a boundary continuum Cv, g(2; y) converges T0 zero 


The existence of g(s; y) is assured for every domain D; g(s;y) is har- 
monic in y also and satisfies the symmetry condition g(s; y) = g(y; s) 
Its importance for Dirichlets problefa is well known. If D is simply con- 
nected, g(x; y) is felated also to the problem of mapping D onto the exterior 
E of- the unit circle. For, let p(x;y) be an analytic function of æ< in D, 
such that g(z;y) = R{p(x;y)}; then (z; y) = exp {p(x;y)} maps P 
conformally on’ # so that the point y goes into infinity. 
| Using the theory of orthogonal functions we may determine the Green’s 
function in the form of an infinite series for any domain whose beundary 
satisfies certain general conditions. (See Bergman* 1, %2.). On the other hand 
consideration of the rôle of Green’s formula in the theory of functions and - 
. potential theory indicates the desirability of obtaining various representation; 
of it-and in particular those which show the dependerce of this formula om 
the domain in which it is defined. ` 

There are however only a few elementary domains D with an explicitly 
known Grzen’s function. Nevertheless it is possible to calculate Gréen’s func- 
tion (approximately) for domains which are sufficiently near such elementary 
domains. This is done by means of Hadamard’s well known variation formula 
(see Hadsmard 2) which is applicable to every domain D bounded by analytiz 


` * Recefved November 15, 1945. 
t See Bibliography, p. 448. 
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curves Cy. Let every point of the boundary C == 5 Cy be defined by a para- 


zI 
meter s which measures the lengths of the curves successively and runs, there- - 


fore, from 0 to Z (Z = sum ofthe lengths cf-all Cy). Let &(s) = e (s) be a 
` continuous function of s which determines the normal displacement of each 
boundary point z(s) of the original domain D. 8n(s) is taken as positive if 
the displacement is in the direction of the outer normal with respect to D. 

In this way, we define a new domain D* oe a new Green’ S en og (aa, 

According to Hadamard, we have 


(1) . g*(æ;y) =glasy) tie tm ay AA y) 00d Hole) 


Here, 2 [g(2;x)] denotes the derivative of g{z;v) in the direction of the 
outward normal and o(e), as usual, a term satisfying the condition 


lim *o(¢) == 0. Using the notations of E T calculus (Volterra 1), we 
€=0 


may give to (1) the form 


(1) Saeed ea sleip) sn ds. 


Many properties of g(x; y) and the univalent mapping functions con- 
nected with it may be derived from (1°) (see Lévy, Julia, Biernacki}. This 
formula, however, loses its meaning if the initial domain D is not bounded 
by smooth curves; on the other hand, in this case a well defined Green’s 
function also exists. Thus (1°) is not applicable to extremum problems con- 
cerning Green’s function ; for one can not be sure that the domain D, belonging 
to the extremal function, satisfies the suppositions of Hadamard’s formula. 


2. We shall now transform formula (1’) into such a form that it may 
be applied to the most general domain D. We use the artifice of specializing 
the variation ôn and, by means of partial integration, expressing 5g(2;y) 
by values of g(x;y) and its derivatives from the interior of D. For. this 
purpose, we choose a fixed point Za in D and consider the representation 


te 


(2) | g fe cea 20’ p > 0, i 
o ; 





of the x-plane. It transforms the ‘circumference | z — zo |. = p into the seg- 
ment < — 2pe!#, -+ 2p% > and is univalent in its exterior | £ — 2o | >p. 
For p sufficiently small, this representation is univalent on all curves C, and l 
transforms them in a one-to-one manner into neighboring curves C¥*, which 
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enclose a new domain D* of the z-plane. Let g* (x;y) denote the Green’s 
function of D*; we shall compute it from g(s; y) by aid of (1). 
We remark that for z = Cr, yO D 


(3) gt; j) =EN aint o(p); 


here wi is the normal shift of Cy at the point z, caused by the variation (2). 
òn is of = p’. Hence (1). has the form 


(4)  g*(z;y) =9(23y) a 5) ge (2) 59) ds + 0(9?). 


Let yı be the point which is transformed by (2) in y; since g(z; yı) 
vanishes on the boundary of D, we may write instead of (4) 


W 89259) ge f EA g 5) — gled + olp’). 


Now, GF; y) —9(2341) is havo in the EFA Do, obed from D 
by discarding the interior of the circumference Kp = = (| T— 2 | = p). Hence,. 
Green’s formula may be appplied to Do, yielding 


(8) ymn = f S PEED gy) — gley) 
l glaa) È [gy — ge WI] latas —g(a*; y) + ole) 


where the normal derivative is to be taken iń the direction of increasing p. 


We suppose z, y, Yı to lie in the exterior of Kp and get, therefore, from Green’s 
formula 


oy i j Gia) 


Og(23 Y 
mm an (23%) — glz: z) Git) | ds = 0 


“r 


Thus, there remains 
| pI fee) pe, _ Ogle® sy) Ý 
(6) wen) =a f | A g 95 ¥) — 9 (252) oe ds 
+ glz; y) —g(2*3y) + 0(9”) 


which expresses :the variation of g(z;y) by means of the values of g(z;y) 
on the circumference K p, interior to D, only. . This formula may be simplified 
by means of a development in series. We introduce. an auxiliary function 
p(x; y) analytic in « and satisfying ~ : a 


(7) g(£;4) — R{p(2; y) }- 
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p(z; y) is not necessarily uniform in D and contains an arbitrary additive 
imaginary constant depending on y. On Kp we have z == za + pet? so thaz, 
on apply ne Taylor’s theorem to p(z;7) and by (7) 





(8) g(2* 39) = g (2053y) +B {ple + eiet) p (za; y)} + O(p?), 
8) graletsy) = RL (ot ae) (z5;y)} + OL); 
(8) g(#32) = g(aos2) +R (ole (os) + OL) 
(8) gaa) = RE oe (32) +0(6), 
(8) gmn) =9le59) a band + ole), 
BY gn) =a lei) +BY AE pih + oe). - 





The dash denotes differentiation of p(s; y) with - to its first argument 
and O(e) a term satisfying the conditicn that (1/e)O(e) remains bounded i 
e—> 0. | 

Introducing formulae (8) into (6) we obtain | 


(9) a cito? p (z:y) y) PE 


Eo žo Y — Zo 
Ha f REg (2052): R(E (z0; y) Jed + o(p) 
and by an easy transformation | 


(10) 9° (e539) = 9(25 9) Co 
+R} 2b? Ei (203 £) 0" (20; y) — p (z;y)_ P(Y) | + of). 


L— Zo Y — Zo 


Ts virtue of the identity 
(10) gles y) =a (03 save piaga | (E9) Ny giia) l + ole’), 


— Žo Y — Zo 
we may put (10) ai the simple Jom (Schiffer 3) 
(11)  g*(2*;y*) = g(@5y) + R{ettpp (z0; £) p (203 y)} + 0(6”) 


giving the law of variation of g(a; y) under the particular transformation (2) 
of D. : . 

(11) was derived from (1) by partial integration. The latter formula 
is only valid for analytically bounded domains; the same holds, therefore, ` 
for (11). But the most general domain D may be approximated arbitrarily 
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by analytically bounded domains; Green’s function of the approximating 
domain wita all its derivatives tends to the corresponding terms of the given 
domain, uniformly in every interior part. o(p?) depends only upon ¢{z; y¥) 
and its derivatives at interior points of D ; hence it can be estimated unizormly. 
Thus the validity of (11) can be derived for the most general domains D. 
This fact proves (11) to be superior to (1’), and numerous applications of 
this formula are possible in extremum problems, concerning the theory of 
the logarithmic potential and conformal representation, as will be seen.below. 
Another application of our method is as follows: In the paper (Schifer 4) 
the relatior between Green’s function and the kernal function (see Bergman 
1, VIL) ie derived. The methods used in the present paper can be employed 
in investigating the kernal function and lead to new results concerning the 
behavior of this function in simply- and multiply-connected domains. 


2. Further solutions of the variational equation (11). 


1. The differential equation (1’) for Green’s function admits as solution 
also other Jomain functions depending on two variables s, y (see Lévy). If 
the values of such a function are known for an elementary initial domain, 
say a circle, it can be calculated in principle for every other domain by means 
of (1’). But it will, in general, be difficult to characterize such a function 
geometrically, independently of the definition by means of a variational equa~ 
tion. On the other hand, we shall define now an important family of comain. 
functions which occur in the theory of conformal representation of multiply 
connected domains and which satisfy (11). 

In the theory of Green’s function the boundary condition plays a decisive 
part. We shall define a more general type of boundary condition which renders 
the same service and will be called henceforth the type .V. It is characterized 
by the following property: 

Let Cy (v= 1,:--, n) be a system of smooth curves enclosing a dornain D 
and let 2*(z) be a conformal representation in the neighborhood of all the Cy, 
transforming them into a new system of curves C*, which encloses the domain 
D=. A boundary condition is said to be of type N, if it assures in this case 
_ the following two facts: $(@) satisfying this condition with respect to D, 
y“ (x) with respect to D*, implies that 


a. (2) has continuous derivatives on Cy, and ¥*(z) on O*v. 


b. Tre following relation is-always valid : 


(2) f GO ge FEM) —¥ EO) g 4) ds 0. 
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. Next, domain functions ys; y) cf D with the following properties will 
. be considered : 


i 


a. y(z;y) is, for. y C D fixed, a harmonic function of s C D, the point 
a= y excepted. 


b. In the eee of c= y, the expression r(e; r Hi log | £ — y | 
is bounded. 


c. The function y(z; y) “depends — on D, uniformly with . 
respect to z. 


d. y(z;y) satisfies as function’of x a boundary condition of type N. 


We assert that on these conditions -y(;y) has a variation formula (11). 

First, it is obvious that y(z;y) is symmetrie with respect to both its 
arguments. For, on one hand, E S identity. yields in the case of a smooth 
vonndary C. 


(13) zf, {y(z; Ji y(23y) — ylz; af y (232) }ds 
= y (a5 y) —y(¥32), 


while, on the other hand, the ne condition of y(x; y) ensures, by virtue 
of (12), that this integral vanishes; we have only to put ¢(z) = y(z;2), 
z* (z) = z, 4* (2) =y(z;y). Hence, we have proved the symmetry of y(x;¥), 
for domains D, bounded by smooth curves. But in view of the-continuity of 
y(x; y) in dependence on the domain, this establishes the same property for 
domains with general boundary.. 

Let D denote a domain with smooth’ boundary curves Cy; m méans of 
the variation (2) it is transformed into D* with the corresponding domain 
function y* (x ;y). Asin 1, 2, we construct the domain Do by discarding from 
D the interior of the circumference Kp = (| z — zo | = p). In Do, the func- 
tion d(s; y) = y*(a* (s); y*(y))—y(z;y) is harmonic in both its argu- 
ments, the logarithmic pole s = y being cancelled by subtraction. Hence, 
Green’s identity noo ay 


18) ES og (1252) jp UC i) —e(a39) E v(esa))as 
ans y) = y* (2* 39") — (a3 y). 


But y and y* satisfy a Paundi, condition of. type N. which shows that the 
integral over C vanishes. Combining this fact with Green’s identity 


1 e 7 ` a : ĝ i z 
— hd ww s anne ia ee == () 
(16) gf, OD pr —rlesW) 5 1232) )ds 


~ 
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which holds for v and y in Do, we get finally from ae 
(18) (a5 y*) = y (239) 
| =f 7 a KS tke apy tt Fe on a ô 7 x 
To _ ty (232) Fy" (e¥ sy") — y" (75y) 5 Y (2 2) hds 


where the normal derivative is to be taken in the outward direction with 
respect.to Do. If.we want to give ‘to n the direction oi increasing radius P» 
as is usual, we get \ 


(157) ag E 59°) = y(x; y) 
ES EE 
taJ y (z T y*) 5 L y(z; gz) — y (2; 2) gv (ei y") dsa. 


Thus, we have expressed the variation of y(z; 4) by an integral taken slong a 
circumference interior to D as'we did in (6) with respect to g(x; y). We may 
perform now the same formal transformations and developments into series 
as in 1,2; these hold for y(x;¥) too, since we have used there only the sym- 
metry and harmonicity of g(a; y). We introduce a function iz; y), analytic 
for given y C D with respect to its first argument z C D and satisfying 


(16) i y(t; y) = Rk{p (x;y) } 


In general, ġ (<; y) willnot be uniform in D; it possesses additive (imaginary) 
moduli with respect to circuits around the Cy. We may perform on it the 
same operations as we did above on p(x; y) and we get, in complete ana.ogy 
to (11), 

(17) > y*(2*;y*) = (e359) + Be? g (z3; &) 6’ (z0; y)} + OP 


This is the law of variation of y(x : y) under the R (2) of a 
‘domain D with a smooth boundary.. But in view of the uniform continuity of 
y(z;y) this formula remains valid = domains with general boundary. 


2. orn next task is to point at definite examples of domain-functions 
of the above type. It is well known that every domain D can be mapped in 
an infinity of ways on the exterior of a circle, cut along concentric circular 
slits (Koeke 1, Grötzsch 1). This canonical A is in many respecte 
a natural generalization of the representation of a simply connected domain 
on the exterior of a circle. 

Tf f(x; y) is a univalent. function of v in a simply-connected domain L 
and maps D on the exterior Ẹ of the unit circle such that y C D corresponds 
-to infinity, ther the Green’s function of D is given by 


(18) g(a; y) = 10g | f(e; y) - 


” 


\ 
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In the case of a multiply connected-domain, however, there exists for every 
m—1,2,---+,n a function fm(x; yì, mapping D on the exterior of the unit 
circle, slit along n— 1 concentric circular arcs, such that Om corresponds to 
the unit circle and y to infinity. Thus there exist n domain functions 


(19) ym (25 y) = log | fn(2; y) | 


which are a generalization of Green’s function for a simply connected domain. 
We want to show that each ym(x;y) has a variation formula (17), in analogy 
to g(x;y). To prove this, it suffices, in view of 1, to show that the boundary 
conditions for ym(z; y) are of type N. 

Now, there are two characteristic properties of ym(z;y): (a) ym(z3y) 
is zero for z on Cm and constant on each Cy. | (b) fm(a;y) being uniform 
in D, the conjugate function of yn(w;y), i.e. Iflogfn(z;y)}, does not 
change when x describes a circuit around Oy (vÆ m) which means, in the 
case of a smooth Cy, 


3 


(20) Sa je Ym(23 y) ds = | CER 
These two facts represent just a botiidary condition of type N. For, if any 

¢(z) possesses the properties (a) and (b) on the system of smooth curves Cy 
and any ¥*(2)-on the ia ae system (Cy, then we have for each 
curve Cy 


ar) f BOE o) WO) Fp pois =o. 


In fact, @(z) and y*(z*(z)) vanish on Cm; on each other Cy both functions 
are constant and may be taken out of integration. Thus, there remain periods 
of type (20) which vanish. Hence, the boundary conditions considered are of 
type N and ym(z; y) ‘satisfies, therefore, a variational equation (17). 


. 8. We mention now another type of canonical representation which may ` 
again be considered as a generalization of the rapresentation onto the exterior 
E of the unit circle in the case of a simply connected domain. It is the repre- 
sentation of D by means of a function m(x; y) onto Æ, slit along n— 1 
radial segments, such that Cy» corresponds to the circle and y to infinity 
(Grétzsch 1, Rengel 1, Koebe 1). Consider now the domain function 


(21) , Km 59) = 1og | lm (a5 9). 


This function too possesses a variation irah (17), since it. has boundary- 
conditions of type N. To show this, we remark the eee two facts: 
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(a) km(2;y) vanishes on Om. (b) On every Cv (vs m) the conjugate iunc- 
tion of Km(z;y), i.e, I{log hm(w;y)} is constant. Hence, using Caucky- 
Riemann’s differential i we have for zC,0» (vm) 


(22) D «es in, Smt) ae Ilog hn (z3.y) } == 0. 


- These conditions ensure. the validity of relations of type (12) for every smooth 


Cy; for, «*m(x*; y*), too, has a constant conjugate function if z remains on 
Cy (vA m). The boundary conditions (a) and (b) are, therefore, of type N 
and km(x;y1 satisfies a variational equation (17). 

We may consider other canonical representations of D, by means of uni- 
valent functions lm (z; y) which map D onto E. slit by concentric circular arcs 
and radial segments, such that y C D corresponds to infinity, Cm to the circle 
and the other Cv to either of the slits. It follows easily that the domain 
function — l | . 

(28) ` Nm (25-9) = log | ln(z; 9) | 
is of the type y(x; y) characterized in 1. Hence it varies too according to (17). 

' Thus, we have found various domain functions with the same law of 
variation as Green’s function. The function p(z;¥) in (11) can only with 
difficulty be interpreted geometrically, whereas the functions $(x;y), used 
in (17) for he variation of our domain functions, are the logarithms of uni- 
valent functions yielding canonical representations. The next paragraphs will 
show the advantages which evolve from this fact. 


4, Next, we transform (17) in such a way that its relation to Hadamard’s 
formula is exposed. From ot ) we obtain easily in virtte of (2) 


GY) . y*(2;y) = (259) 


EY z! erite?| $203 2)’ (Zo; y) — 2) _ Ye) \ -+ o(p). 


Žo. t — Zo 


Let now C” be a system ‘of smooth. curves. forming the boundary of an arbi- 
trary partial domain of D which contains v», y and 2; then the residue theorem 
vields 


(24) ° sf p (4; oe (23) —— 
; . = ' (za) Y ae gley) __ (y32) E 
whence, in view of (17), 


6 


X 
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(25)  y*(z;y) =y(z; y) 
i +R4 e?ibo 





aa + o(p”). 


. If the boundary C of D is smooth, we may s in Ee E ť =C; 

in this case we represent C asin 1,1 by means of the length parameter s 

which insures |z (s)| = 1 on every Cv. ` 
We apply (25) to the functions ym(x; y) defined by (19); we put 


(19) dm (23 y) =10g fm (2; Y), i. e Ym(£; y) = R{ġn(2;y)}. 


By definition of fim(z;y), ¢m(z;y) has a constant real part for z C Cv. 
Hence, along every curve Cy 
de ta (els) sY) = pmf; y) 2 


is imaginary and its value 5; according to Cauchy-Riemann’s differential 
equation, 


. ô 
Pml y) = — 4 ym (25 y). 
Hence, we may write (25) in the form 
(25) -y*m(@3y) == ym (25 y) 
1 
ae 


On 5 = Yon (2 5 z) 5 ~ yn #3 EN as 4 o(p”). 





On the other hand, we get obviously for the value of the normal shift by 
variation (2) 


924602 )-- 
(26) n= RB} SE 


z Z — Zo i 
Hence, (25°) becomes 
a7 ym (23 ME ee (es gee i )dn ds 
( ) ; Sym T3 y) =z fin Ym » On, 1 sY) 2 


which is just Hadamard’s formula for our domain functions. It is derived 
from (17) for all variations obtainable by superposition of elementary 
variations (2). 

Let Ya(T; y) be an analytic function of s, connected with the Bons 
(21) by xm(23y) = R{Yym(2; yy}; for z C Cr(v54m), Yym(z;y) has a con- 
stant imaginary. part. Hence, on all these curves ' 


a 
(28) Yon (2(8) 59) = Wm(23.9)2” =z «(25 Y). 
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A transformation of (25), analogous to the above, yields by means of (28) 
(28) Bea(z3y)— Lf A sn(e52) A (25 y)èn ds 
a RT cL, Onz a! Oe 


1 ô. 3 

= ha “mlz 3%) 5 mts y)dn ds. 

Capen of (27) and (28°) shows that the same formula (17) appears in 
its integral representation in very different forms according to the particular 
boundary conditions satisfied by y(z; y). This shows the advantage o? the 
unifying formula (17). 


8, Applications of the variation formula to Green’s function. 


1. Green’s function g(x;y) may be considered as a measure of D with 
respect to the pair of points z, y in D. In fact, Hadamard’s formula (1’) 
shows the monotonic behavior of g(a; y) as a domain function; for if 8n is 
always positive, i. e. if D is enlarged, g(a; y) is seen to increase, since along 


the entire bcundary we have i g(z;z) <0. ` 3 
f Z 


In the PEOS of y, we have the development 
29 a3 y) = lo lo O 
(29)  g(2;y) = s A engt (je—gl) 


where O(c) >0 with e— 0. If œC D, we have further 


2%) g(a; PEE +0( 1). 


The functional d() has been used frequently in the theory of confcrmal 
representaticn as a measure for D or its boundary C. d{o) is called trars- 
finite diameter, Robin’s constant or capacity constant of C, or of the domain 
D whose boundary is C (see Fekete, Szegd, Nevanlinna). All domains which 
may be mapped upon each’ other by univalent functions f(z), normalized as 


` (30) f(e) —ota+2+4--- 


at infinity, have the same measure d(«). Analogously, d(y) is a sonal 
invariant wizh respect to representations of D which map y on itself and have 
there the derivative 1. If f(x) has at infinity (or at y) the derivative a, 
however, D is mapped on a domain with the measure ad(oo) (or ad{y)). 
In particulaz, all d(y) behave like lengths with regard to homotheties. 
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If D is simply connected, it is well known that d(y’) is the radius ‘of the 
circle on the exterior of which D may be mapped by a ee with the 
normalization 


(80°) f(z) = 


(or (80) if y = œ). l 

Introducing into (1°) ‘and’ (11) the developments (29) and (29 ) and 
letting z—>y we get; by an easy: G of Hora BUSA, the general 
formulas for the variation of d(y): | 





+a(s—y) +: 


: (31) ô log d(y == (eee) dn ds 


(31°) log d* (y*) = log d (y) 
i 


—R} c” p? B E ' + o(p’). 


Both formulas remain valid for y = 0, 


+A 


(31) shows that d(y) is a functional which decreases as the domain 
increases. If we consider the domain function 


. (32) T(z; y) = 29(e5y) + logd(z) + log d(y) . 


we find, by (1°) and (81), its variation formula 


(827) 8E (a3 y) ——sf, Ee ad a ALE salen} nds 


which proves that T(x; y) is a decreasing domain function. 


2. To demonstrate the applicability of .(31’), we deal- now. with an 
extremum problem which will become useful later. We choose a boundary 
continuum Cin of D and a point y C D; every conformal representation of D 
of type (30°) transforms Cm into a new continuum Cm with a certain trans- 
finite diameter ê= (œw). We ask for the extremal values which è can 
attain, if all functions (30°), univalent in D, are considered. 

To solve this problem of distortion, we start with a domain D with 
boundary curves Cy, obtained from D by such a univalent function (80) 
that 8 is maximal.’ This domain is by no means fixed uniquely; for a repre- 
sentation (30), univalent 'in the exterior, of Om; will not change & and its 
superposition:‘on any mapping function (30’) will preserve the normalization 
(30). This arbitrariness may be avoided by supposing Cm to be a circle cen- 
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tered at the origin. The radius of the circle is necessarily ô, since the trans- 
finite diameter of a circle is equal to its radius. We proceed to determine the 
shape of the remaining boundary continua Cy (v==m). For this purpose, 
we choose a continuum Ch (1 a m), a fixed point zo on it and a subcontinuum 
T of C1, cortaining zo, of transfinite diameter p. All functions (30) which l 
are univalent. in the exterior of T permit a development 





ra ee eee 
ve. We aa 
valid in every given domain interior to D for T sufficiently small, such that 
a,6,- ++ have bounds independent of I. The superposition of a representa- 


tion a on the original mapping of D on D gives a univalent transformation 
(30’) of D cn a new domain D*. This has a boundary- continuum Cin* arising 
from Cm by means of (33). Its transfinite diameter 3* ==38'(0o) satisfies, 
in view of the maximal property of ô, the inequality 


(34) rsa. 
Tf, on the other hand, w(2;y) is an analytic function of v ede that 


R{a(z;y)} is Green’s function for the exterior of Cm, We may find St with 
the aid of (31’). In fact, the : function (33) differs on Cm from 


(2) E | ot =a +k +P 


bon 


only in terms of order o(p?). Hence, in view of (31), EE in the case 
C= Cars they cause a. variation of log $ of this order only, in addition to that 
caused by (2°) and given by (31’). So, we get 


(35) log 8 = log 8 —R{ap"x! (2o; 0)?} +(e"). -7 
Since Gn is a circle of radius 8 and has as its Green’s function g(x; ©) 


= log - al, we have 


(36) ` a(x; œ) = log z — log è 


and, finally, the following formula for the variation of log ô: 
(85°) log & — log 8 -— E j ap” = \ + o(p?). 
= ; 


Comparing (34) with (35) we get the inequality 


430 Sg . ° MENAHEM SCHIFFER. 


61) RS apt Eb +o, 
F 
whatever 2, T and the function (33) may have been. 
Now, we have to apply the following lemma (Schiffer 1) : 


Lemma. Let C be a continuum in the x-plane; suppose that there easts 
an analytic function s(x) 40 suċh that for an arbitrary function (33) um- 
valent in the exterior. of an arbitrary subcontinuum T of transfimte diameter p 
and meng the arbitrary point 2 we have 


(37) | R{ap?s (20) } + 0(p?) : = 0, 


Then C ts an analytic curve, expressed by means of a real parameter in the 
form z = z(t) such that 


(37) z OORO pien 3 


Applying this lemma to (34) we find Ĝi: a be an analytic curve with 
the differential equation 


(37”) o AeH 
whence . . é | 
(8v7) a(t) = ket ‘key = constant. 


Thus we have proved that 6 attains its maximum for the representation of D 
which transforms Cm into a circle and the other 7—-1 continua Cy into con- 
centric circular arcs. ` 

As the existence of extremal’ functions is. insured in the case of the 
problem considered, this theorem proves anew the posing of this particular 
type of canonical conformal representation. 

Had we raised the question of the minimum of the transfinite diameter 8 
of all possible Cm, obtained by representations (30’), our method would have 
been exactly the same. Only, instead of (84), we mone have used the inverse 
imequality leading 2 


(34) R $ ap i l + of) <0. 


A new application of our lemma shows that in this case also every © 6 zis an 
analytic curve’ Paneg now the differential equation 


(37%) if (t)*e(t)? = 
which yields : ; , 
(37 Y) s(t) = rie! . kı = constant. 


~ 


~ 
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Hence: *The minimum of ô is obtained for the representation of D which 
transforms Im Into a circle and the remaining Cy into radial segments. 


The excremum problem considered above was so easily solved because the 
function r(x; œ), appearing in the variation formula (35), is the logarithm 
of a univalent function. Thus, we could apply an auxiliary mapping and give 
to r(x; œ) a suitable particular form. Most variational problems, concerning 
the transfinite diameter of a multiply connected comain, are considerably more 
difficult because the function p(2;y), occurring in (81’), is not connecced 
with univalent functions, In the variational rule of ym(£; y) and wm(r;¥), 
however, there appears always the logarithm of a univalent function, which 

facilitates obviously the treatment of these domain functions. 


8. The method of treating extremum problems, just applied, perraits an 
‘important numerical application in the theory of mapping simply cornecied 
domains. Consider all functions (30) which are univalent in |e >1. 
They map the unit circle | æ | = 1 on continua C and our aim is to estimate 
the distortion of the frontier caused by the mapping. For this purpose, we 
fix on |s|= 1 an arc of length a, say (et, 1, e#/2)) ; let Ca be its 
corresponding image on C. Ca being a continuum, it is permissible to ask 
about its transfinite diameter 6. The unit circle has the transfinite diameter 1 
and since the latter is preserved by mapping functions (30), C has the same. 
The transfinite diameter being a decreasing functional of the domain, Oa C C 
yields obvicusly 81. It is easily seen that there exist for every a repre- 
sentations bringing 6 arbitrarily near to 1. But there arises the question: 
What is the minimum of 6? The similarity of this problem to the above is 
clear ; in fact our method of solution will be exactly as before. 

Let us suppose that é attains its minimum for a representation (80) 
which transforms the unit circle into a continuum ( and the are into the 
subcontinutm Ca. We may suppose Ĉe to be a circle around the origm with 
radius 8, since an auxiliary representation (30), univalent in the exterior of 
Ca, may be superposed on the original mapping of |z| > 1 onto D without 
changing the normalization (30) or the transfinite diameter ô of Ca. lee, 
belongs to Č, but not to ‘Ce, we choose a subcortinuum T of C of transfinite 
diameter p which contains Zo, but no point of Co. Again we superpose on the 
original function, mapping |s| > 1 on D, arbitrary functions (33) which 
are univalent in the exterior of IT. We obtain domains D+ with boundary con- 
tinuum. Ct, containing Ca* as image of the arc. The transfinite diameter 
ôt of Ca* satisfies the inequality & = 8 in view of the minimum property of 8. 
Introducing the auxiliary function m(s; y), connected with Green’s function 
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of the exterior of Cy, we may use (35)-zor the calculation of log 8. ` Accord- 
ing to our suppposition with resect to Ca we have here too a(z; 0) == log #/8. 
Therefore we find by exactly the same reasoning which led to (37) that all 
points of C, not belonging to C,, lie on a radius segment in the exterior of Co. 
By a rotation we may obtain for Č finally the following configuration: 
It consists of the circle -|x | = 8 plus the segment < — e, —8>, (e> 8). 
The circle corresponds to the are (640, 1, e#@/)) and the segment to the 
complementary arc. 

Thus, the representation is fixed, except for the still unknown values of 
ô and. e For their determination we consider the representation 


(38) Son rarer, 


of the exterior of C which has the normalization (30). It ee G, into 


the segment < — 28, 28> and the rest of C into the cer < — e — §° is 
— 28>. On the other hand, the function 


(38°) E f(z) =2+1/e-+28—2 


is univalent for |s| > 1 and is of type (30). It transforms the unit circle 
into a segment such that the arc (e#(/2), 1, e#(¢/2)) corresponds to the interval 
< 23 — 2 (1 — cos «/2), 28> on the real axis and the complementary are to 
the interval < 28— 4, 28 — 2 (1 — cos a@/2) >.° In view of the unicity of the 
mapping function which transforms the said arcs into different Cpu E NONS 
segments of the real axis, we' get by comparison 


(38”) ee ee) eens a ee ene eee 
In particular, we get from the first equation (38) ~ 
(39) | 8 = sin? a/4 


for the minimum of the transfinite diameter. Thus, we have proved the 
following distortion theorem : p 


Every fünction (30), univalent in |z| > 1, maps an arc of the unit 
circle with aperture a.on a continuum with transfinite diameter d = sin? «/4. 


4. - If we start with the domain |x| > r, every function (30), univalent 
in this domain, will map an are’ with aperture & on a continuum with trans- 
finite diameter d= rsin?a¢/4. This leads to an important application: 
Let C be an arbitrary continuum with transfinite diameter +; then it may be 
mapped on the circle |æ | =r by a function (30), Doea in its exterior, 


z 
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Divide O into two continua A and. B such that they correspond to two comple- 
mentary ares on |s| =r with eet a and 8 = %r—a: Then the fore- 
going theorem yields: 


(40) da Sreit®a/4, a(B) =r siri? B/4 — r cos*a/4, 
Since r= d g ) T C = A + B, we get-from (40) a addition 
(41). (A) +4(B) Z d(4 +B) 


sii establishes in a new way the subadditivity of the transfinite diameter 
for such a composition (see Schiffer 2). | 

There are numerous other applications of the theorem of 3 which describes 
the boundary distortion in case of conformal representation of the unit circle; 
but we shall not’ treat them here. We have inserted the proof here only in 
ordér to show the use which can be made of (3%), 


4, The conformal radii dm (y). 


1. It is obvious that the extremal representation (80) of D, trans- 
forming Cn into a circle of tadius 8 and all other Cy into concentric circular 
arcs, is closely related to the domain function (19), considered in 2, 2. 
Suppose, indeed, that fm(a;y) has in the neighborhood of y the development 


(42) .fm(234) =dm(y)™ 





Cor 4-3" a Amn (Y). > 0; 


then dm(y) ` fm(#3;y) is of type (30°) and defines the extremal representation 
considered. Hence, dm(y) is the greatest value for the transfinite diameter 
which Cm can attain by a representation (30) of D. The. area F (Cn). 
enclosed by the curve.Cim may be-estimated by means of its transfinite diameter 
d(Gm) (Pélyal). . : Lo 
(43) F (Om) S rd(On). 


Thus, vdm ry)? i is the greatest area, obtainable for Cim by a representation (30° ) 
of D. , In virtue of (19) and (42), dm(y) is connected with yn (2 y) by * 


If œ% C D, we have , 


(42) m3 5) og | | + 1083 i +0 A ay. _ l 


i a | 


Thus, dm(y) is cate to ym(23y) in exactly the same way as`is d(y) tc 
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Green’s function. In view of the above geometric interpretation, we shall call 
dm{y) the conformal radius of Cm with respect to C in y. If we are speaking 
of d(Cm; C), the conformal radius of Cm with respect to C, we shall refer to 
dm(co)}. In order that it be defined, we must have oo uy this will be 
supposed henceforth in this paragraph. 

d(Cm; C) measures the continuum Cam, taking into account all the boun- 
dary C. It is invariant with respect to representations (30), univalent in D. 
It is linearly homogeneous with respect to homotheties, as is easily checked. 
Introducting (44) into (27), we get by.comparison of coefficients 


i (45) Slog d (Cm; C) = — z- : Salou ~)) in ds; 


introducing (44) into the variation oo (17), With (2; ¥) =e falas y) 
in our case, we get . 


(46) - log d(C*%m; C*) = log d(Cn; CY 
— Bie f nm (20 5 20) Y(t 2) >} + 0(p”). 


(45) proves d(Cm;C) to be a decreasing domain function, a fact which fol- 


_ lows also easily from its extremal property. Analogously, dm(y) and even 


Ry¥m(@; Y) -+ log dn(x) + log dm(y) may be shown to be monotonic domain 
functions; the proof is analogous to that of (82). 


2, The following problem requires the application of (46). Divide the 
boundary C of D into two point sets A and B, each consisting of a finite 
number of proper continua, and possessing only a finite number of common 
points. In particular let # be a continuum of A. Consider the conformal 
radius d(H’; A) which is invariant with respect to all representations (30), 
univalent in the exterior of A. It will change, in general, with respect: to 
mappings (30) of D. We seek the minimum of d(F; A), taking into account 
all these representations. - 

In view of the compactness of the family (30) of all EA univalent 
in D, there exists-at least one function of the family, for which dif; A) 
attains its minimum. It maps D, A, F, B on D, A, F, B respectively. It is 
not uniquely determined since the subsequent superposition of a representa- 
‘tion (30), univalent in the exterior of A, does not ‘change univalency or 
normalization of the total mapping function and preserves also d (F; A ). 
Thus, it may be supposed that F F is a circle around the origin and the other 
continua of A are concentric circular arcs. In this case, the function fr(z; 0): 
(which corresponds to fm(#; œ) in the case Cm = F, C = A), defining the 


; 
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canonical representation of A with distinction of F, has the form ad(F; d)", 
since d(F; A) is just the radius of F. Now, to find the sought for minimum 
reduces to the determination of the shape of B. | | 

zo being a point of B not belonging to A, let us consider once more the 
functions (33), univalent in the exterior of a subcontinuum T of B, which 
contains z but no points of A. Superposing them on the mapping D — D, 
we get a normalized univalent representation D— D*. In view of (46) and 
the simple particular form of fr(z; œ), we have, by an argument similar to 
that which led to (35’), 


(47) leg d(F*; At) =logd(F; A) —R ap? - = ! + o(p). 
0 
Since the minimal property of d(F; A) involves 
(48) log d(F*; At) = log d(F; A) 
for an arbitrary choice of the function (33), the lemma of 8, 2 yields: 
B consists of segments pointing towards the center of F. 


We heve, then, proved the possibility of an interesting type of conforma. 
representation. The boundary C of a domain D may be civided arbitrarily intc 
a finite number of continua, contiguous in a finite number of points only, suck 
that one continuum is mapped on a circle, a given number of continua ontc 
concentric circular ares and the remainder on radial slits. Every representatior. 
of this tyre solves an extremum problem. 


3. The considerations of 2-contain, in particular, the solution of the 
following problem. Divide the continuum C, into the continua A and F 
which have only two points in common. Let Ca be the aggregate of al points 
of A and all Cy (v > 1); analogously Cg will consist of B and all Cy (vy > 1) 
Then, we ask for a univalent function (80) in D which imparts to di A : Ci 
its minimum, A dnd C4 corresponding to A and Ca by means of the repre- 
sentation. According to 2 we get the solution: 

A conformal representation (30) of D which transforms A into a circle A, 
B into a contiguous radial segment and the remaining Cy (v > 1) into circular 
arcs, concentric to the circle, yields the minimum value for d(A; Ca). 
Obviously, d(4; Ca) is the radius of A. 

This result becomes interesting when compared with the solution of ths 
' following question. Consider all functions (30), univalent in D which trans- 
form Cı into a circle. If r denotes the radius of the circle, « the aperture of. 


ay 


486 7 | MENAHEM SCHIFFER. 


4 


the are corresponding to A, what is the. maximum value of the expression 
r sin? a/ he l l 

' Let D be an image of D yielding the maximum : then, O, is.a circle 
. of radius r, and we may suppose that the are, (e*/), 1, ett/2) corresponds 
to A. Again we choose a point % on a fixed Cy (v > 1) and a function (33), 


- univalent in the exterior of a small subcontinuum of Cy containing Zo. In this 
domain, the function 


= = a ; apa 
(49) u= (4) —k + ~— ae ee En 


lp) 

is also univalent. This representation deforms | æ | =r, but for p sufficiently 

small the point r?°/Zo remains inside the image of this circumference, i. e., 

hes in the exterior of the i image of D, given by (49). Now, we add the further’: 

mapping 
P ee ap*a S āp’r? 

(Ar aa F (Z—2)% (7° — T) io 


pu? . = : 
(r? — Zou) Žo + o(p ) 


which is univalent in D for p small enough: Consider the expression 


g p? ; : lip? = ° 
ny: + wla) Bii E T @— nm | Fae 
its modulus for | x | =r is | ¥(r)| =r + 0(p?). Hane, re an additional 
correction term of order o(p°), we infer that u*(z), so corrected, transforms 
the circle |x | ==r into itself. At the same time, the points ret?) and rezila?) 
‘on it are mapped on the points 


t 


| a i r J. ap? 
(50) reilua) =e re mja -+ oe ree) — ahi 14 o(p”). 
Thus, the new arc, corresponding to A; has the aperture 7 
(51) Qt == Oy — Ap = @— 4r sin aja 
i ap” a 
X i Zo (7 + Zo R cos as?) 7 T oe Je. 


The A TN (49 `, ough univalent - in a D, has not yet the- normalization 


(30), but must be divided by (1 +25 A o(p?)) for this purpose. This 


operation preserves the sib ai bab i the radius 


(52) l ; T jii aia et] +00"). i 


` 
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The expression 7* sin? a*/4 belongs to a normalized function, univalent in D. 
By (51) and (52) we have. . 


(53) pean: Gagi sin? afi f ap? aeri Ra lre 


Since D was supposed to be an "extremal domain, we have for every ‘choice 
of (33) 


s (r + z0)? ae 
2 2) => 
a Par? + 2o” — ra cos a/2) Ap OND cae 

Arete now the lemma of 3,2, we find every Cy (v> 1) to be an analytic 
curve T = x(t), satisfying the differential equation 


| Z(t)? [r eT: 
Oy a Ore ay T° 


Thus, the extremal domain D is bounded by a circle G, of radius r and by 
n — 1 curves (55). In order to understand, better the structure of D, „consider - 
the function e(z), univalent in the exterior of Cy and of type (30), which — 
maps the arc 4 of C1, corresponding to- A, on a circle: around the origin, 
while its complement B becomes a segment of the ‘negative axis. "By these 
requirements, (x) is fixed and may: be calculated’ in an elementary. way 
The radius of the new circle is rsin?«/4. The. -expression xf’ (sy ele)? iss 
regular’ function for | z| > r; it is positive on A, negative on B, has in ret(4/?- 
and re-i(4?) simple poles and in —r a double zero point, as is easily seer. 
from geometric considerations. Taking into account, further, the normaliza- 
tion at infinity, we get by means of Schwarz’s principle of reflection 


e(a) (e+ 1)? 


bey HOJ T eree) (e rete) * 





With ita, aid, (68) may be vaeni in simple form, if we put ¢ Lote) I: == E(t 


+ 


(55°) E eor ~f- Le 0; i. e., E(t) = pe 0 < py = constant, 
The final result may be formulated in the following way: : 
` Among all univalent representations (30) of D which transform A int 
a circle A and B into a contiguous radial segment, the maximal radius for a 
is attained, if all other Cy (n> 1) become circular arcs, concentric to A. 
Thus, the same representatioh imparts to d(A; Ca) its minimum and to 
r sin? a/4 its maximum which has the value d(4;Ca). _ Hence, we gers the 
inequality 
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(57) d(A; 0a) Z rsin? z/4 


valid for every representation (30) which transforms C, into a circle. By 
= means of such representations, there corresponds to A an arc of aperture g, 
and to its complement B on ©, an are of aperture 8 = 27 —.«.' In view of 
(57) and the analogous formula for B 


(57) ,a(B; Cs) =r sin? B/4 =r cos? «/4, 
we get by addition i 
(58)  d(A; Ca) + d(B; Cn) Èr. 


Since the maximum of is given by the conformal radius d(C,;C) (4,1), 
we get | 
(58°) d(A; Cx) + d(B; Cz) = (A +B; 0) 


in complete analogy to the subadditivity formula (41) for the transfinite 
diameter. 


5. The construction of Ym(x; y) by means of Green’s function. 


‘1. „The functions yn(c;y) may be constructed explicitly by means of 
Green’s function g(z;y) and other functions derived from it. In this way, 
we may derive the variation formula (17) for ym(v;y) directly from (11). 
For this construction, we have to study the function p(#;y), introduced in. 
-1,2 by (7), more thoroughly. Though its real part g(x; y) is uniform in P, 
it has with respect to circuits around Cy the periods 


(59) 2nien(y) -if z Bg 9 AY 3 2) ase. 


wy(y) is a real-valued harmonic function for y'© D; by virtue of its integral 
representation it attains on Cy the value 1, on the remaining Cp the value 0. 
wv(y) is called the harmonic measure of Cy in y with respect to D (Nevan- 
linna 1). Obviously, w(y) is the real part of the analytic function 


(60) wl) 3 fi, pe Plas dee 


wv({y) is regular in D and possesses periods with las to circuits around 
every Cu; they are 


| ton) v9 (y 52) 
(61) 2mtP uv =i f Sy -xf,, ie ng nôn dSydsz = ia , 


The matrix (P) is thus seen to be symmetric. 


* 
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t 


Consider, fors C D, the harmonic function 


(62) . P > Crmy (2) l , 
_ which has on the curve Cy the boundary value Cr. By Green’s theorem we heve 
(63) mJ S (grad v)? h= f o ve | an, Pod 
fy yzi 


` 


This expression is a and vanishes only for grad v = 0, i.e., v(x) 
= const. In this case, all cv are necessarily equal, which leads to the theorem: 


ss | 
The quadratic form >, Pyvtpev is non-positive and vanishes only if ali ev 
pity yolk 
are equal, 


The harmonie function > wy(z) has everywhere on the boundary of D 
y= 
the value 1 and coincides, therefore, in D with the constant 1. Hence, the 


analytic function 5 wy(£) is also constant and its period with respect to a 
. opal l 


whee 


circuit around each Cy vanishes: ' 


: . fi n | . A 
(64) : a l 7 (u= 1, '.n). 


Thus, the sum over every TOW (oe column) in the matrix (Pur) is zero end. 
consequent_y, the determinant of this matrix vanishes. 

Striking out the n-th row and the n-th column of the matrix (Pix), 
we obtain a matrix with a corresponding negative-definite form, thus witk 
` non-vanishing ‘determinant. Let its inverse matrix be (pay), the upper 

index indicating that » and v do not assume the value n. : 


2. By means of the previously defined concepts we may easily construc” 
the function ya(z;y). We consider: the analytic function of s © D, foz 
yC D fixed, ` 


(65) a ET > Pee e AE AD 
It has by (59) and (61) the period 

` n- 
(65”) ro —2riloo(y) — È pw® Ppor (y)] 


with respect to a circuit around Co. For e4 n, the definition of (Ppr ™ 
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insures mo = 0. In order to calculate mn we apply (64) and express Puy by 
means of all Pur (r54 7). It is then easily seen that 


(65) : Ty, == ales (y) +3 w,(y) | = art. 


The function ¢n(2; J regular for ¢ © D with exception of the logarithmic 
pole at y, does not change, therefore, for circuits around Cy (vn) and 
increases by 2rt for a circuit around Cy. Its real part is constant on, every 
Cy; in particular, it vanishes on Cn. Hence, n(x; y) = log fa (x; y), fu(t; 9): 
mapping D onto the exterior of the unit circle, slit along concentric circular 
arcs. Thus, in view of (19), (59), (60) and (65) 


E ~. : . , P iga Saag 
(66). geg =a ae — 2 puen(2)ov(y). 


Analogously, we may construct all the functions ym (x; y} (1S m S n— 1), 
by defining the matrix (pyy'”)), inverse to the matrix obtained by striking 
out in (Pa) the m-th tow and the m-th column. | 


` 3. If yand z are two fixed points in D, consider the analytic function of « . 
(67) bn (@5Y,%) = pa (2; Y) — on(@3 2). 


` It is uniform for every circuit, since the periods for a circuit around -Cn carcel. 
each other exactly. It has logarithmic poles in y and. z and a constant real 
part on every boundary continuum Cy, vanishing in par ticular | on Ch. Thus, 
it is the logarithm of the function which maps D on a plane, slit along con- 
centric circular arcs, so that y goes to infinity 2 to zero and that Cn corresponds 
to an arc of the unit circle. 

' This repr esentation is connected with the following extremum problem : 
Determine a function (30’), univalent in D, which yields the maximum value 
for | f’ (z) |, zÇŒ D (see de Possel, Rengel).. | 

Let D be the domain belonging to the extremal function, Cy its iaa 
curves. Using a point 2 on Cy, we consider the functions (33), wnivalent in 
the exterior of a subcontinuum T of Oy with transfinite diameter p which 
contains %. Superposing such a function on the extremal representation 
D — D, gives a resultant conformal ac of type (30) of D, since 


(68) MOSOR OE enan ae, Fol" 





has at £ = y the principal part S Farben we have 


HADAMARD’S FORMULA AND VARIATION OF DOMAIN-FUNCTIONS. 441 


(9) Pri 2 =T + ol] 
In view of the maximum property of | j (2) | there holds for every function (38) | 


(70) ` Zo)? la o(p?) = 0. 


By if a 
Hence, in virtue of Tanis 3,2, every Cy is an analytic curve z = s(t) with 
the differenti al equation 


1) LOKORO NE T EE 


Without restriction of generality we may suppose f(z) = 0, since A ofa 
constant to f(z) changes neither its derivative nor its normalization (30). 


Thus, all Cy have the form 
(70) oa b(t) = cvet, 0 <-cv = constant, 


i. e., they are all circular arcs around the common center f(z) = 0. 

‘Thus, the extremal function F(z) ; yielding this representation, coincides, 
by the unicity theorem for this type of conformal representation, with a con- 
| stant multiple of exp {dn (z; y, 2) }. Hence, 


(72) 108 1F(2)| =k P — 9(@32) 
"ae » Per on(z) [ev(y) —ev(z)].° 


In aider w dnk the PEET a we obiti m with (29) aa (30°); ; 
for g—> y, we get 


(727) 0 =k log 7 oo —9(y52) 
= 2 BwMou(g) [o (y) —o»(3)} 


On the thie ery i g —> zZ, we get in the same way oo means of the 
development f(z) = F (z) (£ — z) ste -, valid in the neighborhood of the 
point z2, 


(72”) log | f(z) | H+ 905 y) 
| log ex = —"S pyw'ou(2) [or(y) =el] 
By subtracting 72") fain ar) we get | 


(73) log |#(2)| —29(233) + log 4(2) + log dy) 
o +S por [oa(y) —on(2) Lory) — ori). 
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The last term is non-positive, since (pu) is the inverse of a matrix with a 


non-positive inedyeuc form. The maximum for |F (z) | is = an : 


since this value is always attainad in the particular case f (£) = oa ee 


Thus we have proved for the function (82) the interesting inequality 


\ 1 
(74)  T(s;y) =29(x;y) +log d(x) + log d(y) OB eee gi 


-_ 





From (66) we obtain, by comparing coefficients 


1 1 n-i 
Y5 log ——~ = log —~ — X Ppw™ wv(y). 
( 5) og da (y) 0g d(y) PH wn (y)o (y) 
Applying this identity and (66) to (78), we get 
(76) log | f(z) | = 2va(z; y) + log du(z) + log da(y). 


Thus, we have established a simple relation between the domain function 
Yn(z; y) and the maximal derivative of all functions (30’), univalent in D. 
It makes obvious the fact, established. in 4, 1, that the right hand side of (76) 
is a monotone decreasing function of the domain (diminution of the family 
of competing functions decreeses the maximum). 


4, After having shown the significance of the expressions v(x) and 
Puy, we ask now about their variational formulae. We shall derive them from 
(11) and get in this way anew the variation formula for yn(2;y). The 
variation (2) transforms the domain D with boundary curves Cy and Green’s 
function g(z;y) into a domain D* with boundary curves C*, and Green’s 
function g*(z;y). The connection between Green’s functions of both domains 
is established by (11). If the point x describes a circuit around Cy, its image 
point «* turns around the corresponding Cy, and, by (11) and (59), the 
period of p*(2*;y*) with ea to this circuit is 


(7Y) win (y*) =i ae g” (y; 2) dss 


=i f es) dse + tk{e tpp ( ov) fa w eee dsa RE 


One 
whence, by virtue of (59) and (60), 
(78) 0*y(y*) = ov(y) + Ble p?p (203 y) Wla) + 0(p*). 


This formula yields the variation of the harmonic measure ov(y ‘3 Using (61), 
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we derive herefrom the variation formula for the Py. In fact, we have 
from (78): 


cil ne 
(12) Py = 5 Si, ins o*y(y*) dsy 
= Pw -+ Reip? w “y(Zo) . =f Op" CAE y) ds y} -+ o(p?), 
Cu Thy 
hence: in view of (60), 
(80)- P*w = Pp + Boge (20) 0/v( 20) } + 046"), 
The expressions pay are defined by the system of equations 


‘nt A u= Eo 
(81) S pa MPio — Bye — | 0 wo (m,e == 1,' 7 *;m—1). 


We derive from (80) and (81) the following system of equations for ppr ™*: 
n-i i n-i l M 

(82) Sia = 2 >z pa ™"P “ye = 2 pur "Pye 
ae Repu (z0) S aad a(Zo) } + 0(p”). 


Multiplying both sides with pov™ aA summing up with respect to o, we get 
from (81), in view of the symmetry property pp® = py” 


Cai 


(83) a a een È preio (z0) ° Sga Nee +- o(p 2) = Duy, 


Ùe; 
(83) ppv" — prp™ — Rog? S pO r (Zo) -$ pawa (zo)} + op”). 
From (66), (11), (78) and (83) we get finally 
(84) y*n(2* 5 y*) = ya (23y) 
ERI (205%) — = pur af a(e)on(2) IIP (59) 

— poral zo)or(y)] + 06), 
and using definition (8B). | 
(847) y*a(a*3y*) =n (034) +R p n (203 2) $’ fia y)} + 0(p*). 


This coincides exactly with the variation formula (17) for yn(z;y). 


444 - © MENAHEM SCHIFFER. 


6. The functionals of a Riemann surface and their variation. 


1. The above formal relations between the functionals of a domain D: 
g(x3y), ev(y) and Puy recall similar connections between the elementary 
integrals on a Riemann surface and their periods. These analogies are not 
accidental ; they result from the close relations between the theory of conformal 
representation of multiply connected dcmains and thé theory’ of Riemann 
surfaces (see Schottky). | 

The elementary integrals are functicnals of the Riemann surface and we: 
want to study how their variation depends upon that of the surface.. To this 
purpose, we have first to recall certain concepts from the theory of Riemann 
surfaces. | | 


If the Riemann surface P has the genus p = 1, there exists on it a 
canonical system of 2p closed rectifiable curves aj, b; (7==1,:°-°,p), such 
that every pair a;, b; has exactly one point of intersection, while no two curves 
of this system have further commen points. Let v;(x) be analytic on P (i; e., 
it has a convergent development into power series at every point of P), 
with the period 1 with respect to a circuit on a; and the period 0 with respect 
to circuits on every other a. vj(a) is fixed by this condition, up to an additive 
constant-and is called the j-th elementary integral of first kind on P. The 
periods of all v; (æ) with respect to circuits on' the curves bx form the matrix 
(Tie). | 

Let t(x; y) be an analytic function of æ on P, the point y excepted where 
it has a simple pole with residue 1. Let ¢(%;y) remain unchanged if s 
describes any curve aj. These conditions fix t(s; y) up tò an additive con- 
stant; t(s; y) is called an elementary integral of the second kind on P. 

Let w(x;y,2) be an analytic function of x on P, the points y and z 
| T—~ Z 
T — Y 
Let w(s;y,z) not change if x describes a curve aj. These conditions fix 
w(z;y,2) up to an additive constant. wi{x;y,z). is called an elementary 
integral of the third kind on P. . 

The elementary integrals of the first and second kind are uniform func- 
tions of x on the surface P, obtained from P by cutting it along all the curves 
of the system aj, bj. The boundary = of P consists. of the curves aj, bj; but 
every side of each curve being counted separately, every curve appears twice 





excepted where it has logarithmic poles with the principal part log 


in 3. Let f(z) be uniform and meromorphic on P; then 


(85) SEE) = f f(e)ae 
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represents the sum of all residues of f(x) on P. If, in particular, f(x) is a 
linear ‘aggregate of a finite number. of elementary integrals with coefficients 
uniform on P, we may, on the other hand, evaluate the expression (85) by 
using the characteristic periodicity relations of the elementary integrals, men- 
tioned above. Riemann’s method of boundary integration compares both results 
and obtains in this way relations between elementary integrals and their periods. 
Since. we shall use the result later on, we apply Riemann’s method tə 


(86) S{t(z; uw (2;y,2)} = zi f. t(03 u)w (z; y,2)da, Te 


(the dash denotes'as usual the derivative with respect to the first variable). 
Integrating along 3, we have-to pass every curve a; and b; twice, but in oppo- 
site directions. We get from one bank of the curve a; to the other by following 
the curve 6;, and from one bank of b; to the other by describing a; (starting 
always in their common point). t(æ;u) having the period zero with respect 
to every circuit aj, it has the same value on both banks of every 6;; hence, the 


- Integrations along the two banks of b; in (86) cancel each other. . The values 


of t(x; u) on both banks of a; differ by a constant period, depending, however, 
upon u, say p;(u). Thus 


(6) S{t(a5u)w’(e59,2)} =È Le w (2; 4, 2)de- peu), 


1 Bri 


Now, w(2z; y,2) does not hanee after describing a full circuit ax; hence, 
each integral in (86°) vanishes, and their sum also. - 
On the other hand, we have, by virtue of the residue ikee, 


(87) S(t (e; u)w (z5 y,2)} =w (u5 9,2) — [Ely u) — teu] 


This being zero by the foregoing argument, we have established the tolong 
relation between eae integrals of the perona and the third kind: 


(88) ae ay CT eer 


In the same way the following relations are proved: The equalities ) 


(89) a Tjk = Thi } i 
the periodicity relations 
(90) a A im MAG O 


(91) h f, EnDie u) D. 


Zrt 


ka 
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and the symmetry relations 
(9) (s54) =U (y; 2) 
(93) — w(e;zy,2)—w(u;y,2) = w(y; 2, u) —w(2; 2, 4). 


2. After these preparations lət us examine the change of the elementary 
integrals due to a variation of P. It is known that they depend continuously 
upon P (see Ritter, Koebe 2). Bus no explicit formula, describing the depen- 
dency, has been given as yet We consider the following particular variations ` 
of P. : 
Let I2) be uniform and meromorphic on P, with simple poles zv 
(v= 1, +, N) and residues 7» at zv. For sake of simplicity we suppose 
that no Zy Gu k with a branch point of P or lies on a curve of our canonical 
system. Consider the function 


(94) , | ot = x +4- p*f (x) : 


Fix around each zy a small circumference ky, not containing any branch point 
of P or a point of the canonical curve system, such that no two circles 
overlap. Discarding the interiors of ky from P, we obtain-a surface Po with N 
holes. If p is sufficiently small, Pe is mapped by (94) in a one-to-one manner 
on a surface P*, with. NV holes, which can be ae to a closed Riemann 
surface P* (see Schiffer 3). 

Our purpose is to calculate for this variation P —> P* the corresponding 
variation formulae for the elemenzary integrals and their periocs. We remark 
that P and P* are of the same genus and that the variation (94) transforms 
tie system aj, bj again into a canonical system a*;, b*; on P*. The functions 

ži (x), t(s; y), w* (x3 y, 2) „being the elementary integrals ox. P*, the func- 

A v”; (a (x)), U(a* (s); y*(y)) and w*(x* (s) ;y*(y),z"(z)) are given 
on P, by means of (94). If s describes the system aj, bj, its image z* does 
the same with respect to a*;,5*;. We establish now the equality - 


} 1 . d MH (ap «gpk g eee $ a d oe SETTE ee 
(95) x ftev jg (ait dom Fu) J, i ows 2) ae, 


by means of the periodicity properties of t(x; u). In fact, t(@;u) has the 
periods zero with respect to the circuits a; and, by (90), the periods 
— 2mi v’; (u) regarding the bj. Further, w*(x2*;7*, 2*) does not change, if 2* 
makes a full circuit around a*;, i. e., if @ describes aj. ‘Thus, — 


(96) sof tas) Z w (a; 9%, 2) dr = 0. 
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If, on the other hand, u, y, z liè in Po, we may evaluate the last integral by 
Cauchy’s theorem and so derive! from (96), the equality 


d t sie z ate 5 i 
(91) Gwe 2) — Leg 8) — Hosa] 


454 files u) © (at; y", 2*) dee 


pol art 


By elementary development into series, ‘using (94) and the residue theorem, 


- we find 


1 d ate stat als 2 9 f 
(98) oa f te u) de w* (a; y*, 2*) da = — trp t (av; wu) w’ (zy; y, z) oip’). 


In view of (88) and (98) we may write, instead of (97), 
d p a n j d N 5 + 
(99) — w*(u*;y*, 2*) = — w(u; y z) + rrp t (zv ujw (zy, 2) + 0(p*). 
du du pod 


By virtue of (92), (99) may be integrated with respect to u from To to g. 
Applying once more (88), we find i 


(100) w* (a 5 y*, 2%) — w* (x; y*,2*) =w (8; y, 2) — w (To Y, 2) 
N 

-|. 2, Typ" (2v; L, Uy) Ww (zv; y, z) + .0(p?). 
pr 


Now, let x describe the curve b; ; then x* will describe 6*; and, in view of (91), 
(88) and (90), we get by comparison of the periods on both sides of (100): 


(101) mye ) — vj (z*) == 0; - — 0;(z) 


T È rev (20) 0 (254,2) + 0(p*). 


4 


Next, let y describe the curve b and compare once more the increments on 
both sides: 


N 
(102) a” je = Tjik — Dy Typ’ V 5 (Zv) Vea) + o(p). 
| a 


The great similarity between (100),.(101) and (102), on the one hand, and 
(11), (72) and (80), on the other, is obvious. The above formulas determine 
explicitly the variation of the elementary integrals and their periods on 
Riemann surfaces. To their applications on extremum problems concerning 
Riemann surfaces we hope to return elsewhere. 
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EULER-KNOPP SUMMABILITY OF. CLASSES OF CONVERGENT 
SERIES. =! 


t 


By M. S. MACPHAIL. 


In connection with the study of Euler-Knopp methods of summability 
recently made by R. P. Agnew [1], the theorem of the present. note may be 


of interest. A given series to + th +r with partial sums Sn = t + th 
-e o -H unis summable Æ (ry to o if on > o as n—> 00, where 
r ' aoe n ‘ n ' . | : 
E(r): © On = (T) = È ( A= rysy j 
: e NK n : 


r being real or complex. In case Su, converges, we denote its sum by s. It is 
_ well known that on —> s for every convergent series, if and only if r lies in 
the interval 0 <r <1; the theorem of this note shows that cn — s for speci- 
, fied classes of Gaai series, if and only if r lies in H OREN larger 
regions of the complex plane. 


Turorem. If R>1, a necessary and sufficient condition for E(r) 
to have the property that Zun is summable E(r) to s whenever Sune has tts 
‘radius of convergence greater than or equal to E, is that 


(1) 5. |r/R| +|1—r]| <1. 


Proof of sufficiency. Assume that '(1)'holds, and let Zunz” have radius 
of convergence R > 1,`so that Su, converges and s is defined. Choose R, 
such that 1 < RÈ, < R, and - 


(2) |r/By| + |1—r] <1. 
Then 


. & "60 CO 
|s— sa| =| D w| =| X (aRt) k*t] SM D Ry = MR, 
knti ken+i kenti 


* Received September 17, 1945; Revised November 26, 1945. 
1The author wishes to thank Professor R. P. Agnew for the very simple proof 
here given. 
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where M, = Max | usk" | and M: = M:/{Rı— 1). Hence 
KE | | 
sal =È (g) Patea] 
imo \ E 
< 5 () |r |* | 1—r |" Ry 
kg 
= Mo(|7/R,|+|1—r])*% 
and therefore (2) implies that o,—s. 


. Proof of necessity. Take un = (@2)-", where E >,1 and 0 is a complex 
number, for which |8| = 1, to be determined later. Then Xunz” has radius 
of convergence &, and s = Xun = @R/(@R —1). Also, 


Tn = zoil #0 nestor — (68) 
e SN 22 Jie ee 
@R—i OR —1 


If now we assume that Sun is summable H'(7) to s, i. e., that on — s, it follows 
that | 


(r/R) + (1—r)| <1, 


from which (1) is obtained by choosing @ so that |@|—1 and arg (7/@R) 
= arg (1— r). 
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AN ABELIAN LEMMA CONCERNING ASYMPTOTIC EQUILIBRIA.* 


By AUREL WINTNER. 


i 


The original purpose of the following considerations has been a purely 
‘Abelian approach to the principal limit theorem of [1]. Such an approach 
requires the elimination of the explicit machinery of the successive approxi- 
mations, which underly the proof given in [1]. 

It turns out that such a simplification of the methed not only is possible 
but, corresponding to its more primitive nature, is such as to lead to generaliza- 
tions which are not within the scope of successive approximations. In fact, the 
only restriction to be imposed on the function f= f(t; x) defining the 
(vectorial) differential equation 2’ = f(t; x) will be a restriction in the large, 
whereas the convergence of the process of successive approximations can be 
assured only by local assumptions (as exemplified by Lipschitz’s sufficient 
condition). In [1], asumptions of both kinds were needed. In the sequel, 
even the single assumption to be made, the assumption in the large, is more 
general than the corresponding assumption of [1]. i 

Another consequence of the omission of any restriction of a local nature 
will be the inclusion ofi differential equations in which the solutions are not 
uniquely determined by the initial conditions. In fact, the question of unique- 
ness is just-as much a purely local affair as the (loca_) convergence of the 
process of successive aproximaptions. - 

Let f = (ft + -,fm) and s= (£1, -t *, 2) be vectors with real com- 
ponents fi, z; and let |u| denote the Euclidean length of the vector 
U == (tha, ** , Un). Then the generalized Abelian lemma to be proved can 


- be formulated as follows: 


Let f bea continuous function of the position (t;s) on the product space 
of the half-line 0S t< © and of the whole Euclidean x-space. Suppose 
that there exists a pair of functions à, > satisfying 


(1) o . [EED <ae( 2), 


where A(t) and (r) are positive when 0Sr< æ, continuous when 
O<r< æ, and are subject to 


* Received March 22, 1946. 
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Qe i af ADEK o.. 
and ° 
(3) f eo = 


Then, tf vo is any point of the T-Space, and if 

(4) T= z(t), ' —OSt Se elt) 

l as any solution vector of | o 

(5) Fa), a0) =t (P= deydi), 


a is possible to extend (4) to a solution of. (5) over the whole half-line 
0Sico, and every solution vector 


(6) E s=2(0, ERTI 
ws such as to tend toa (finite) hint eee a Si as = co, 


‘This ig the more eens as (for reasons pointed oat above) a solution 
(6) of x’ == f(t; s) need not be uniquely determined by the initial condition 
v(0) = Lo. As a matter of fact, the integration constant (o) (which is 
claimed to exist for every 7(0) and for every choice of (6) when ALO) is fixed) 
need not be a single-valued function of (0). 

Since (1) remains fulfilled if A, @ are replaced by functions A*, $* 
satisfying AS A*, 6S ¢*, and since (2), (8) are restrictions on A, ¢ only’ 
when ¢, r are ie it is clear that, without violating A) and (8), it can be 
assumed that | 


(7) o Da sup A(t) < œ 
i f0 
and , : ' 
(8) 0 lim inf (r) 540, 7 ` (and ¢(0) #0). 
r—>+0 : 


The positive function A(t) is supposed to be continuous when 0 < ¢ <0 
(actually, (2) alone would suffice}. . In view of (7), this implies that, if 
O0<7T< w, there exists a constant À = Àr satisfying A(t) < Az when 
0S?tST. It follows therefore from (1) and (3) that ¢r(r) = aay? is 
a continuous function having the following properties: 


\f(t32)| < prde if OStST 
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and a. “; : O SS 
OO 


| f ORERE 


But these properties, imply that every solution vector (4) of z= f(t; s) can 
be continued over the whole interval 0=1=T (cf. [2], Appendix). Since 
T can be chosen arbitrarily large, it follows that every solution (4) can be 
extended into a solution (6). Hence, only the assértion following (6), that 
is, the existence of æ( œ), remains to be proved. 
To this end, let (6) be any solution of -< = f(t;xz). Then, from. (1), 


\ 


(9) J alye) < J A(t) dt, 


if0<u<v< æ. On the other hand, since | z(t) | and olr) are real-valued 
and continous, and since a real-valued, continudus function cannot leave 
out a value, it is clear that 


, P v 
(10) f @MAOSS lewledewd, 


where a . 
(11) @=a(u,v) = min |z(t)|, B= Blu v) = be x la) 
usta 


Finally, it 1s seen from (9) and am) that there exists a fo arg the ae 
that 


(2) TOEO E wu > te. 


According to (10) and (12), the functions (11) satisfy the inequelity 
ia 
f (dr)/o(r) <1 ifv >u> t. 


e 


In view of (3), this inequality implies that both functions (11) remain 
bounded as u—> œ (hence v—> 0). In order to see this, it is sufficient to 
let v tend to œ while u (> t) is fixed, and to observe that both functions 
- (11) are monotone in u and in v. 

Accordingly, the second of the functions (11) is bounded on the range 
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'O0<Ku<vu æo. This means that there exists a constant, say M, satisfying 
| x(t)| < M, where 0S¢< œ. On the other hand, (8) and the continuity 
of the positive function (r) on the half-line 0 < r < © imply the existence 
of a positive constant, say m, satisfying ¢(r) > m, where o =r<M. Hence 
it is seen from (12) that 


es f t da(t)| < const. if v > u > to. 


u 


Accordingly, the solution vector (6) is of bounded variation, 


A 


` 


fi de(t)| < ©. 


The statement made after (6), namely, the existence of a limiting position 
for the vector (£) as {> œ, is just a corollary of this fact. 


} 
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COMPLEX SOLUTIONS OF PARTIAL DIFFERENTIAL 
. EQUATIONS. $ 


-By HERMAN. CHERNOFF. 


1. Introduction. In order to study solutions of partial differential 
- equations 


(1.1) TG) == Ay + A(z, y)Us + B(x, y)uy + C(x, y)u i 


Bergman considered “classes” of complex solutions of (1.1). Some of these 
“ classes ” have useful properties; their introduction frequently helps in the 
investigation of real solutions‘in a manner which is aralogous to the way’ 
analytic functions of a complex variable help in the study of real solutions of 
the Laplace equation Au = 0 (see Bergman, [1], [2], [3])2 

Let H(z, Z, t)” denote a complex function of the three real variables 2, y 
and ¢.which is defined in a domain of the (a, y)-plane containing the ange 
and for —1Si=1. . 

The totality of functions » A 


(1.2) u(i) =P= S ERDA] Gag 


which we obtain wlien f(£) ranges over the totality of analytic functions of a 
complex variable which are regular at the origin is denoted as the “c:ass” 
6(E) ; E is called the generating function of the class and f is the associate 
of u(z,Z) with respect to the operator P. 

Tf E(z,ZŁ) is a particular solution of a certain differential equation 
associated with (1.1), then every function u(z, Z) in (E) satisfies (1.1). 
and thus (E) is a “class” of complex solutions of (1.1) (See [1], [2], 
[3]): Bergman has shown that to every equation (1. 1), where A, B, and C 
are entire functions of and y, there exists at least one E (z, Z, t) such that 
the class 6 (F) ‘has the following property: If U(a,y) is a real solution of 
(1. 1) at the origin then there exists a function w(z,Z) in @ (E) such that 


* Received November 14, 1945. This paper was’ prepared while the author was a 
fellow under the -Program of Advanced Research ‘and Instruction in SPIERE Mathe- 
matics at Brown University. -o : 

1 Numbers in brackets refer to bibliography. 

_- * Phe notation g (g, 2), will denote g,(2, y) + ig: (2,3 ‘y) where z = æ + iy, z = 1 — ly 
and gu, Ja @ and y are all real. ; 
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U (z, v) = Reļu(a, al: 
i oo at Aa 
This is the basi eai TA the ‘solutions of the Laplace ee 
Au = 0 and the class 6 (1) which is the clas ss of analytic functions regular 
at the origin. i 
' Various questions arise in connection with the. introduction of classes 
of functions. One of them is the problem of the distribution of the b-points 
of a function. u(z,.z) of the class @(#). Just.as in the classical: theory of 
analytic functions of a complex variable this problem consists mainly...of 
‘relations Repween the behayior of 


_ mir, u(z,2)] = (1/27) iie log* | u(re'#, a dp? 
and .. a et - 


mfr, (u(2, 2) —b)*] = (1/2) fe dlog [w(z,2)—b] ` 


for r—> œ. In addition the relations -between these quantities and the coeff- 
cients of the series expansion of u(z,2) at the origin is of importance. 

If u(# %) £b on |è | =r, n[7,(u(z; 2) —b)~*] represents the “ number ” 
of b-points of the function u(z, Z) in |z| =r. (A more detailed explanation 
of what is to be understood by “number” will be given in the next section.) 

We note further that Bergman showed (See [3,§8]) that when the Æ 
function is of a ‘certain form, it is possible io obtain upper bounds for the 
growth of nfr, (u(z, i) — b)*] in terms of the coefficients {Amo} of the 
expansion 

| a 2 
(2,2) = Š, Amn 22", 


Ce 
It is the al of this- paper to: derive an upper err fei . miral z)] in 
terms of > n[r, (u — av) *], and other quantities. This inequality is anal- 


ogous to iie inequality of the Second. Fundamental Theorem of Nevanlinna 
for meromorphic functions. . 

These considerations suggest. de P v TA ‘Picard Jien t to 
complex solutions. of .elliptic equations. It will be seen that under certain 
conditions an analogue can be established. ` 

In Section 6,.certain results concerning coefficients.of the expansion. of 

Slogt |a| =log |a| if |a|=1 a 

. logt |a| =0 if [a| Sr i 

‘In one form the Picard Theorem states that an entire function assumes al finite 

values with only one possible exception. 
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“pseudo-simple ” functions are derived. These results represent a generaliza- 
tion of classical theorems concerning the coefficients’ of the expansion of simple 
(univalent) functions. | 


‘2, Generating Functions of a Special Form. In this section we shall 
describe the general idea of the treatment of certain classes of “ entire func- 
tions” developed by Bergman in [3] and we shall formulate some previous — 
results which will be used in what follows. Furthermore we shall discuss in 
* detail the properties of certain notions which are of importance in connection 
with the study of the distribution of b-points. 

In Bergman’s approach the class of functions 


LD wea— fi BERDUA] qn, 


is of special interest when there exists a function E® (z, s, t) which ‘is an 
entire function of the two complex variables z and s, with the property that if 
| z | = s, then i 4 


(2.2) Blz i t) = B® (2,8, 0. 


Te, an addition, we impose the condition that f(z) be entire. we have a 
class of entire solutions of our elliptic equation such that for | z = § 


a uee o= f. BY (2,8, ORUS] gE rE 


and vs( z) is an entire function of 2 for each value of s. This means that on 
the circle | z | = s, u (z, Z) takes on the values of an entire function of z. This 
property will be the one through which we shall be able to apply classical 
theorems of analytic functions of a complex variable to theorems concerning 
_ these classes of complex solutions of elliptic equations. | 

An example of such a class is the class of solutions of Au + u = 0 where 
E(z, z, t) = git(za)? and hence H)(z,s,t) =e., Thus for |z|=s, 


oO t o 
0 . 


kas Z) = v (z) =f gtst S an [ (2/2) (1 —#)Je i ae == S ano, ‘2 


gn ® 





where J»(s) is the Bessel Function of order n and cn are. positive constants. 
We shall return to this example later. 

In general if vs(2) == Semnz"s", (4, Z) ee (m>n), f(z) = 
Sanz” and EO (z,s, t) == XE ™ (¢)s"z", then the following relations have 
been established by Bergman (See [8,8 7]) 
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= Åv (v + 1) 


l ` 
(2. 4) Can = ey TT) f Bao (i) [LPP ade 
E Anri (n + 4) 
aay Ano = P(n 1) ° 


In order to study the distribution of b-points of a ‘function ‘u(z, Z) the 
following analogue is considered. For an analytic function of a complex ` 
variable, f(z), the number of b-points in a region bounded by a set of J ordan 
curves C on which there are no Ta is 


d= (1/2) B dlog KOL —B). 


This expression also TR for the Ad of ‘the b- ayn 
Anelogounly, we may consider : 


(2.6) d= (1/2ni) f, dog [u(«, ) 0] 


to characterize the region with respect to the value 6 of i Z) if u(z,Z) is 
continuously differentiable along the boundary and continuous in the region 
(See [5]). 7 

The following properties can be’ | if u(z, Z) is. continuously oa 
entiable in xz and y. 


(i) dis always an integer, either negative, positive or zero. For functions 
analytic in the domain, however, d is always greater than or equal to zero. 


(ii) If d, characterizes the region R, with respect to the b values of u(z, z), 
da characterizes the region Æ: with respect to the b values of u(z, Z), and Ry 
and F have no inner points in common, then dı + dz characterizes the 3 ee 
. Rs = h, v'iz with respect to the 6 values of u(z, Zz). 


Gi) If d is not zero then u(z, Z) assumes the value b at least once in the 
region. 


(iv) dis a characteristic of the b-points in the region and does not depend 
upon the region itself. . That is to say, if we deform the region. so that no 
b-points are omitted or added, d remains fixed. Thus every set of b-points 
` which may be isolated from other b-points-by a region, whose boundary consists 
of a set of Jordan curves, has an indes. In particular, an isolated 6-point has 
an index and for an analytic function of a complex variable, the index of a 
b-point is the multiplicity of the value b at the point. “oP. 4 
' We may now define `> 


(2.6) aateli a) —b) =] = (1/2) f 2 dlog [u(#,2) —5]. 
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In the classical theory of functions of a complex variable, if f(z) is 
analytic in |z| =s, n[s,(f(z) —b)~] is defined as the number (counting 
multiplicity). of b-points of f(z) in |z| Ss if f(z) 4b. Our definition 
coincides with this if f(z) has no b-points on |z|==s. If f(z) has b-points 
on |z|= s our definition ‘does not apply.® In the following we shall write 
ñ[s, (fiz) —6)-*] to stand for the number of b-points (counting ieee 
of the analytic function f(z) in |z| Ss. 

' For the class of functions in which we are interested u(z,Z) = vs(z) 
for |z| =s. Thus, if n[s,(u(#%) —b)-*] is defined, 


(2.7) nls, (u(z,Z) —b)*] = n[s,(vs(z) —b}*] = Afs, (vs (2) — 8)" ]. 


Making use of the fact that ñ = 0, Bergman proved (See [3, § 8]) that, if 
it exists, 


(2. 8) nfs, (u(z,2) —0) =] =0. p 


Referring to the example Au -+ u = 0, we had, if f(z) = 2”, 
Jas) | 


Vs (2) ae Cm gm 


If b —0, it is evident that if Jm (s) £0, n[s, os 2) —6)*] is defined and 
thus 


* 
eae 


n[s, u(t 8)*] = BTS, (cm Tale) Aem 


This means that the index of the zero-point at the origin is m. Now, u(z, Z) 
is also zero on the set of circles of radius sv where Jm(sv) = 0. , The index of 
each of these circles is zero for, if we consider for the region isolating the circle 
| z | = sv from all other zero points the ring bounded by |z| == sv—e and 
|z| = sv +e, e small, then the index of the circle is n[s+e, ws Ta | 
—n[s—e,u(z,Z)7]—0.° If b0, we have 


sanee aes > it |b < fom Fals)| 
n[s,(u(z,Z)—b)*]=0° if |b] > | emIm(s)|. 
On each circle for which | | == | cmm (s) |» there are m b-points and it can 


be shown without trouble that the index of each b-point is +1 or —1. Also, 
on the first such circle the indices are each +--1, on the second — 1, on the 


ve, 


5 It is ET that if f(z) is analytic and has b- eats on |2z|=s, then 
although our definition does not apply, the integral of our definition will give the 
number of b-points in | z| < s plus half the number on | 2|=s (counting multiplicity). 

e The convention of integrating in the direction such that the region is to the left 
must be observed and gives the negative sign to n[s — e, u(z,2)*]. 
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third + 1, alternating in this manner until - JaLs) mona so small that 
there are no more of these circles. 

‘Geometrically speaking, if an isolated @-point hes an index of — 1, it 
means that as a small curve is drawn counter clockwise about the b-point in the 
Z plane, the corresponding u(z, 2) points describe a curve drawn clockwise about 
b in the uw plane. An index of —2 would mean that the u(z, zZ) pout 
describe a path which circles wu==b twice in a clockwise direction. 

In addition, a concept used in the theory of meromorphic functions is 
very easily generalized. If f(z) isa meromorphic function then there is defined 


mis. f(e)]—= (1/2) f "log*| F(s) | a. 


Analogously, given a function g(z, 2), one defines (See Bergman [3, § 8]) 


(2. 9) ms, g (z, 2) ] = (1/2) f, logt | 9 (so se?) | do 


if the integral exists. If g(z,Z) = f(z) on | z| = s where f(2) is meromor- 
phic, then m[s, g(z,Z)] exists. Thus m[s, u(z,Z)] exists and if u(z, Z) £b 
on |z] =s, then m[s,(u(z,Z) —b)+] exists too. In addition 


(2. 1) m|s,u(2z, Zz) | = m[s, v(2)]; ms, (w(z Z) — t) >] = m[s,(ve(z) — b)7]. 


We may consider m[s,(u(z,z)—b)™] to be a measure of the intensity of 
the values b near the circle |z|==s. Furthermore, since w(z,Z) is always 
finite, m[s, w(z,Z)]| may be considered as a measure of the growth of the 
function u(z, 2). 

Using the first Theorem of Nevanlinna, Bergman ieee the following 
bounds (see [3, § 8]):: 
If u(z, 2) = SAwn2"Z" and 

(m + n) log (m +n) 


pse 10 B0 oe a A 
m+n n Ayl 1 : 
log | 1/2 ee f. Env ™ (t) (1 — #) dt | 


then for arbitrary « > 0 


(a) max u(z, Z) < 68". m[s, u(z,Z) |< s for s large enough 


(b) nis, (u(z, 2) —b)t1 < cashtt if | ve(0) — b | =. ¢ > 0 where ¢ is an 
arbitrary fixed constant. 


(c) ms, (u(z, 2) Bo < cash if | vs (0) — b f = C, 


COMPLEX SOLUTIONS OF PARTIAL DIFFERENTIAL EQUATIONS. - 451 


3. -An Upper Bound for m[s,u(z,%)] in terms of n[s, (u(z,%) 
—dy)*]. In this section, we shall apply a modification of the second 
Fundamental Theorem of Nevanlinna to obtain an upper bound for 
m[s, u(z, Z)] which will depend largely on n[s,(u(z,Z) — ay)~*] for q values 
of ay. ‘The modification of the Second Fundamental Theorem will be proved 
in the Appendix, because the argument involved is not inherently useful in | | 
our considerations. The theorem ‘may be stated as follows: 

Tuuorps 1. Lf f(z) = co + cre* +--+ is an entire function of z, Co 
and Cy not zero, and tf 4,42," ` `, Qq are distinct finite complex numbers: and 
AEri (F (2) — )*] = 0, then for r >r, and p>r i 


(81) (q—1)m[r, F(2)] S [log (r/n JI È lr, (far) ]]— N: (r) Hsr) 
“where (1) Ni(r) Z0. forrz=i | 
(3.2) (ii) 8.(r) = 56 + [log* | (1/kex) | + 6g log* Re] 


+ (q + 4) log* R + 2q log (24/8) 
+ g log 2 + 4 log* Gen) -+ 8 logt p + 6 log*(1/p—r) 


+ [8 logt m(p, f) + $log | co(r) — a |] 


l (iii) 8= min [| «aı— a|, 1] (nk) 
=- R==max|o| | 
Ro = max {|(1/¢o)|, |1/(co— a) |} 


and 
l i Po e ' S i j 
Tugore{m 1. (a): If na = > Caz” is an entire function of z, y > 0, 
n=À ` 
and cÆ 0 and if Qa, >,a are distinct finite complex numbers, and 


Afl ro( f2) — a) =] = 0; then for r > rı and p >r, (8.1) holds, where - 
Gy Ni(r) = 0 for r= 1 | 
(3.2a) (ii) S (r) eet [log | (1/Aea) | at. 6g log* Re) 
. + (4+ 2g) logt R + 2q log (29/8) + g log 2 
+ 9 log* (1/r) + 8 log* p + 6 log* (1/p —1) 
+ [8 1og* m(p P] + Bog" | 
(iii) 8, Rare defined as in Theorem 1: 


Ry = max {| (1/0) l; |(1/a») |}. 


It is of great importance that all terms in 8,(7) -which are not in the 
brackets are. independent. of the particular function f(z). It is also note- 
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worthy that if ay = 0 in Theorem 1a or # = ce in Theorem 1, then Ry becomes 
infinite and the inequality (3.2) is useless. This difficulty may be overcome 
but to do so will be of no value to’ us because as‘¢p) > ðv, Ro —> œ and in our 
considerations Co will not be fixed. a 


Now, vs(2) = > Cm (s) where ¢m(s} is an entire function of s and o(s) 


is the first coefficient which does not vanish identically. If A= 0, then 
suppose that there is a X such that œ(s) is the next coefficient which does 
not vanish Ha This is equivalent. to assuming that vs(z) = co(s) 
+ (s)z*-++- + - is nota constant for each fixed s. Because an entire function 
which is not identically zero can vanish only on an enumerable set of points, 
one of the following two alternatives holds; except for an enumerable nen of 
values of s along the positive real axis either: 


Case 1. ve(z) = co(s) + (s) Æ +7 - + where c)(8) £ 0 and œ(s) 40 
or Case la. vs(z) = c,(s)2* Ais A where ce(s) £0 and A>0. 


, Thus we may apply Theorem 1 to f(z) = va (2) where $ is not an element 
of the above mentioned enumerable set. We obtain — 


(3.3) (q—1) mfp, vs(2)] S [og(n/rs)] È ars, (v4(2) —a)*] + 8(r,8) 


where 7; = 7 (8), 7 >11(s) and S(r,8) is £:(*) —Ni(r) corresponding to 
f(z) = vs(z). ! 

It was pointed out'that as Co(s) —> a, R, —> o, Ro is a function of s and 
it is important for the sake of our inequality'to have Ro bounded. It is like- 
wise important for us to have |1/e, | j 
case under consideration. On the other hand & and 6 are independent of s. 
Our method of attack'will be to find that set of values of s for which Re and 
| (176x) | or|(1/ex)| are bounded. For this purpose, let us define the following 
sets of values of s along the positive real axis. 


$,(6,c) = the set of points for which | vs (0) —b | = c i.e. |eo(s)—b| Zc 





8a (be) = E “6 © & e < Ta) bl Se “ l els) —b| Se 
85 Sek ee SE ee Se Se Oca Cx (s) =<0 [in case 1] 
8s =“ EE os) Æ0 -o [ja case 1a] 
8a (br) = E SE OOE E a(z)se&b for |z| =r 

Bs(0,c) =“ “e € & < Jole [in case 1] 
Ba(9 0) = 8 Ae © ie Ial) = c - [in case 1a] - 


From these definitions it follows that if co(s) 360, and s€ 3,(a»,c) 


_ 
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08,(0.c) fer v==1,2,---g, then Ro S1/c. Furthermore if se8,(0, c), 
|1/cz, S 1/e. In addition, Ni(r) =0 for r=1.. Thus if co(s) AG and 
cs(s) =Æ 0, i.e. se 83, we may apply Theorem 1 and the definition of &{r, s) 
to state: 


THEOREM 2: If 
(i) ¢(s) #20, c(s) 40 | 
(li) se8,(0,c) %-38i(avc) 18,(0, 6) 98, : v = 1,2, ->q 


(iii). rai 
(iv) p >r 


Then there is a constant c[k, c, q, v] ‘such that. 

(8.4) S(r, s) S ofk, c, q, av] + 4log* (1/r) + 6 logt (1/p —1r) + 8log*p 
R q 
+ 8log* mp, vs(2)] + Slog | ¢0(s) — as |. 


In addition, we have by a similar argument 
. THEOREM 2a: If | 
(i) o(s) 0. A>0 
(ii) s £3, (ay, C) ^ 3,(0,¢) 985 
(iii) rt 
(iv) >r | 
Then there is a constant ce[A, ¢; q, ay] such that 
G 4a) S(r, s) S elà, c, g, a] + 9 logt(1/r) + 6 log*(1/p —1r) + 8 log* p 
| + 8 log* m[p, ve(z) ]. ! 
Now, we ute from (2.10) 
m[s, u(z,2)] = m[s, ve(2)] 
and fisthermore if there are no er of u(z, 2) on |z| =s 
n[s, (ulz, 2) — a) *] = n[s, (vs (2) — a) 1] = ñfs,(vs(2) — a)=]. 


In addition, we have if se3,(a,#), vs(z) ay ‘for la| Sf. Hence 
AEF, (vs(z) — ov) =] = 0. Thus if se 8,(a,#) v = 1,2,- -q, then r,(s) =F. 
We may now apply (3.3) and Theorems 2 and 2a to the case where r= s, 
whence we obtain: 


~ 


a 
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THEOREM 3: If 
G) o(s) 60, als) %0 a 
(ii) se8,(0, C) a8 (an e)a 2, (0, C) a San gafan F), ve=1,2,-- gia 
(ii) s=lands># 
(iv) There are no a-points of u(z, 2) on |z] = 
(v) p>s 
Then 


(3.5) (g—1)m[s, u(2,2)] S [log s/F][ Èi n{s,(u—av)*] + 8 log* p 


TO logt (1/p—s) -+- 8 log* mip, ve (z) | a c[k, s 4; oy] 
+$ log | Co(s s) — ay | 
and we also have 
THEOREM 38a: If 


(i) ex(s) $0, A> 0 


(ii) se 8, (av, 0) ©86(0,c) a 8, a 84a», F) v= og 
(iii), (iv), (v) same asin Theorem 8. B l ` 
Then 


(3. 5a) (g—1)m[s, u(z,2)] S [og (s/F)][ È nls, (u—a)”]] 


+8 log* p + 6log* (1/p — s) + 8 log’ m[p, — 
E. CalA, C, Q; a]. i 


“ 


The inequalities (3.5) and (3. 5a) are the inequalities we desired. It is 
to be noted that the only restriction on p is that p >s. ‘A spécial case of these 
inequalities which is of great importance is the case where p == ps, » constant 
and greater than 1. Then the term log*1/p-—s is bounded and may be 
incorporated into c, or Cp. In addition log* p= log* p + Jog" s and logu may 
also be incorporated into cı OT Cə. 

It is also noteworthy that the above inequalities are quite general in 
the sense that they may apply to any function u(z, 2) which takes on the 
values of vs(z) for | z| = s where vs(z) is entire in z and s. These inequal- 
ities can. now be adapted to the study of classes of solutions of particular 


->g 
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partial differential equations by translating the hypotheses of Theorems 3 and 
3a into hypotheses concerning thé nature of E® (zs, t). 


Before-we prove such a theorem involving E (z, s, t), let us consider the 
following example. 


zample. 
Au-—u—=0; Here E(z;ž, t) — et (2a) (see [2]) 
Hence E (2,8, €} = e8 and, 


side fre F nemaz . 


i 


t?) 2 
Suppose: that 


f(z) =a) + a 4° - . is entire, a) 0, ee 0, 
Then there exists an # such that for | 2| =f 
f(z) = afl + ee? ]- where | 1 |<. 
Thus for | z < F 


(3. 6) va(z) = Gopo(s) [1 + exe] 


e | 
where | e | < $ and po(s) = D et (1 — 1?) 4d, 


Furthermore | 
| Us(%) = o(s) + æl) +- where 
l 1 
(3.7) Co (8) = Qo f est (1 — t) Edt == dopo (S) 
=| 
l 2 
(3.8) . ls) =ü f (1/2) e! (1— #2)*-4dt == axp(s). 
: ~ " -1 


Since po(s) and æ(s) tend to infinity as s—> œ, (3.6), (3.7) and (3.8) 
imply that for s large enough — 


s€8,(0,c) © 8, (a, c) »85(0, c) Aaa yer 1,2 
Now suppose that | 


ae | vs (2)| = Ope” for any positive e. 
z= 2 


Then log* m[ ps, 03(%) ] S log* log* [e*”"*] < (ye) logt s S. 
. Furthermore log | co(s) — ær | S 0+8. 


Thus, if we apply- Theorem 3, (3. 5) gives 


i 
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(3.9)  (q—1) m[s, u(z, 2)] = [log s/F][ È n[s,(u— ov) =] 
B= 1 
+as+ 8(1+v-+ e)logs 

for s large enough and such that u(z, Z) av on |2z|=s. Hence if 
, | | | 
> n[s, (u — a) *] = 0 [+] for any positive «e, and 6 = max [®, 1], 
1 : 

(3. 10) . m[s, u(z, Z)] == O=] 


for any positive e and for the set of positive s for which u(z, 2) 4a. If this 
set of s is everywhere dense as in the case where all «y points of u(z, Z) are 
isolated points, then (8.10) holds for the entire set of positive s by continuity. 


q a 
(3.10) shows that >, n[s,(u—ov)-*] determines an upper bound for 
=i 


m[s, u(z,2)] unless m[s, u(z,Z)] = O[s*€]. 
The result of this example can be generalized to prove the following 


THEOREM 4, I f 
(i) There exists an 12,8,.¢, such that for | z| St, s > 8 
EO (2, s,t) = Bo(s,t)[1+ ae] where ja |Se<i 
and H,(s,t) =H (0,s,t) is real and bounded from below for s > 0 
(ii) EB (zs, t)f[(2/2) (1—#2)] = aoBle(s, t) + rals t) Ee + - 
Gp 0, a(s, t) 20 


(iii) mls) = f B,(s, ) (dt/(1—#)*) 3 oo as 0 


p(s) = | f a(s, t) (1 —t) dt | > œ as s>o 
SE a 
p(s) a | BO (z, 8, t)| 
Then, there is an F > 0 such that 
(3.11) (q—L) als, w(z,2)] S [log s/F] [3 n[s,(u— a) I] 
+ 8 log* log* [p{s)h(s) ] + glog po(s) + 8 logs +e 


for s large enough and such that 


u(z,Z) £ av on | z| =s. 


~ 
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Proof. f (2) == $ ans" ip 0. Thus there is an 7; such that fiz) = 
ao (1-1 6%) where | es | < (1— -¢)/16 for | z| & r, Now # = min (rz; ra). 
‘Then ) 

v(a = f Eos, t)ao[1 + e081] (dt /(1— #2) #) 


where Le | < 1—(14/16)(1—c) <1 a le SF, s>3. Now, since 
Ë, (s, t) is bounded from below for s > 0, there exists an M, such that 


E,(s,t) =—M, + H(s,t) where H (s, t) >0 for s > 0. 5 
Using the fact that po(8) — oo, we have 


yo(s) =f menea as.s > 0. 


Indeed yo(s)/po(s) >1 asso. 


1 +- eet) 1 H(s, a 1 + e+) 
eas, aye wep HC arb) See dt 


= kN; + aoy (8) [1 + eset] 
where | Ny | = 2M, fava + nee 


Now vs(2) ==— dM, . 


ra 


and | «;| = 1—(14(1—e)/16) for s large enough and |z| S&F. 
Thus since yo(s) >- ` 


0_(2) = aoyo (s) [1 + coette] wai | € T < 1 — ano (1—c) for | z| SFs 
. large enough or 


(3.12) e(z) = aopo(s) [1 + ero] where | e, | S1— (10/16) (1 = for 
|z | S7, s large enough. 


Furthermore l 
(3.13) | ¢o(s)| = | dopo(s)| —> œ 
(3. 14) | ce (s) | = | pr(s) | — o, 
Thus for s large enough se 8, (0, c) P 8ı(av, c) ° Pano; c) 8a 8a (av, F). And 
for |2| = 2s - : 
fel] [BO (5, DEDA Pa | 
< h dt/(1—#?)*, 
| Sebo fave 
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Hence et 
logt m[2s, vs(z) ] S logt log* p(a)h(s) + log log = 
and . | | 
log | ¢o(s) — ay | So + log | eo(s) |S ct + log po(s). 


Applying Theorem 3 where p == 2s, we have for all s large enough and such — 
that u(z,2) z£ av on-|z|—s, (3.11) which is what we wished to prove. 
If we know that Max | vs(z) |= w(s), it is evident iat in (3.11) log*log* 


h(s) p(s) may be a by log* log* w(s). 

In Theorem 4 the inequality for m[s, u(z, Z) ] is stated with reference to 
certain properties of #)(z,s,t). In 5, certain classes of partial differential 
equations with known generating functions will be investigated with reference 
to Theorem 4. 


4. An Analogue of the Picard Theorem. The iio statement is 
a simple corollary: of Rouché’s‘ Theorem: If f(z) is analytic in the circle 
|z| <r, f(0) =0 and |f(2)|= |a] on |z| =r then f(z) assumes the 
value « at least once in the citcle | z | < r. This corollary provides a method 
of proving an analogue of the Picard Theorem for certain sets? of complex 
solutions of elliptic equations. The method of attack will first be illustrated . ` 
by an example. l 


Example. Au-— u == 0 HO) (z, s, €) = e*t. Let f(z) = 2 Anz” where 
a,30, 4>0. Then, there exists an ř such that for AE 5, f(a) 
= mò [1 + 6%], |e | < 4, so that for dz |<F 

vg(2) = (1/2) ff, etan2[1 + aeth] (1—4) dt = aap (s) [1 + coe] 
where | e| < $ and where py(s) = (1/2™° f 6st (1 — s?) 4di —> œ as s—> o. 


Thus for |z| =F 
(4:1) [v(a |=} la | als) > o. 


Consider any finite complex number « and suppose that u(z, Z) does not attain 
the value « Then n[s,(uw—a)“] is defired and: 


nls, (u(z, Z) — a) ] == fi[s,{vs(z) —-a@)*] =0. 


Now vs(0) = 0 and for s >F and s large enough and | z | =#, | vs(z)| > | a]. 
Thus vs(z) asumes the value « somewhere in | z | =f. Hence 


? These sets are subsets of certain classes of complex solutions. 
j ' 7 — 
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nls,(u(z, 2) —a)*] = fils, (v (2) —a)] = a[F,(ve(z) —a) 7] = 1 


and our original asumption that « is not attained by w(z,Z) is contradicted. 
This means that u({z,z) assumes all finite values if os associate function 
f(z) vanishes at the origin.’ | PS a 


The above argument suggests the following theorem. 
THEOREM 5. If 
(i) ‘There exists an ri, 5, c, such thai for |z| SE ra 8 >57 
E® (2,8, 6) = B(s, t) [1 fee] where Er | <e <1 
and Pans a == H(0,8,¢) is real and bounded ce below: for s > 0 


(ii) F(2) =S ane ne: A> 0. 


` 


(iii) px(s) = (172) f B(s H (1 — EPP o è ass 0, ` 
à -i , 4 
Then all finite values are assumed by u(z, Z). 


Proof. Since f(z) = 2 an2” - an, = 0, A> 0, there exists an r such 
that for |z| = rs a 
“ f(z) = Aaal[1 + eget] > where | es | < (1/16) (1—c). 


Following. through the argument used to. ee (3,12) in the proof of. 
Theorem 4, we obtain . - | 


(4.2) v9(2) = Am [1 t+ eretè] f (1/2) B,(s, t) (1 — aaa 
| = Zap (s) [1 + eretè] 

Wie ler < 1— (10/16)(1—c) for |z| F= min [r ra], s large 
enough. Thus we have 

(i) ve(0) = 0 - | 

(ii) | vs(z)| =P |a] pm(s) (10/16) (1 — c) for s large enough and 
‘|2|=# Now- given any'value’a, if u(z, Z) does not attain the value a, then | 
n[s;(u——a)*] is defined and | 

nis, (ulz, Zz) — -a)?] = fi{s,(ve(2) = ) =] =0. 

' But for s large enough, 's >F and |z] =F, ea >| a Thus’ v2 (2) 
assumes the value ain |z|<#. Hence i 3 i 
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n[s, (u(z, 2), —a)-?] = ALs, (vs (2) —a)*] = AÇF, (va (2) —a)7*] 21 


and this contradiction proves our theorem. | 

In Theorems 4 and: 5 the conditions on E® (z,8,¢) may be relaxed some- 
what by the following consideration. Suppose that E (z, s, t) satisfies the 
conditions of these theorems and that 


EO (z, 8,t) = g| (2/2) (1— #) | # (2,8, t) 
where g(¢) is an entire Faction of &. Then it is evident that the class of 


entire functions ATE by EH igs included in the class generated by E®. 
Thus the theorems hold for the class generated by F® because they hold for 
- the class generated by FE. 

. It is worth mentioning that Theorem 3 suggests another attack on the 
analogue of the Picard Theorem. If we suppose that there are two finite 
complex numbers a, and @ which are not attained by u(z, Z), we have 


n[s,(u(z, Z) — a1) +] = n[s,(u(z, Z) — a.) 7] = 0. 


Then Theorem 3 states that for a certain set of positive values of s for which 
conditions (ii), (i) and (iv) are satisfied. 


(48 3) m[s, u(2, z)] < 8 log* p + 8 log” m[p, vs(z) ] + 6 log* (1/p—s) 


+ log | o0(s) — ay |+ e. 


~ 


If we could prove that there is a set of values of s for which (ii), (iii) and 
(iv) are satisfied and which has elements tending to «, and there exists an. 
h(s) —> œ such that 


(4.4)  m[s,u(z,2)] = 8 log p +8 log* m[p, ve (2)] + 6 log* (1/p —s) 
S log | co(s) — ar | F A(s) ` 


the resulting contradiction would imply that ulz, Z) assumes one sa the two 
values a ie Gs. 


` 


5. Buie Thus far, all theorems which refer to particular partial 
differential equations refer to them in terms of E® (z,s,¢) only. It would 
be of great value to be able to state theorems in terms of the coefficients of 
the partial differential equations. f 

. Bergman. (See [2,§ 3] and.see also [7]) has given a method of deter- ` 
mining Æ functions corresponding to equations - ‘with certain coefficients. 
Suppose that the equation has the form 
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(5.1) Cake + A(z, S OTe y)u= 0 
or 


(5.1) `` u+ az, = a lnk as a c(z, ž)u = 0 
where we define... = | 
fe = [fo — tify] pei te + tfy] *. 
Then if (i) az = dz 
| (ii) Fe=0 where P——a,—|a|*+ (2,2) - 
it follows that -s = 
H(z, %, t) = exp P (2,2, t) isa generating function of complex solutions 
of (5.1) 
where l 
P(z,2, t) = — f adi + Ž[— 4 f, Fdz}#t. 
0 A 0 
We can now apply our theorems to some of ‘these equations: Corsider, 
for example, the case where | , # 


p 
(i) a(4,Z) = 2 X, Ca (2ž)”, cn real. Hence az is also real. 
l 0 


- (ii) e(z, Z) =a2-+|a|%—y02, yo real. Hence ¢ is also real. 


Then az = di, F= y and F, = 0 whence 
_ (2,4, t) = exp P (2,2, t) = exp [ > (en/m + 1) (22) + 2 (22)* yt] 
| - : 


i o 
E™® (2, s, t) = exp'[ —— 2 (en/nm + 1) 52") + syot] 
and hence FO (2, si> 0, 
We. may now consider the case where 


(iii) a(z, Žž) +£ 0, to <0 
then: - 


Aa (z, 3,¢) has the magnitude of exp La fees Derr 
pa(s) = > 6 exp [= (uofo + 1) ) s2(et)] “for 0 <n 1, p fixed. 
Applying There 4, we have, if f (z) = do $ ay; a prre lo z 0, iA a 


a ‘This rotation has the ne that quantities like “= ares may: be differentiate å 
formally i. e. t, == rR, u= sorpt-t, 


~ 
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(5.2) (g—1)m[s,u(z,2)] 5 [log s/ř][ Ù nfs, (u — a)-2]] 
-+ 8 log* logt A(s) + (e+ | gCo | Jle + 1)52(o) 


ror s large enough and such that u(z,Z) = av on | z | =s. Applying Theorem 
5, we have, if f(z) = ax- a@40,A>0. Then u(z,2) assumes 


all finite values. 
An example of oné of the equations considered above is 


tez + (— 2) + (—2)uz+ [—1+]2]/?—1Ju—0_ 


(Au/4) —Tus — tly + (2? + y — 2)u=0 
and . 
E© (z, s, t) = exp [s? + 2st]. 


For some of the equations above we can get other classes of solutions. 
If the following conditions are satisfied 





(a) | a ey ee > +. e(z, Z) 
_ (b) P= (a2—4./2) 
then we have for Æ (See [%, § 3]) 
E (z, ž, t) = exp [P (2,2, t)] where 
P(z,ž, t) = — f "ad + z[c +32 f "Fdz]t, c an arbitrary constant, 
Q 0 


It can be shown without much trouble that our theorems apply to these new 
classes of solution if | 


Co . 1 
a(z, 2%) = 2 X Gn ( 22)", ca real, e(z, 27) az + |a]? 
n=0 


6. Pseudo-Simple Functions, A classical theorem in the theory of 
analytic functions of a complex variable states that if f(z) == z + e227 + c32? 
+--+ + is simple ® in the circle | z| < 1, then (See [6]) 
| Gm | S kfm) m == 2, 3, °° 
where : 
(2) == 2,  k(3)=3, &(4) = 4.2848, -&(5) = 5.9158 ete. 


There exists a conjecture that if f(z) is simple in |z|<1,|em[ Sm. 


? A function f(z) is said to be simple in a domain if fia) is analytic and simple 
valued and if for every two distinct points 2, and z, of the domain f(z:) # f (22). 
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If f(z) = dy + az + ag? +--+ is simple in a domain it can have no 
points of multiplicity greater than one. Thus if f(z) is simple in |z < p, 
then l . 


(6.1) ñir, (f—«)™] = 0 or 1 for all æ and all r < p. 

On the other hand if | 

(6. 2) nv,(f—a)*] =0 or 1 for all « 

then f(z) is simple in | z| < r and thus 

(6.3) | am | SS (m) | a | (m= 2,8,4,- °°, 


We can now set up an analogue of the concept of simple functions and. 
establish a theorem corresponding to the above for functions u(z, Z) e € (E) 
where Ẹ is a generating function of the type we have been considering. 


DEFINITION. Suppose that u(z, Z) = vs(z) for |z|==s where vs(z) is 
an entire function of the two complex variables z and s. Then u(z, Z) s soid 
to be pseudo-simple in |z| <p if | 


(6. 4) fi|s,(ve(z) —%)*] = 0 or 1 for all « and all s such that 0 < $ < p. 
It is to be noted that if u(z,ž) has no a-points on |z |= s, then 
n[s, (u(z, 7) —a)*] = fi[s,(vs(z) —a) =] =0 or 1. 


We have defined pseudo-simple in terms of vs(z) instead of u(z, Z) to avcid 
complications which occur when u(z,2) has e-points on |z| =s. It would 
also have been possible to define this concept directly in terms of u(z,2z) and 
for a more general set of functions u(z, 2). 

If the function u(z, Z) is pseudo-simple in | z | < p, it does not necessarily 
follow that the inverse function of u(z,Z) is single valued as is the case for 
simple functions. For example consider the case of 


u(z, 2) = (2,(]2|)/| z) = (2/2) [1— (1/8) (2) +° -] 


“Then vs(z) = 21(s)/s. If Ji(s) £0, fi[s,(vs(z) —e)*] =0 or 1 for 
each a If s, is the smallest s > 0 such that J,(s) = 0 then our eae is 
pseudo simple in |z| < s. 

On the other hand if e is a positive number which is small enough, than 
Ji(s) assumés the value e twice in the interval 0 < s < sı. Hence (z, 2) 
assumes e twice in | z| < sı. The reason that ñ remains less than two is that 
the index of the second e point is — 1 and cancels that cf the first. 
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From our definition we see that if u(z,2) is pseudo- i in | A <p 
and vs(Z) = Xemaz”s” then 


(6.5) | cm (s)| = k (m) | o1 (s)|; m= 2 3; 0<s<p 
where | Cn(s) = 5 Cmns” . 
. x n=0 


Tf u(z, Z) = 3Amn2"2", m >n, then en = SA mazes”, Thus we 
have Gm(S) = ZÁmın ns”. Furthermore, as was pointed out in (2.4), if 
u(z,Z)e (E) where E® (z, s, t) = 3E ™ (E) ae then 


= Awl (v + 1) (mn) be} 
A OTE EE a) — r) dt. 


Thus we haye 


THEOREM 6. If u(z, 2) == SAmnz™2" belongs to @(E) where BO (2, s, t) 
ZE wo (4) gegm and u (2, Z) is pseudo-simple in |z| < p» then | 


(6. 5) | èn (8)! <k(m)sm2 | o.(s) | | a, 8B, + OSs<cp 
where 
Le 9 
(6. 6) Cn (s) — 2 An: aso 
and also : 
AT (v + 1) j (m) 2\2-3 n~ 
(6.7) con (8) -> > o fi Bay (a 1—t ) aater. 


Theorem 6 establishes as necessary conditions for u(z,2) e @(# y to be pseudo- 
simple certain relations expressed as inequalities in terms of the coefficients 
of the expansion of u(z, Z). When (6.6) is used we consider for each m an 
inequality in terms of the coefficients Axim». When (6.7) is used we obtain 


` for each m an inequality in terms of {Av}. In these inequalities the functions 


En*(t) occur. These functions are independent of the particular function 
_u(z,z)e4@() which we are considering. It is noteworthy that instead of 
(6.7) we can get relations involving {Avr} for any fixed r. 

In the case where H(z,2,t) is a generating function of the first ‘ind 
i.e. E(z,0,t) =c, E (0,ž, t) = cs (See [1]), it is possible to relax the 
condition on u(z,ž). It is sufficient to assame that u(z,2). is an analytic 
function of the real variables and y everywhere in the finite plane. This is 
enough because this condition implies that the associate function f(E) is entire 
(See [3, p. 300]) and then u(z, a can be expanded -in the power series 
SAmnz"2", m > Nn. 
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Appendix. A Modification of Nevanlinna’s Theorem. The second 
theorem of Nevanlinna was stated in a form which was more convenient for 
our purpose than the one presented in [4,§ 33 and 34]. However our modif- 
cation can be established by a simple change of Nevanlinna’s arguments. We 
start from ([4], p. 65, (15)) l 


(7.1) m[r, F] > È mir, (f — ar) =] — q log (29/8) — log 3 
P= 3 (fw) 
and from [4, p. 66] 
(7.2) m[r, F] 52T (r, f) A CIRI + m(r, SP — a) 
—m(r,f) —Ne(r) + log [(1/kou)| | 
where f(z) = Cy + cuz" a - + is a meromorphic function and Co = 0, cy Æ 0 
and E | . 4 
W,(r) = RN (r, f) —N (r, PI +N VP). 
Now, if we asume that f(z) is entire, then 
N(r,f) = N (r, f) =0 ? 
N: (r) =N (r,1/f) Z0 for r21 
by the definition of N (r, f) given in [4, p. 6]. | 
We also have mir, f] = T[r, f]. Hence (7.1) and (7.2) together give 
(7.8) X m[r, (f—a)=] Sq log (29/8) + log 3 + m(r, f) + m(r, F/P) 
Tah DOM =S — Mir) + log | (1/ker) | 


/ 


or 


(7.3) È m[r,(f—a)] Sm eof + Bele) — ol = 


a“ 


where as 
(1.4) S9(r) —m(r, S/F — a) + mr F/f) +f 10g | B/kte | + alog 29/8. 
Erom [4, p. 67] we have _ 


(7.5) m(r,> (f/f — ay)) < 24 -+ 4 log 3 + 4 log q -+ 4 log* log R 
-+ 2 log* 1/r + 4 log* p + 3 log* 1/p—r + 4 log* P(e, f) 
\-+ 3 log* | 1/6(0)| : - 
where log* | 1/2 (0) | = q log* Ro. 
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In addition we have from [4, p. 61] 
(7.6) m(r, f/f) < 24 + 8 logt | 1/e, | + 2 logt 1/r + 4 log* p 
+ 8 log* 1/p— r + 4log' T (p, f) 
and because Ry =| 1/co |, we have 
(7.7) So (r) < 56 + log* | 1/kex | + 6g log* Ry + 4 log* log* R 
+ 2q log 2q/8 + 4 log* 1/r +- 8 log* p + 6 logt 1/p— r 
+ 8 log* T (p, f). 
From [4, p. 11] we have, 
(7.8) Thr, f—a)] —T Lr, yf —a] = log | e | 
if f(z) — a = cya + ena! +--+ and f(z) is non-constant. 
This together with | F 
(7.9) | Tr, f] —TEr, f —a] | Slogt|a| + log2 
gives | 
© (2.10) mir (f —a) =] + WE fay] + log | o a| +log* La | 
. + log 2 = mfr, f] | 
whence (7. 3”) becomes @ 
(11) (g—A) mfr, f] S ENE, (f— aw) +] — Mar) + SC) 
where . 
(7.12) S(r) S8o(r) + Elogt | a | + glog2+ X log | co— æ | 
if | co —av| 0 
and we obtain our inequality for &, (r). 
(3.2) Si(r) < 56 + log* | 1/kex | + 6q logt Ro a (4-+-q) logt R 
-+ 2q log 2q/8 + 4 log* 1/r -+ 8 log* p + 6 log* 1/p—r 
+ Blog* P(p,f) + E log | é-—a | + qlog?. 
Now if f(z) = -È cuz” is entire where à > 0, these arguments must be 
revised. In the main we shall make use of the same attack. | 


Equation 7.1 still holds. However the proof of 7.2 in Nevanlinna 
involved co. We can go through a similar argument with very few changes. 
From [4, p. 65] we have 
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(1.18) mir, F] S mfp, 1/f] + mln f/f) al Sts (f—w)] 

and (7.8) applied when a= 0 gives 

(7.14) m(r,1/f) = T(r, f) — N[r,1/f] + log Ikie 

We ai apply (7.3) to the function g ea E E >: > and 

(7.15) me(r, L/P) = N Ir, P7 — NT, f7] = log | 1A | + mle F/F 

(7.16) mir, F] S 2T(r f) + mir, P/F — a) — mfr f) — M9) 

log | 1ye | + mir, P/f] 

where Ni(r) = Nír, 1/f) +N (r, F/F) —N (r, P/f) Z0 for r 1. 

Combining this with (7.1)-we have equation (7.38) where 


(7.17) So(r) = m[r, SP/(f — a) ] + m(r, F/F) + log | | 3/0 | 
+ g log 2q/8. , 


Now we may make use of the footnote in [4, p. 61]. 


(7.18) m(r, f/f) < 84+ 5log*|A| + 3 Togt | 1/e, | + 7 logt 1/r 
+ 4 log* p + 3 log* (1/p —r) + 4log* T (p.f). 


The inequality (7.18) was proved on the assumption that the expansion cf f 
has at least two ORE terms. However if f(z) = eð, f/f = à/2 
and thus 


mfr, P/f] — log" | a/r] Slog’ |à | + log" 1/r 
and the inequality (7.18) holds. 


Now, on the assumption that co 5& a, i.e. «vÆ 0, inequality (7. 5).is 
derived where 
Ro = max {| 1/¢y |, 4 1/ov |} 
and 
; (0) = U (co — a) = H (— a) 
‘and thus 
log* | 1/@(0) | Sq log" Ry as before. 


Combining (7. 5), (7. 1e) (7. U we have, for q = 1, and on making a few 
i canna 
(7.19) Solr) < 66 + logt | 1/Aea | + 6q log* Ro + 4 logt tee R 
l -+ 2q log 2q/8 + 9 log* 1/r + 8 logt p + 6 logt(1/p—r) 
4 83 log* m(p, f) + Blog* |A |. 
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Now from equation (7%. 3’) we can go to (7.11) by making use of (7.10). 
In (7.10) ca stands for the first coefficient of f(z) —a. If a540, we have 
c'n = — 4 because there is nd constant term in f(z). Thus we have 


(7.11) (4—1) m[r, f] = ÈN[r, a a ae 


where 
(7.12) Si(r) S So(r) + E logt | av | + glog? + £ log | a | 


| S So(r) + 2q logt R + q log 2 
and thus 


(3.22)  Sa(r) < 66 + log* | 1/Acx | + 6q logt Ro + (4 -+ 2q) logt R + 
+ 2g log (2q/8) + 9log* (1/1) + 8 log" p + 6 log* (1/p—+) 
+ 8 logt m(p, f) + 5 log* | A | +g log 2. 
Finally, v we have, if ñir, (f—a)7*]=—0,r>n 
NEn fa) ]— (CLE (Fon) dt S fil, f — a) >] log n/n 


fı 


whence we obtain our desired result 


(3. 1) (Q — Dmr f (2)] 5 iera Sâl, (f — gv) 7]] 
—N,(r) + s(t). 
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THE INTRODUCTION OF LOCAL CONNECTIVITY BY CHANGE 
OF TOPOLOGY.* 


By Gai S. YOUNG, Jr. 


= L Introduction. Suppose.that S is a topological space, and that G is a 
collection of subsets of S. I shall say that a point P.of S is a G-limit point 
of a subset M of S provided that every open neighborhood of P contains an 
element of G that intersects both P and M — P. . A set is G-closed if it ecn- 
tains all its G-limit points, and is: G-open if its complement is G-closed. These 


- definitions determine a new topology for S—the G-topology—which is actually 


a “topology” in the sense that if S is a Te space originally it is still one in 


_ the G-topology. This is shown in Theorem 1. This G-topology is consistent 


with the original topology in that every G-limit point of a set is a limit point 


of that set in the original topology, but is weaker? in the sense that there are. 
. “less” limit points. The motivation of this paper is in the fact that for 


some choices of G, S is locally connected in the G-topology, though it may 
not have been so originally. This is the case, for example, if G is the 2ollec- 
tion of all arcs of S. When this does occur, it is often possible to prove a 
theorem about § by changing to a G-topology and using properties of Iccally 
connected spaces. For example, consider the following theorem, due to 
Whyburn:? A complete metric space S is arcwise connected if and only if _ 
each two points of S can be joined by a connected and locally connected sahset 
of 8. By taking & to be the collection of all locally connected and connected 
subsets of S, we find from Theorems 3, 4, and 5 that in the G-topology S is 
still complete metric and connected, and is now locally connected. Azcwise 
connectivity follows immediately. In a similar fashion, virtually any th2orem 
on general Iccally connected spaces can be used.to give some sort of theorem 
on non-locally connected iat usually a theorem of no particular 
interest. 

‘Rather little is yet known sisal general locally connected spaces.® It 
seems likely that the concepts of this paper will -become more useful when 

* Received January 4, 1946; presented to the American Mathematical Society, 
September 17, 1945. l Pange 

+ CÊ. Birkhoff [1]. Numbers in square brackets refer to the bibliography. 

? Essentially the second theorem on page 756 of [23]. 


3 Of items occurring in the bibliography of this paper, [8], [14], T21], and [22] are 
particularly important in this connection. . 
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more results are available. The notion of a G-topology may possibly be useful 
when the resulting space is not locally nee but I have found no example ` 
of this. 
One application of these concepts seems interesting enough to deserve 
special mention: That is the following theorem: Let M: be any set that 
contains no arc, let D be a dendrite, and let H be a collection of arcs such that 
each point of M is joined to D by some arc of H, and such that M +.D + H* 


contains only one arc between any two points of M. Then M+ D + H* has 


the fixed-point property.* Section 4 is cevoted to the proof of this result. 
As a preliminary, study is made in Section 3 of a type of generalized dendrite, 
with particular emphasis on the fixed-point property. 

There is a strong relationship between the concepts of this paper and 
certain work of Menger, Whyburn, and Myers. This will be discussed at the 
end of Section 2. | | | 


2. G-Topologies. Notation: We shall often use a description of the 
type of sets forming the collections G as a prefix, in place of the letter G. 
Thus if G is the collection of all arcs of S, we shall speak of the arc-topology 


of 9, or the a-topology. Also for' the cases where G is the collection of (1) all ` 


connected subsets of S; (2) all locally connected subsets; or (8) all rectifiable 
arcs, we shall use the abbreviations (1) c-topology; (2) le-topology; or (3) 
r-topology.5 The original topology of S will be referred to as the o-topology. 
To avoid confusion, names of topological properties will be similarly prefixed 
to indicate in which topology a set has the property: thus, a set may be 
o-connected, /c-compact, c-open, etc. 


Examples: (1) If S is the closure of the graph of y == sin 1/a, then the 
` a~, ¢, le-, and r-topologies are equivalent, and in any of these S is the sum of 
three components, two being open curves, and the third an arc. 


(2) I£S is the Cantor star—the join of a Cantor set and a point—then 
in any of the four topologies used in (1) S is, roughly speaking, the sum of 
uncountably many intervals all mutually perpendicular. 


(3) If is one of the locally connected spaces due to Moore [13] or to 
Kuratowski and Knaster [10] that contains no are, then the c- and le-topol: 
ogies are equivalent, while the a-topology is discrete. In Moore’s example, 


«If H is a collection of sets, J7* denotes the sum of the elements of H. A set K has 
the fixed-point property provided that for every continuous transformation of X into 
itself, some point is its own image. 

6 This notation was introduced by Wallace [19]. 
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which is compactly connected, the compact-continuum topology is equivalent 
‘to the le-topology, while in the other one, which contains no perfect set, the 
compact-continuum topology is discrete. 


t 


THEOREM 1. J fS is a To space in its o-topology, then it is a To space 
. in any G-topology, and every o-open set is G-open. If every element of G is 
o-connected, then every o-component of an o-open set is G-open. 


Proof. Clearly, S and the empty set are both G-open. Let D be the 
sum of a collection of G-open sets, and let P be & point of one of them, say £F. 
The statement that F is G-open implies that there is an o-open set U con- 
taining P such that no element of G lies in U and intersects both P end 
S— E. Then certainly no element of G lies in U and intersects both P end 
S — D, so that D is G-open. 


The product of two G-open sets is G-open, for let D and E be two G-open 
sets and let P be a point, of their intersection. There exist o- -open sets, U and 
V, containing P, such that no element of G lying m U (or V) intersects 
P and S—D(S-—#). The set U-V is o-open and contains no element of 
G that intersects S— D-H. Hence P is not a G-limit point of S—D- E, 
- and it follows that D-# is G-open. The rest of the thecrem is easily proved. 


THEOREM 2. If S is a Hausdorff space’in the -o-topology, tt is also a - 
Hausdorff space in the G-topology. 


THEOREM 3. If every element of G is G-connected, and S is a To space, 
then S is G-locally connected, and if, in addition, every two points of S le 
in an element of G, then S is G-connected. Hence S is a- and Ic-locally 
connected. 


Pr sp Let H be a G-component of a G-open set, D. If H is not ogen, 
it contains a point P which is a G-limit point of D— H. Since each element 
of Œ is G-connected, no element of G that contains P and intersects D — H 
lies entirely in D, so that each such element intersects the G-boundary of D. 
But then every o-neighborhood of P contains an element of G that intersects 
P and the G-boundary of D, so that P is in the G-boundary of D, which is 
‘impossible. It follows that S is G-locally connected. ‘The rest of the theorem 
is ‘obvious. 

It may be thought that for any collection G, of connected sets, S would 
be G-locally connected, but this is not the case. An example which shows this 
` will be given following Theorem 6. . 

A question of considerable importance i is this: Suppose that S has a strong 
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topology, say compact metric. By Theorem 2, for any collection G, S is 
Hausdorff in the G-topology. Even if S wers G-locally connected, however,- 
in general one would prefer to keep the power of compact metri¢ity and not 
have the local connectivity with the weak separation axioms. Will S always 
have a topology that-is not much weaker than its original one? For example, 
will S always be metric if it is originally compact metric? Unless extra 
conditions are imposed on G, such as those of Theorem 4, the answer. to this 
is no. As a simple example, let 8 be the plane, and let @ be the collection 
-of all ares having no more than one point in common with the z-axis.. Then 
S is certainly not metric, nor even a Moore space in the G-topology, for if P 
is a point of the z-axis, the G-closure of every G-open set that contains P 
intersects the complement of P in the z-axis, which is G-closed. 


THEOREM: 4. Let G have the property that if A is a point of an o-domain, 
D, there exist two o-open sets, R and R’, such that (1) R contains K and E 
contains A, and (2) if C is a simple chain® of elements of G, one link of 
which contains A and all of whose links lie in R’, and X is any point of C*, 
then there is an element of G which lies in R and contains X + A. Then if 
S is metric or a Moore space? in the o-topology, it is still metric or still a 
Moore space in the G-topology. 


Proof. Suppose first that S is a Moore space; let Gi, Ge, G3,: - - be-the 
collection of o-regions postulated by Axiom 1 of Moore’s book [14]. For 
each natural number n, let Hn be the collection of all G-open sets R defined 
as follows: If P is a point of an o-region U of Gn, let E be either the maximal 
subset of U containing P such that every two points of R can be joined by a 
simple chain of elements of G lying in Æ; or if this set is empty, let E be P. 
It is easy to see that R is always G-open. Then the collection H,, Ho, Hast +° 
satisfies the first two parts of Axiom 1. Let E be a G-open set, and let A 
and B be points of #. To show that S is a Moore space in the G-topology, 
we need only show that there is a natural number n such that if h is an 
element of H, that contains A, the G-closure of W is a subset of E —B. There 
is a natural number n, such that if R is an o-region of Gn, that contains A 
then (1) the o-closure of R does not contain B, and (2) no:element of G that 


° A collection Ha, Ha. ..,H, of sets is a simple chain irom the point A to the 
point B provided that any two successive sets have a point in common; sets that are 
not successive do not intersect; H, is the only set that contains A; and H, is the only 7 
set that contains B.. The sets H į are the links of the chain. Cf. Moore [14], p. 56. 

TA Moore space is a space satisfying the first three parts of Axiom 1 of Moore’s ° 


book [14]. 
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contains A and lies in Æ intersects S— E. Let D be some definite o-region 
of Gp, that contains A, and choose two o-domains R and- containing A and 
satisfying for D and A the conditions of the hypothesis. There is an integer 
na such that the o-closure of every G-region of Ha, that contains A lies in R. 
Suppose that for some integer `n greater than ne there is a G-region, F, of Hn 
that contains A, and whose G-closure, intersects (9 — E) + B. Ther there ` 
is an element g of G that contains a point, A’, of F, intersects (S — F) + B, 
and lies in Æ’. By the definition of H,, He, Hs,* > +, there is a finite chain, 
C, of elements of G that lies in F, and hence in K’, and contains both A and 
A’. By our hypothesis there is, then, an element g’ of G that lies in R and 
contains A and a point of [(S—F)-+B]-g. But this contradicts the 
definition of n,. It follows that if the topology defined by the collections 
H,, H.; Hs,- + « is the G-topology, then S is a` Moore space in the G-topology. 
But clearly our hypothesis ‘and the definition of these collections show -that 
this is so. SS : 

Suppose now that S is metric. We shall define a G-metric. Suppose that 
no distance in S is greater than 1.8 For each two points A and B of 5 define 
the G-distance p(A, B} as follows: (1) If there is a simple chain of elements 
of G from A to B, let p(A, B) be either 1 or the gredtest lower bound of the 
sum of the diameters of the links of such chains, whichever is the lesser: 
(2) if there is no such chain, let p(A,B) = 1. Let p(A,A) =0. We need 
only show that this metric satisfies the triangle inequality and that it is 
equivalent to the G-topology. Let A, B, and C be three points. If p(A, B) 


- + p(B,C) is less than p(A,C), there exist simple chains, H and K, of 


elements of G from A to B and from B to C, respectively, such that the sum 
of the o-diameters of the links of H and K is less than p(A,C). But H + K 
contains a simple chain, L, of elements of G from A to C, and the sum of thc 
o-diameters of the links of L is less than p(4, C), which is impossib-e. 
Clearly, convergence in the G-topology implies convergence in the g 
metric. Suppose that 8 is a sequence of points converging to a poins, X, in 


the p metric. Let e be any positive number. There exist two o-open sets, 


R and R’ which contain XY and are of o-diameter less than e, and which satisfy 
with respect to S and to X the conditions of the hypothesis. Let Y be any 
point of 8 such that p(X, Y) is less than half the o-distance, d, from Æ tc. 


S—R.. Then there is a simple chain, H, of elements of G from X to F 


such that the o-diameter of H* is less than d. It follows by hypothesis that 
there is an element of G lying in È and containing X and FY. Hence £ 


8 This involves no loss of generality; any metric can be made to satisfy this by 
changing distances greater than 1 to 1. 
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G-converges to X, which completes the proof that the p metric and the G- 
topology are equivalent. 


THEOREM 4(a). Any one of the ase conditions implies the con- 


dition of the hypothesis of Theorem 4: (1) the sum of two intersecting” 


elements of G is an element of G; ee M two points of the sum of two 
intersecting elements of G are joined by an element of G lying in that sum; 
and (3) if D is an o-domain, each two points of the sum of two intersecting 
elements of G that lie in D can be joined by an element of G lying in D. 
In particular, the collections of all arcs, all connected subsets and of all 
connected and locally connected subsets satisfy that hypothesis. 


The G-distance function, p(A,B), cannot in general be replaced by the 
function p’(A, B) defined as the greatest lower bound of diameters of elements 
of G containing A and B, or as 1, if none exists. We do have the following 
result. 


Tmn0reM 4(b). If S is semi-metric, for any collection. G of subsets of 
8, the p (A, B) function defines a semt-metric agreeing with the G- CORON, y 
of 8. 

In general, even for a collection satisfying any of the conditions of 
Theorem 4(a) it is not true that completeness in the o-metric will imply 
completeness in any G-metric. A simple example of this is to let S be the 
plane and to let G be the collection consisting of all points of the x-axis with 
irrational abscissae, and of all connected sets containing no such point. The 
following theorem covers the most important cases.’ 


* 


THEOREM 5. Suppose that S is metric in its o- and G-topologies, and is 
o-complete. Suppose further that G is such that if gı, ga ga’ © -isa sequence 
of elements of G o-converging to a point P, and such that gi + go +: HENS 
connected, then for every o-open set R contaming P there is an integer N such 
that, for every n > N, R contains an element of G intersecting both P and gn. 
Then in the G-metric, p(A, B), S-1s complete. 


Proof. Suppose that P:,P2,Ps3,-** is a subsequence of a, Cauchy 
‘sequence in the G-metric. Then this subsequence o-converges to a point P. 
For each integer 7 there is an integer N; such that if n and m are larger than 


° Considerable difficulty arises in the problem of G-completeness for an o-complete 
Moore space, due to the possible presence in Guy Ga, Ga. .'. . of “large” regions which 
really have nothing to do with the topology of the space. All I ean say is that the 
collections of G-regions defined in Theorem 4 will not always satisfy part (4) of Axiom 
1, though this, of course, does not imply that no set of collections will. 


` 
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N;, Pn and Pm are each at o-distance less than 1/2/ from P and are at G- 
distance less than 1/2/ from one another. It follows that for each two such 
points there is a simple chain of elements of G from Py to Pm such that the 
sum of the o-diameters of its links is less than 1/2’; hence the sum of the 
chain is at o-distance less than 2/2/ from P. It is easy ta select a subsequence 
Qis Qs; Qay: © + of Pa, Po, Ps,- © + such that for each n Qu is at o-distance less 
than 1/2" from P and such that there is a finite chain Gn» of elements of G 
joining Qna and Qne the sum of their o-diameters being less than 1/2*. The 
sequénce of all elements of G which are links of any ane of Gai, G2, Gs,° °° 
clearly o-converges to P. It follows from the hypothesis and the definition 
of the G-topology that Qı, Qo, Qs, > © G-converges to F. Since, ther, every 
subsequence of a G-Cauchy sequence, 8, contains a G-convergent subsequence, 
it follows that 6 G-converges. | 


THEOREM 5(a). If S is o-metric and o-complete, it is complete metric 
in each of the a-, lc-, and Cpo pol gues: 


Proof. To take one case, if a sequence of ares o-converges to a point P 
and has an o-connected sum, then this sum plus P is an o- -continuous curve, 
and the condition of Theorem 5 is easily seen to hold. 

Of particular interest for application is the question of the behavior of 
transformations of S under changes of topology. Of course, the continuity 
of a transformation of S depends not only on the topology chosen for S, but 
also on the topology chosen for the image of S. We shall consider, however, 
only one of the many possible theorems.- l 


THEOREM 6. Ifa transformation T(S) =U of a T, space 8 onto a 
space U 1s 0-continuous, tt is G-continuous for any collection G. If further, 
H is d collection of subsets of U such that for any element g of G each two 
points of T(g) are joined by an element of H lying in T(g), then T is G- 
continuous in the H-topology of U. | ; 


Proof. The first statement is obvious. We prove zhe second. Suppose 
that K is a subset of S and that X is a point of the G-closure of K. Since 
T is o-continuous, T7(X) is contained in the o-closure of T(K) (that is, the 
"closure of T(K) in the original topology of U). If it is not a point of T(K), 
every o-open subset R of U that contains T(X) also contains the image of 
some element g of G that intersects X and K. By hypothesis, R then con- 
‘tains an element of H that intersects both T(X) and Ti kK). It follows that 
` T (X) is in the H-closure of T(K), which completes the proof. 

Except to give the following example, of interest in connection with the 
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work of Whyburn discussed below, I shall not discuss the. equivalence and 


comparison of various types of G-topologies. This example shows that the a 


and lc-topologies are not equivalent. 


Example: Let T denote the plane rectangle with fhe eae (0, +1) 
and (1; = 1) as vertices; let R denote the closure of the set of points of the 
graph of y = sin n/T fo: which 0 <z< l; Tet P denote the point (1/2, 0) 
- dnd Q denote the point (1/3,0). For each posites integer n, let En, Pn, and 
Qn denote the images of R, P, and Q, respectively, under a sense-preserving 
affine transformation of the plane throwing T into the rectangle whose vertices 
are’ (1/(n + 1), +1/n), (1/n, + 1/n); and let: An denote the arc joining 
Qn to Pas: consisting of two vertical intervals and an interval of the line 
y—=1. Let I denote the interval (0,0), (0, 1} of the y-axis, and let S denote 
I+4A,+ RB, + A2 -+ Re 4+ + -, topologized by the plane metric. Then in 
the lc- or a-topologies the sets J and S—J are mutually separated, while in 
the c-topology S is still connected. 

The viewpoint of this section has some See tne in the literature. 
Mazurkiewicz [11] defined and studied for compact locally connected spaces, 
K, a metric which replaced the distance between each two points of K by the 
‘greatest lower bound of diameters-of continua containing the two points. 
Whyburn [24] (see also page 154 et seq. of his book [25]) extended this 
definition to general locally connected metric: spaces by replacing ‘the require- 
ment that the sets defining the new metric be continua with the requirement 
that they be merely connected, pointing cut that Mazurkiewicz’ definition was 
inadequate if the spaces studied were not compactly connected. Whyburn 
exploited this metric—his relative distance transformation—primarily in 
studying plane domains.*° From the standpoint of this paper, Mazurkiewicz 
was studying the compact-continuum topclogy and Whyburn the c-topology 
of their respective spaces, and using essentially. the metric of Theorem 4. 
However, in each case, though the metric changed, the topology of the space 
did not. From another approach, ideas similar to those of this paper have 


been developed ‘in metric geometry by Menger [12] and Myers [15]. For . 


compact metric spaces M in which each two points are joined by an arc of 


finite length (and hence by a geodesic**) Menger defined a metric as the, 


length of the geodesic joining each pair of points. In this geodesic. metri- 
zation, M is convex, but not necessarily tepologically the same. Myers 


10 Some of the general properties of his metric arè valid in the more general’ spaces ; 


of this paper, but I have not explicitly stated these. 
11 For a discussion of these and related topics, see Ghapter vI of Blumenthal’s 
book [3]. 


$ 
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extended this to rectifiably connected menie spaces in kiea by using [or 
the new metric the greatest lower bound of lengths of arcs joining two points. 
He considered many of the properties of such spaces, proving resulcs like 
many of those considered here, and using the properties of the new metric to 
obtain conditions for the existence of geodesics. His results are not szecial 
cases of those herein; if G is the collection of all rectifiable arcs, the G-metric 
is expressed in terms of the diameters and not of the lengths of thes2 arcs, 
so that the -G-metric can become small without the geodesic metric decreasing. 
A unified treatment is of course possible, but it seemed to me that the rather 


‘slight gain was not worth the extra space required. I should also mention 


the work of Hewitt [5] who in other connections used the same genera_ idea 
of change of topology as a method of proof. 


8. Generalized dendrites. .In this section, I shall define a type of 
generalized dendrite and study its properties. I am particularly interested in 
deriving a certain condition for the fixed-point property to hold, but it will 
become clear that the methods used will’ permit a number of theorems 
involving mappings of dendrites to be proved for at least many generalized 
dendrites. It would be possible to shorten the length of this section by 
assuming that we are dealing with a metric space. Though this would not 
greatly affect the use I intend to make of the results of this section to illustrate 
the-use of the preceding section, it seems preferable to obtain as much 


- generality as possible. 


Definition : By a s dendrite ** is meant a aai connected 
Hausdorff space T such that if A and B are two points of T, and A, and A, 
are two simple chains of connected domains from A to B, and A; has more 
than two links, then some link of A, that does not contain A or B intersects 
some link of Ax. Throughout this section T denotes such a space. : 


THEOREM 7%. Under the hypotheses of the ‘definition every link cf A, 
intersects some link of As. 


Proof. Suppose that A, = D,, Da, D3,- © >, where the numbering is in 
the order from A to B, and suppose that for some integer 7, D; intersects no 
dink of A, Then there exist integers + and k such that i<j <k, ard Di 
and Dy intersect links of As, but no link of A; between D; and Dy intersects 
a link of As. There exist two points, X and Y, in P; and Dz, respectively such 


12 This is not the same as the generalized dendrite recently defined by Shanks [17], 
which is a generalization removing local connectivity. My generalization is along the 
line of Moore’s dendron [14], Whyburn’s denodular sets [22], and Wallace’s trees [18]. 
In each of the spaces considered by these authors, their term is equivalent to mine. 


m 
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that A, and A, contain subchains from Y to Y. But-clearly the existence of 
these subchains contradicts the. ca of T. 


THEOREM 8. Jf the closed si H separates the point A from the pomi B 
in T then some point of H separates: Å fr om B in T. 


Proof. Let Cı be the component of T — H containing A and let C; be 
the component of T — (0, =C)) that contains B. Suppose that the boun- 
dary of Cı contains two points, X and Y. There exist mutually exclusive 
connected domains, D and E, containing X and Y, respectively. Then C,, D, 
and Cə, and C,, E, and C are two chains contradicting the definition of T. 


THEOREM 9. If A and B are two points of T, they are the non-cut points 
of a bicompact and (sequentially) compact, locally connected, connected set, 
H, such that each point of H— (A + B) separates A from’ B in T. 


| Proof. Let H denote the set of all points P such that if A is a simple 
chain of connected domains from A to B, then A* contains P. If the point X 
of H — (A -+ B) does not separate A from B, there is a simple chain, A, 
from A to B of connected domains no one of which contains X in its closure. 
Then Aë contains H, but not X. Hence every point of H—(A+B) 
separates A from B, and therefore belongs to H. We now show that H is 
bicompact. Let G be any collection of domains covering H. Let G’ denote 
the collection of components of T— H; there is a simple chain of connected 
domains from A to B every link of which is either a domain of G” or a com- . 
ponent of a domain of G. Bicompactness follows readily. 

If H is not connected, then there exist two points, X and Y, of H such 
that no point of H is between them in zhe separation ordering of H. There 
is a domain D containing X such that D: Y =—0. Then D— D separates 
X from Y in T. By Theorem 8, so does some point, Z, of D—D. But then 
Z belongs to H, which is impossible. 

The other properties of H follow from the results of F. B. Jones [7], 
since it is easy to see that H is linear in his sense, or they are not hard to 
prove directly. 


THEOREM 9(a). If T is separable, or 1s a Moore space, the set H of 
Theorem 9 is a true arc. 


Proof. The argument used in the proof of Theorem 6 of my paper 
[26] can be modified to prove that if L is a closed subset of a locally connected 
Hausdorff space, M, and K is a countable set of points of M dense in L such. 
that each point of K either belongs to L or is separated from some point of 
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L by some’ other point of L, then L is separable. Hence M is separable, and, 
by Theorem 10 of Jones [7], is a true arc. For a Moore space, this is a conse- 
quence of Theorem 2, p. 432, of Moore [14]. 


~*~ 


THEOREM 10.3% Every connected subset of T is ttself a generalized 
dendrite. ) 


Proof. If C is a connected, locally connected subset of T, cleerly it 
follows from Theorem 9 that it is a generalized dendrite. Suppose that the 
" connected subset C is not locally connected at a point A. There is a connected 
domain, Æ, of T containing A, such that C- Æ is not connected. From the 
argument in Theorem 9 each two points of R are joined by a “ pseudc are” 
lying in R. If its ends lie in C, so does the “ pseudo arc.” This gives a 
contradiction. : | 


THEOREM 11. Jf T is either (1) bicompact and separable; or (2) a 
separable Moore space hawg only a , countable number of non-cut points, then 
T is metric. 


» Proof. We shall show that T is metric under the first hypothesis. If K 
is a countable subset of 7’ dense in T, select for each two points of K a point 
of T that separates them; let K’ denote the set of all such points. Cleazly K’ 
iè countable and dense in T. Let G be the collection of all connected open 
sets whose boundaries are finite subsets of K’; since there are only a cowatable 
number oz finite subsets of K’, it readily follows that G is countable. Lat P 
be a point and Æ be a connected open subset of T containing P. For each 
point.X of the boundary of R choose a point Px of K’ separating X from P; 
let Dx be the component of T — Px that contains X. Since T — R is closed, 
a finite collection of domains Dx covers it. Let H denote the sum of their 
boundaries. Then H is a finite subset of K’ and the component of F — H 
that contains P lies together with its boundary in Æ. Consequently, T is 
regular in the sense of Alexandrofi and Urysohn [25] and is completely 
separable ; therefore it is metric. 

In the second case, by a theorem of Jones [6], if every uncountable 
subset of 7 has a limit point, then T is metric. If K is an uncountable subset 
of T, the argument used in Theorem 72 of Chapter I of Moore [14] proves 
that some two points of T are separated by uncountably many points of K. 
It follows from Theorem 9(a) that K has a limit point. 

Neither of the hypotheses of Theorems 9(a) or 11 can be weakened by 
the omission of any condition and still have the theorems remain true On 


14 Cf. Theorem 32, p. 116, of Moore [14]. 
10 
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the other hand the condition of separability alone lets us strengthen the 
topology of T into a metric space. 


THEOREM 12. If T 1s separable, then there is a biunwalued continuous 
transformation of T into a connected subset of a compact, metric dendrite. 
If in addition the sum of every monotone increasing sequence of ares of P is 


contained in an arc of T, then this subset is closed. i 


Proof. The argument given by Whyburn in [21] to prove a similar 
theorem for metric, separable potentially regular sets, and which is closely 
related to the proof of Theorem 11, is sufficient under our hypotheses to prove 
that T can be mapped in the desired way onto a metric generalized dendrite. 
The proof consists essentially in redefining “ neighborhood ” to mean a com- 
plementary domain of a finite subset of the set K’ defined in Theorem 11, 
and proceeding as in that theorem to prove that T is metric in this new 
topology. Then either Theorem A; of Whyburn’s [21] or Theorem 8.2 of 
his [22] shows that T can be mapped onto a subset M of a crepe dendrite D 
by a transformation f(T) =M of the desired type. 

. To prove the rest of the theorem, let X be a point of M— M, if any 
exists. Then there is a sequence, Xi, XY2,X3,- © © of points of M approaching 
X such that for each n Xn separates Xn, from X in HM. .The sequence X,Xo, 
XXa, XXa °° of ares of M is monotone increasing, and hence so is 
F (X:X:), f> (XX), > +. In T there is an are AB irreducibly containing 
all these arcs. Then f(A + B) = X -+ X., which proves that M is closed. 

We are now in a position to prove “he fixed-point theorem fot generalized 
dendrites mentioned above. This theorem will be stated for a generalized 
dendrite which is a Hausdorff space, but the proof will be valid only for 
arcwise-connected generalized dendrites. The reason for this is that it is 
possible to give a proof for the general case merely by modifying the argu- 
ment for Theorem 2.1 of Chapter XII of Whyburn’s book [25], closed, 
connected subsets taking the place of the A-sets, and the existence of certain 
intersections being guaranteed by the condition of the theorem. But such a 
proof would have little novelty, and I prefer to give the more restricted one 
here, which indicates a general method for studying transformation properties 
of certain generalized dendrites by means of Theorem 12. 


THEOREM 13. A sufficient condition that a generalized dendrite T have 


ama 


11 Cf. Wallace [18], where he proves a similar theorem for certain point-to-set 
mappings of bicompact Hausdorff trees. My result generalizes his for point-for-point 


'' mappings. I have not obtained a full generalization. 
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the fized-point property is that eas sum of any increasing es sequence of 
pseudo. arcs of -T. be contained in-a pseudo are. : 


Proof. Assume T to be arcwise connected. Let f(T) be a — 
transformation, of T into itself. Let A be any point of T.. If f(A) == 
where B is not A, then the image of the arc AB, f (AB) ,is a compact. con- 
tinuous curve intersecting AB in at least B. Indeed, for each positive integer 
n, f"(AB) is a compact continuous curve intersecting f**(A4B). Hence the 


e semi-orbit, H, of AB is a completely separable, connected subset of, T, and 4 -` 


is a separable subcontinuum of T which is mapped into itself by f. There is 
a mapping.g(H) onto a compact dendrite K catisfying the conditions of - 
Theorem 12, since clearly every increasing sequence of arcs of H.is contained 
in an arc of H. The mapping gfg*(K) is a continuous mapping of K into | 
itself, for suppose that Xa, Xa, X3,° © + is a sequence of points of K converging 
to a point x. Then ‘it is easy to see that no point of H separates 
gX: T Xat Ape) on g>(X) in H; and hence that no point of 
A separates fo (Xr+ X: ee ig from fo? (X). }. It follows that no point 
of K separates gf” (Xi+ X,+- +) from nT (X) in K, and since this is 
‘also true for any subsequence of ne X» ++, that gfg?(X) is a point or 
a limit poirt- of gf (Xi + 42+: °°). Tt follows from the Scherrer 
Theorem—Theorem 3. 21'`of Chapter XII of [25]—that there is a pont Y 
of K such that gig (¥ i= =- Y. Then fg*(¥) = g1(Y), which proves the 
theorem. a i oe 
THEOREM 13(a). If T is arcwise connected, the condition of Theorem 
13 is also necessary. | Í 


Proof. If there is a sequence ve ares of T A aati ang our x oondition, 
then it follows that there is a ray Rin T. There is a retraction f(T) = 
throwing. each component of 7’— R into its boundary point, and there is a 
“translation.” of R,.g(R) = R, where R is a proper subray of R. Then the 
transformaticn: gf (T) is continuous and leaves no point fixed. l 

That. the condition of Theorem 18. does not imply local compactness or 
separability, even if T is metric, can be seen by letting T denote the set: af all 
points in or on the unit: ‘square, with distance between two points defined as 
the length of the arc joining the points composed of vertical intervals and, if . 
necessary,. an interval of the z-axis. Nor, in general, doés it even imply the 
existence of two non-cutpoints, as will be seen below. ` Also in general, the 
condition is not necessary. If « is any ordinal greater than 1, by an a-arc 
I shall mean the set obtained by taking the sequence of ordinals up to and 
including æ end inserting an open line segment between each two consecutive 


7 
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ordinals, with the topology defined in a natural way by the order. In this 
order topology, an a-arc is a bicompact Hausdorff space,” and is a tree in 
the sense of Wallace [18], and hence has the fixed-point property. The set 
obtained from an @-are by deleting a, I shall call an a-ray. Some a-rays have 
no countable sequence running upward through them, and hence have the 
fixed-point property by Theorem 13, but there are still others that have the 


property. 


THEOREM 14. If the a-ray R does not contain an increasing sequence 
G1, Xo, A3,° © © such that no point of R fellows all the points of the sequence 
- and such that for M=2,3,' °° the a-are Anana is of the same or lower 
cardinal than Gn+%m, then R has the fixed-powmt property. 


Proof. Let P be the ordinai 1, and let T(E) be a continuous trans- 
formation of R into itself. If P is not fixed, let T(P) = P’. There is a point 
Q of R which is the first point-to follow all the points of T(PP’), T?(PP’), 
T°®(PP’),- - +, since otherwise there is a sequence contradicting the condition 
consisting of one point from each iterate of PP’. The pseudo are PQ is 
mapped into itself by T, which, with Wallace’s theorem, or Theorem 13, 
completes the proof. 

As another example of the use of Theorem 12, I dal state without proot— 
which can easily be supplied—a partial extension of a theorem of Schweigert’s 
[16], which has been generalized by Wallace [20]. 


Tuzorem 15. If T is a generalized dendrite satisfying the condition 
of Theorem 13, f(T) =T is a homeomorphism, and P ts œ point of T which 
is fixed under f and which is an end point of every are containing tt, then 
there is another poini fixed under f. 


4. A fixed-point theorem. In this section we shall combine the results 
of Sections 2 and 3 to prove that certain connacted sets which exhibit dendritic 
properties have the fixed-point property, even though they are not locally 
connected. The class of sets we shall consider are the arcwise connected sets 
such that each increasing sequence of arcs is contained in an arc. Following 
are several examples of spaces having this property : : 


a) The sum of the unit interval and a collection of Kone perpen- 
dicular to this interval at the points of irrational abscissae. 


18 Cf, Theorem 2. 14, p. 28, of [2]. 
16 This is not the same as requiring that P be a point of Menger order 1. See the 
example following Theorem 13. 
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b) The Cantor star. 


c) The continuum obtained by joining the points of a hereditarily 
indecomposable plane continuum’ to a point not in the. plane by straighż-line 
intervals. i 


That example b) has the property follows immediately from the result 
of Hamilton [4] that every hereditarily unicoherent, hereditarily decompos- 
able compact continuura has the fixed-point property, or from the result of 
Kelley [9] concerning simple links, But neither of these’results applies to 
the other two examples. | 


Turorem 16. Let M be an arcwise connected Hausdorff space which is 
such that every monotone increasing sequence oF arcs 1s contained in an arc. 
Then M has the fixed-point property. | 


The theorem in the introduction is an immediate consequence. 


Proof. In its o-topology, and hence in its a-topology, M contains no 
_’ simple closed curve; hence in the a-topology it is'a generalized dendrite such 
that every monotone increasing sequence of arcs is contained in ar arc. 
Further, by Theorem 12, every o-continuous mapping of M into a subset, H, 
of-itself is a-continuous in either of the topologies of H determined by the 
o- or a-topology of M. Hence by Theorem 13, M has the fixed-point proverty.. 
The same argument proves from Theorem 15 the following result. 


THEOREM 17. If M is defined as above, and f(M) = M is a homeomor- 
phism, and P is a point fixed under f which is an end point of every arc of M 
containing it, then there is another point of .M fixed under f. 


For the three examples given above, this result does not follow from 
Wallace’s gereralization of Schweigert’s theorem. 


PURDUE UNIVERSITY. 
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ON THE SOLUTIONS OF AN ORDINARY DIFFERENTIAL 
EQUATION NEAR A SINGULAR POINT.* 


By PHILIP HARTMAN. 


This paper is a continuation of the considerations of a recent paper by 

. Wintner and the present author [3] dealing with Perron’s [4] generalizetion 

of certain of Poincaré’s qualitative results on the singularity (z, y) == (M, 0) 
of the real (analytic) differential equation 


(1) ry = as + By +: i (BA) 
and the corresponding results of Bendixson on the non-analytic equation 
any = on + By +H (BAD, m—1,2,- + -) 


(cf. Liebmann, [2], pp. 507-512 and Dulac [1], p. 178 for further references). 
Perron dealt with the differential equation 


(2) - $(e)y =f (zy), 


where ¢(z) is any positive continuous function on an interval O0< ca 
satisfying 


(3) é({t) >0asz—>+0 
and l 
(4) f dle) =+ 0, 


and where fiz, y) is a real-valued continuous function on a closed recta-igle 
0S2Sa, | y| <b subjected to the condition that 


(5) f(0,0) =0 

and to the upper and lower Lipschitz conditions 

(6) ex) Kew) m—ml<G (yy), 
(Gbis) | (f(t, y1) — F(z, ¥2))/ (1 — y2)| > e > 0, (41 Y2). 


Perron showed that there are two different situations depending on the 
algebraic sign of the non-vanishing difference quotient in (6 bis). If this 


i 
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sign is plus, there exist two positive numbers a’, b such that every solution 
path y == y(x) of (2) issuing from a point of the rectangle 


(7) A O Std à (a <Sa,¥ Sb) 
satisfies | 
(8) lim Ge =0. 

Be >tO 


If the sign is minus, there exists exactly one solution path y= y(r) 
satisfying (8). . | 

In [8], it was shown that Perron’s analytic proof inyolving successive 
approximations could be avoided by the use of simple geometrical considera- 
tions, and at the same time, the heavy conditions imposed by Perron ‘could 
be lightened to a great degree. The principal theorem proved there was: 


(*) Let. (2), where < essa, be a positive, continuous function 
, satisfying (4). Let f(a,y) be defined and continuous on the (partly open) 
rectangle | . 
(9) R0<254,|¥'S), 
having the property that 1/f (z, y), outside of any fixed vicinity of the origin, 
is bounded for small x and that f(z,b} and f(s, —b) do not vanish for 
0< rZ a and are of opposite signs. | 


(ly af, further, f(2,b) >0 and f(z, —b) <9 for 0< xa, then 
every solution path y == y(x) of (2) issuing from a point (£o, Yo) of the 
rectangle (9) can be continued for all positwe Dn zo) and (8) holds for all 
continuations. ` 


(II) If, however, f(z,b) <0 and f(z, —b) > 0 for 0< xa, then 
there exists at least one solution path u—y(x) of (2) defined for all small 
positive x and (8) holds for all such paths. 


(It may be remarked, for completeness’ sake, that the solution in (II) 
is unique, if f(v, y) is, for every fixed 7, monotone with respect to y). 

In addition to the limit relation `- (8), Perron ‘also considered the behavior 
of the-ratio y(v)/x. Under the condit-ons imposed by him on f(s, y), there 
exists, for small t = 0, a unique continuous function y = 4° (x) such that 
4?’ (0) == 0 and 


(10) Hee) =0. 
Assuming further that . | 
(11). lim y? (az) /x = y exists; 

2-40 A 
and that 


(12) = $(z)/e—> 0, as z > + 9, 
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Perron showed that for any solution path y = y(x} of ( 2) satisfying (8), 
(13) lim y (£) /@ = y. 
; f Z->+0 


The object of this paper is to obtain similar relations under improved zondi- 


` tions by the use of the geometrical arguments employed in [3]. (For another 
- Investigation of similar asymptotic statements in the non-arialytic case of (1), 


cf. Wintner [6] ; the results of this paper are in a different direction, however.) 
In the case of the above italicized theorem (*), it turned out that 

Perron’s (upper) Lipschitz condition (6) was entirely superfluous, while the 

(lower) condition (6 bis) could be considerably. weakened ‘to conditicns on 

f(x,y) near the boundary lines s = 0, y = + b, y==— 5b. In the present 

case, the situation is similar in that (6) is not needed, while (6 bis) is retained 

either in its full strength or, in some instances, in a weakened form. | 
First, the following theorem willbe proved: 


THEOREM 1. Let d(x) bea positwe, continuous function on the interval 
0 < z Z a satisfying. (12). Let f(a,y) be a real-valued, continuous function 
on the partly open rectangle R, (9), and satisfy there. the lower Inpschitz 
condition (6 bis). Let there exist a function y = y? (£), 0 < Sa, satisfying 
| y°(2)| <b, and (10) and (11). If y= y(x) is any solution path of (2) 
satisfying. (8), then (13) holds. 


Proof. It may be remarked that as far as the existence of solutions 
y = y(x) of (2) satisfying (8) is concerned, the conditions of the theorem 
(*) above are satisfied. In fact, for the applicability of (*), y Ae — 0, as 
xz — + 0 could replace (11). : 

It may be supposed that the constant c in (6 bis) is 1; otherwise the 
differential equation (2)'can be divided by c and this factor absorbed in both 
f(z, y) and $(x) without changing either the conditions or the statement of 
the theorem. Also, in order to fix ideas, it will be supposed that the algebraic 
sign of the non-vanishing difference quotient in (6 bis) is plus. The proof 
in the other case is similar. Thus, (6 bis) becomes | 


. (14) 0 f(y) fa 92) >h y IÉ p> Ye, 
for 0< rS a. 
Introducing the new dependent variable 


(15) E © v=v(z) = y(2)/z, 


- the differential equation (2). becomes 


ae nee a 
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(16) | sae = F (x, v), 
where | 
an F(x, ») — [f(a,v0) — (a) ]/2 


is continuous on its domain of definition 0 < s & a, |v | b/s. This func- 
tion satisfies the inequality 


(18) P(@,01) — F(a, 2) > (0. — 22) (1 — $(2)/2) if v1 > va. 


It follows from (12) that for sufficiently small ener A a (x, v) is monotone, 
increasing in v. 

It will be shown that if v is sufficiently small, there exists a unique value 
of v =v (x) such that F(x, v°(x)) = 0 and that v? (s) lies between y? (x)/z 
and y°(x)/(@—¢(x)). That v°(z} is unique follows from the strict 
monotony of F(z,v) with respect to » Now, place v—y°(x)/a# in the 
definition (17) of F(a, v) ; by (10) : 


F(a, 9°(#)/e) =—9(2)6(2)/0? 


which either vanishes (together with y°(z)) or has the same sign as — y°(z). 
If y° (£) = 0, nothing remains to be proved. Suppose, for a moment, that 
y°(x) > 0 for this fixed z; so that xy (s)/ (z —ẹ()) > y°(x) for small 
t>0. Subtracting 0 = f(z, y°(x))/z from the function (17), with v re- 
placed by y°(«)/(«— $(z)), and applying (14) to Yı = TY eye (z — ¢ẹ Gan 
and y: = “y °(), one obtains 


F(z, y°(£)/ (z — $(#)) > 0. 
Similarly, if it is supposed that ° (x) < 0, it follows that F(s, y°(2)/(a 
—(z))) <0. In view of the continuity of F(s,v), this concludes the 


proof of the italicized statement concerning v°(z). 
It follows from (11) and (12) that 


(19) l v (z) —>y ss t>+0. ` 


From (18) and (19) it also follows that if a’ is any sufficiently small positive 
number and if Y = b/a’, then F(z, b’) > Oand F(z,— 6’) <0 fr <r 
and that 1/F (z, v), outside of any neighborhood of the point (s, v) = (0,y),_ 
is bounded for small z > 0 (when |v | Sb). The proof of (*) implies that 


if v== v(x) is any solution path of (16) through a point (2p, vo) of the. 


rectangle 0 < a Sa’, | vo | Sb’, then v(x) can be continued for all -positive 
z(< zo) and for all continuations : 


(20) a —> y as c>-+ 0. 


~ 
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~ 


_ In view of the fact that every solution path y = yix) of (2) satisfying 
(8) corresponds to a solution v— v(x) cf (16). and that | »(20)| 
= | y (T0)/To | SS b/Ta for all x= ap, it can be concluded, by choosing a’ = fo 
(and b’ == 5/a’) for sufficiently small zp, that (20) holds. 

By (15), this proves Theorem 1. 
From the proof of this. theorem and from the e prooi of (*), the following 
corollary may be deduced: 


COROLLARY Í. Let ẹ(z) F a positive, continuous function in the inter- 
val 0 < aa such that | 


(21) lim sup Pe JET =A < + O. 
a—>+0 ' 
Let f(x,y) satisfy the conditions of Theorem 1. Let | 
(22) 3 A< c, n 


~ 


' where c>0 is a constant satisfying (6 bis). If y= y(r) is any solution 


path of (2) satisfying (8), then liminfy(x)/x and limsupy(x)/e lie 
between y and cy/ (ce — À). 


The proof of this corollary merely depends on the fact that, in the proof 
of Theorem 1, where it was supposed that c = 1, one can conclude only that 
lim u PE) and lim inf UEN lie between y and y/(1—A) if (21) raplaces 
(12). . : 

. If i limit y in (11) is zero, this corollary becomes: 


COROLLARY 2. Let (x) be a positive, continuous function on the 
interval 0 < ca satisfying (21). Let f(x,y) satisfy the condixons of 
Theorem 1 with (11) particularized to i 


(11 bis) lim y*(2)/a = 0. 
Let (22) be satisfied. If 3 pubes is any solution path of (2) satisfying 


(8), then 
(13 bis) - lim y (2) /x = 0. 
g—>»+0 


H 


- 


It may be remarked that condition (6 bis) in Theorem 1 cannot be 
replaced by the condition that f(s, y) be strictly monotone with respect-to y 
for a fixed x > 0 (a condition which suffices for (*)}. This may be seen 


` from the example 


Pe aa AF 
xy! = y 


where the solutions are y == 0 or y = [z/2(1 + Kz) lè, K being an arbitrary 
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integration constant. Thus (13 bis) fails to hold except for the solution 
y == 0 even though (11 bis) and (12) are true. 

Nevertheless, Corollary 2 can be improved in some directions; the first 
extension * corresponding to the case (II) of (*) is: 

Tutorem 2. Let (x) and f(a, y) satisfy the conditions of (*) in the 
case (II). Let y*(x), y (x) denote, for a fixed « > 0, the greatest and least 
value of y, | y | < b, for which f(x,y) = 0, and let 
(23) lim y*(2)/e = lim y-(2) /z = 0. 

e370 ` m0 


Then (18 bis) holds for any solution path jm y(x) of (2) satisfying (8). 
Proof. Let e > 0 be fixed and let 8 == 8(<) be so small that 
oa | y> (£) | < ez and | a(x) | < ex if o< r< È. l 
Then. if y == y(x) is any solution path of- (2) a (8), 
(24) y(n) |<<<. 
For suppose, if possible, that for some z == 7, 0 < % <, 
Y) EZ > 0. 


In particular y(Z) > y*(#), and so from the definition of y*, the continuity 
of f(z, y) and the fact that f(z, b) < 0, it follows that f(%,y(%)) < 0. From 
(2), it is seen that 7/(%) <0 and so w(x) increases with decreasing «x at 
=. This situation must pertain for all ¢, 0< eS Since y(%) > 0, 
the relation (8) cannot hold. This contradiction proves (24). 

This completes the proof of Theorem 2. 

For the corresponding case (I) of (*), the above example indicates that 
more stringent conditions are needed. ‘There will now be proved: ’? 


THEOREM 3. Let (x) and f(s, y) satisfy tke conditions of (*) in the 
case (I). Let, in addition, 


1 In [5], Perron proved a similar theorem, namely: If f(x,y) g(x,y) are contin- 
uous on the closed rectangle OSaSa, | y| 5b and f(a,y) =ol(la|+ |y|), gls y) 
o(|>| + |y]) ass, y>0, then there exists at least one solution path y= y (a) of 

[e+ g(s, y)ldy =—cly +f (æ, y) Ida, c> 0, 
such that y(x) 20 and y’(#)?0 as 27+ 0. 
? This theorem is an improvement over thas of Perron [5], Satz 3, p. 129: If g(a,y) 


is continuous on the closed rectangle 05x £a, y|Sb and gix, y) =o(z+ ]y]) as 
w, y > 9, then for any solution y = y {x} of 
wy’ = cy + g (2,4): >l, 


_ satisfying (8); one has (13 bis). 


_ 
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(23) [Fæ > ely] +0(2) as syo (e > 0). 
Finally, let p(z) satisfy (21) and let (22) be satisfied. Then, for any solution 
path y = yix) of (2), (13 bis) holds. 


Proof of Theorem 3. If y*(z) and y~ (s) have the same meaning as in 
Theorem 2, (25) implies (23). -> i 
Now, introduce the dependent variable (15), so that (2) becomes the 


. equation (16). Let y be a fixed number such that y > max(0,y*(x)). “he 


function F(x, y/z) =f (z, y) — yo(«)/e is not less than 
(26) y(c—¢(r)/e)-+0(%) as ty 0 


by (25). From (21) and (22), it is seen that (26) is a positive quantity 
for sufficiently small z > 0. Similarly, if y < min (0, y (x) ), then gF (z, y/2) 


_ is not greater than (26), which is negative for sufficiently small z > 0. 


Consequently, there exist two positive numbers a’, V (a Sa, V&S b} sach 
that for every z, 0 < #0’, there exists at least one value of y, |y [=v 


- for which sF (z, y/£) = 0; and if y’ (£), yr {z}: denotes the greatest and 


least such values of y, then 
y+ (2)/2—0, y (z)/z —> 0, as z -> -+ 0. 


Hence, for every v, 0 < s <a’, there exists at least one value of v, |v | S b/s, 
for which F(z, v) = 0; and if vt (z), v (2) denote the greatest and least such 
values of v, then 

l v (s) -> 0, o(s) > 0 as c+ 0 


(actually v= yr /e; j = 4, /t). 
: Also, froi (17) and (25), 
| F(a, v) | > (e—$(a)/z)|. v|-+-o(x) as a, | ve | — 0. 


The proof of Theorem 3 can now be completed with the same arguments 
used in the proof-of Theorem 1. 
These two theorems yield the following voro lsrs: 


COROLLARY 3. Let f(x,y) bea A i function on the partly open 
rectangle B, (9), and let 


(27) ` f(z, y) = on + By + 0 (2 + |y |) as z, y—> 0 
- where l : , 


(28) © B0 
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Let (x) be a positive, continuous functson on the interval 0 < «Sa and let 
(29) wo p(x)/z >À as z > +0. 

If y = y(s) ts any solution of (2) satisfying (8), then 

(30)  limy(s)/s =—a/ (8—1). 


COROLLARY 4. Let iG, y) be à continuous function on the partiy open 
rectangle R, ee and let (27) hold, but 


la 


p>. 
Let (z) satisfy the conditions a Corollary 3 and 
(31) - a Aa <B. 


_ 


Then ie exist two positive numbers a’, b’ such-that if y = y(z) is a suited 
. of (2) issuing from a point (To, Yo) of the rectangle R’, (7), then y = y (£) 
can be continued for all positive (< to): and (30) holds ee any such 
continuation. i Pa 


Proof of poate 3 and 4. Introducing te new dependent variable 
w= w(2) = y(2) T (8 — AÀ), 
the differential equation (2) becomes Ee 
(32) | o(2)w = g(a, w), 
where the function 
glz, w) = f(t, w— as/ (É — A) ) + a$(2)/(8—A) 


is continuous on the partly open parallelogram ( 0< tS =a, i w — agr/ ( B. —)| 
Sb. From (27) and (29), 


g(x, w) = Bw + o(s + | Ere 


as z— 0 and w— az/(B— A) —> 0, which implies 


g(a, wy) = Bw +o(e+|w|) as T, PETH 


Corollaries 3 and 4 now follow by an a of Theorems 2 and 3,° 
respectively, to the equation (32). 

If conditions of the type (21) and (22) or (29) eal (31) oh h(a) are 
weakened to allow the “ < ” to be replaced by «<? it is easy to see that in 
general no statement concerning the existence of ik limit of y(x)/s can be ° 
made. However, even without assumptions on the zeros of f(z, y), one can 


P 


~: 
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obtain results about the ratio (y,(c)—y2(x))/a, where y =y (z) and - 
y = Y2(x) are two solutions of (2). The first of such statements is: 


THEOREM 4. Let (xc) and f(z, y) satisfy the conditions of (*) in the 
, case (I). Let, in addition, f(z, y) n the lower PRERE condition 
(6 bis). Let (x) satisfy 


(33) | c/b(x) —1/x = 0 for small z > 0, - 


. Where c is a constant satisfying (6 bis). Then, if y =u (z) and y — Yo (x) 
are any two solutions of (2) satisfying (8), 


(84) >’ lim (yı (£) — y2(x))/a exists . 
g—->+0 
(+ œ are allowed in (34)). 


_ Proof,- Again assume, for simplicity, that c= 1,so that (6 bis) becomes 
(14). Introduce the dependent variable eo , so that the — (2) ) 
‘becomes (16). 

Let y == yı (£), y = Y(T) be two. solutions of (2) satisfying (8). It may 
be supposed that' yı (£) = y2(2) for all small æ (otherwise the indices may 
be interchanged for some x). If vı = yi(%)/2, v2 = a) /z, it follows from - 
(16) and (18) that 


(36) (vı — V2)’ = (vı — V2) [1/4() —1/s]. 


From (83) it is seen that (01 — v2)’ & 0, so that vi — v: is a monotone 
function for small z. (34) now follows. 

In analogy with (*), one might expect that the conditions (21) and (22) 
or (29) and (31)-can be replaced by e an integral condition similar to (4).; 
for example, a a like 


(37) | f (c/(x) —1/2)de = + 0, 
However; the solutions of the differential equation 


(t/z — 1/alog2)7y’ =y +a 
eare tx i 


y = ł4z OE ia 
where K is an arbitrary integration constant; so that it is false that (37) 


is sufficient for the existence of a limit of the ratio y@) /a. But (37) may 
` be used to improve Theorem 4 as follows: SO 


THEOREM 5. Let (x), f(x,y) satisfy the ama of Theorem 4. 
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In addition, let (87) be satisfied. If y =y (£), Y = Y(T) are any two 
solutions of (2) satisfying (8), then 
{38) lim (ys («) — y: (2))/z = 0. 
o0 
Proof. Let Yı, Yz, v1, ve have the same meaning as in the proof of 


Theorem 4, so that (36) holds. Consider the differential equation 
w = u| 1/ẹ (£) — 1/2]. 


It is clear from (87) that for any solution 


u = u(x) = (const.) exp (— f [1/$(t) —1/t]dt), 
(89) u(r) — 0, t> + 0. 


Now if vı(£) — v(x) and u(x) have a common value for some z, then, by 
(36), for smaller (positive) z, 


vı (z) — ve(@) S u(r). 


The relation (39) and the fact that vı (1) — v(x) 29 imply (38). 
This completes the proof of Theorem 5. 


QUEENS COLLEGE, FLUSHING, N. Y. 
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LINEAR GRAPHS OF DEGREE <6 AND THEIR GROUPS. g 


By I. N. Kacio. 


_ 1. Introduction. . Let G be a connected linear graph having no simple 
loops (i.e. no arcs with coincident endpoints, or pairs of arcs which form a 
circuit) and each vertex of which is of degree = 3. Any one-one, continuous 
map of G into itself effects a permutation among some or all of its vertices. If 
we denote the vertices of G by a1,° ` *, an then, corresponding to each map T. 
of Œ into itself, there is a substitution 7 on the letters a:,° © *, an. We shall 
say. that G is mapped into itself by the substitution v. Thus, if T denotes the 
group of all possible maps of G into itself, the set of corresponding substi-u- 
tions constitute a substitution group ©. We shall say that a given graph G 
has the group ©, or that © is the group of G, if corresponding to every map 
of G into itgelf there is a substitution of ©, and each substitution of © repre- 
sents a map of G into itself. We shall also say that © has the graph G, or 
that G is the graph of ©. l 

In this paper we seek to determine whether a given graph of Degree = 6 
has a non-identical group (where by the Degree of a graph we mean the 
number of its vertices; to avoid confusion between the words Degree as applied 
to graphs and degree as applied to vertices, we shall use a capital D in the 
former case and a lower case d in the latter) and whether a’ given group of 
degree =6 has a graph.t We shall show that every graph of Degree = 6 
has a non-identical group. The converse of this is not true, for as we shall 
show, there exist groups of any degree > 2 which do not have graphs. We 
shall also give an example of a graph that does not have any non-identical 
group. ‘Thus in general, not every graph has a non-identical group, nor does 
every group have a graph. We shall find the group for each graph of Legree 
< 6, and examine each group of degree <6 to determine whether it has a 


graph. 


* Received January 4, 1946; Revised May 6, 1946. 

1 The second question is a special case of ‘the more general question proposed by 
König in his book “Theorie der endlichen und unendlichen Graphen,” Leipzig (193¢): 
-“ When can a given abstract group be set up as the group of a graph, and if possible 
how can the graph be.constructed?” The graphs referred to by König may also contain 
simple loops. 
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I. 
2. Some theorems on graphs of any Degree, > s 


Definition. ‘Let I be a number defined for a graph G as follows; i if G 
contains the are a) then [yt — Iq? = 1. If G does not contain the are ab then ` 
In? == I = 0. I is called the adjacency number of the pair of vertic2s a, b. 
If G has the property that G contains the arc 7s if and only if it contains the 
are pq, then we have I? — F,r. If G is mapped into itself by a substitution r, 
then an adjacent. pair of vertices must be carried into-a pair that is adjacent, 
and a non adjacent pair of vertices cannot be carried into an adjacent pair. 
In other words, r is are-preserving. Hence if a, b, p, q are vertices.of G such 
_ that (a) = p, r(b) == q, then I = Ag. Similarly if 7 leaves a fixed and 
7(b) =q then Ip? = Ie. 


THEOREM 1. Let + be a substitution on the vertices of a graph G such 
that IP = Ing"? for every pair of vertices p, q, of G. Then there exists a 
one-one continuous mapping o of G into itself such that e(z) = +r(z) for 
every vertex x of G. We shall say that + mans G into itself. 


¢ Proof Let pq be any arc of G. Then, by hypothesis, G contains vd, 
where p = r(p), g =7(q). If p”, q” are vertices such that p” ==1"(p), 
g” =71(q) then, by hypothesis, Ig?” =I oo I; hence G also contains 
~ i - 
pp". 

Let o be a single-valued tr ansformation of G into itself defined as follows: 
‘ Suppose that P is any point of G. (a) If P is a vertex then we set o(P) 
s=7(P). (b) If P is an interior point of an are pq, let Tpg be a continuous 
one-one transformation of the closed are pọ onto the closed arc p’g’, such 
that Tr (p) = pP, Toalg) =g. Let o(P) = Tpq(P). 

Since Tpg is defined and continuous on the closure of pg, and o(p) 
=7(p) = p = Tpl p), (q) =7(¢) =F =Tq(q), it is clear that o is a 
‘continuous transformation which carries every point or G into a uniqua point 
of G. | 

Let o* be a single-valued transformation of G into itself defined as 
follows; if P is a vertex of G let o*(P) = r> (P), and if P is an interior point 
of an are pq, let o* (P) = Tp (P). Then as above, o* is continuous and 
carries every point of G into a unique point of G. It is readily seen that o* 


2 The proof which follows, an improvement over the author’s original proof, was 
suggested by the referee. The author wishes to thank the referee for this and other 
valuable suggestions in the preparation of this paper for publication. 
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and o are inverses of each other. Hence ø is one-one, as well as continnous. 
By definition o (x) == +(x) for every vertex s. Obviously o preserves incidence. 
Hence o satisfies the conditions of the theorem. 

| 


THEOREM 2. If a graph G of Degree % has a group &, a necessary con- 
dition that G be of degree a is that if a; is a vertex of degree 8 of G, then G 
contains at least one other vertex of degree 8. 


Proof. Suppose that a; is of degree 8, and shat G does not contain any 
other vertex of degree 8. If every map T of G into itself leaves a, fixed, then 
the group of G cannot be of degree a, contrary to hypothesis. Hence let T 
be a map which does not leave a; fixed and set T (a) = a;. Then the ares 
incident with a are mapped into arcs incident with a;, any two distinct ares 
on the former going into two distinct ares on the latter. If the degree of gj 
is less than ô this is not possible. If the degree of a; exceeds 8, then there are 
ares on a; which are not the image of any arcs on a;. Since T is one-one this 
is impossible. Hence G must contain another vertex.of degree 8. 


We shall call the group of substitutions on n letters, which transforms a 
plane’ n-gon into itself the n-gonal group. 


THEOREM 3. The complete N-point has the group Gy, = (dide* * * Ge) all. 
As this theorem is well known,’ we omit the proof. 


THZOREM 4. If a graph G is mapped into tiself by the substitution 
o =(1d2° * *Gn) on n of tis vertices dy, 2,° * +, an, then G is also mapped 
into itserf by each substitution of the n-gonal group R on the letters di, `, Gn. 


Proof. o = (a@i@2° `` dn) leaves fixed every vertex of G distinct irom 

the vertices aj, (7==1,:-°+,”). Let psa, be a vertex of G adjacent to a. 

Since o leaves p fixed, Ia? =: + = Ia P = 1. Similarly if q is any vertex 

of G distinct from a,,° © `, Ga, 

laf => j FA , (1) 

Suppose that Ie = 1, (i= 1,'' n—1). Then Ig = 1. Simi- 

larly if 7% = 0, then Ze% = 0. That is% == [7% == [e (the 

®t c {aiti} aiti a (a;+4) aoti 

additions in the subscripts being understood to ke modulo n). Analogously 

ge tere | = 


3 Cf. R. Frucht, “Die Gruppe des Peterschen Graphen ete. Com. Math, Help., 
voli 9 (1937), pp. 217-223. j i 
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Since o maps @ into itself, G is also mapped into itself by each of. the: 
substitutions o°, a,» -,07%7, 

To show that the remaining substitutions of Jt map G into itself, we must 
consider two cases; 1.) n is odd, 2.) n is even. 


Case 1. nis odd. Consider the substitution 
T = (Qty) (lsün-1) °° © (@jGny2-5) © © © (@enssy selbcnsay/2)- 


r leaves fixed any pair of vertices p, q distinct from aj, (j = 1,---,n), and * 
hence any are pg. That is, Ie = 1 From (1), if p is any vertex distinct 
from aj, then ta I ee = [7 T it a; and ap are distinct, let k =} ati: 
Then from (2), _ 


i fi Qi = I aj z= f a (nig) 2 I ORggek memme I Gre J ee I tT laj) 
ak G4+t O(ny9-k) 44 Anag- Gnzo-k t (ax) 


Thus for any pair of vertices u, v of G, Ip* = 1700, Hence by Theorem 1 
t maps G into itself. 

Now any substitution of 93t is a product of a power of + and a power of s 
(for o and 7 are the generators of the 2n substitutions of Nt). Hence any 
such substitution maps G into itself. 


Case 2. n is even. Consider the substitution 
Tes (ran) (dolni) arte (QjGn+1-4) ates (Gn 20cnse) /2) + 


r leaves fixed any pair of vertices p, g distinct from aj. That is Iq? = I7., 
From (1), if p is any vertex distinct from aj, la? = I7 ae If a; and dy are 
distinct, then from (2) 


I lj = I @(ns1-k) sata i NLR merce rf Unire mesg I ras) 
ak G(ni3~k) +4 üni- ünyy-K Tan) 


Thus for any pair of vertices u, v of G, I == I7, Hence by Theorem 1, 
7 maps G into itself. . 
In an analogous manner we can shew that the substitution 


p = (Gein) (GsGn1) © © © (jdnee-z) ° (inca 


maps @ into itself. E 
Since Jt is generated by the substitutions o, 7, and p, any substitution 
of N maps G into itself, 


4Cf. Miller, Blichfeldt and Dickson, Theory and Applications of Finite Groups, 
p. 9. 


gr aph. 


-~ 
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COROLLARY” 1. The’ cyclic group (abc`-  n)eye on n letters, (n > 2) 
does not have a graph. T 


Proof. Suppose that G is the graph of the group (abc: *-n)eyc. Then 
G is mapped into itself by the substitution e = (abe--+-n). But then by tke 
ea G is mapped into itself by the substitution 7, = ae) ` (Ajla i) 

* (Qinin) /2@-nsa) /2) when n is odd, or T= (an) > * (@jOn-jei* 
(Qn/olcnsa)/2) When n is even. Since neither of ‘these substitutions is con- 
tained in the given group this gives a contradiction. 


COROLLARY 2. The group (Gita °° am) eye(pq ° -+s) does not have 
any graph. ` E is 


Proof. Suppose that the given group has the graph G. Then G is mapped 
into itself by the substitution (diaz: * *@n)on n of its. vertices a1, @2,° °°, Qs, 
for the given group is the direct product of the groups ©: = (d:@2° * * aa) Cyc 
and ©, = [1, (pgr: «-s)]., But-by the Theorem, if n is odd @ is then 
mapped into itself by the substitution. 7, = (azan) ` > * (jne2-3) °° 
(aens) /o@ecnas) 2) and if n is. even G is mapped into itself by the substitution 
T2 = (O,0n).* ` (0j0n_ja1) ` - (An/2@m:2/2). Since neither rı nor r; are 
contained in the given group, this gives a contradiction. 


\ 


THEOREM 5. The substitution group (abe: > > +m) pos does not have any 


Proof. Since'the-group contains only positive substitutions, it does not 
contain any transpositions. Furthermore since the group contains all positive 
substitutions. on m letters, it contains in particular the substitution (abe). 
Now suppose that the group has the graph G. Then G is mapped into ‘tself 
by the substitution (abc) on three of its vertices a, b,c. But then G is mapped 
into itself by all substitutions of the 3-gonal group (abc)all, (Theorem 4), 


_ and in particular by (ab), which gives a contradiction. 


3. Example of a grapi not soog any non-identical group. 


. Definition’ We shall, describe a graph G by the symbol | 


E = = [rs i - gy, laa 


where the couples rs,rt,> < -,æy,; >- indicate that G contains the arcs ’ 
FS, rE - etc. : od ah, ek 
By. the corollaries to Theorem 3, and by aneen 4, we oe showr the 


7” 
? 
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existence of groups that do not have any graphs. We now give an example 
of a graph that does not-have any non-icentical group. Let M be the graph 


M = (qr, gs, qt, qv, qu, ru, rv, rw, st, su, tw, uw. 


Let + be any map of M into itself. We shall show that r is the identity. 
Since r is the only vertex of degree 4, T(r) =r, (Theorem 1). Since g is the 
only vertex of degree 5, r also leaves g fixed, and hence carries the are gr 
into itself and permutes the vertices s, t, v and w adjacent to q among them- . 
selves. Since J,7 = 1, J," = 0, r cannot carry v into s. Since J,” = 1, I" == 0, 
t(v) ~t. Suppose that (v) = w, then r carries the set of vertices (q,r, u) 
_ adjacent to v into the set (q,r, t) adjacent to w. Since g and r arə fixed, 
it follows that r(w) == +. But since Ia" = 1, I: = 0, 7 cannot carry u into t. 
Hence 7(v) £w, and the only remaining possibility is r(v) =v. Since + 
leaves v fixed it permutes the set of vertices (g,7,u) adjacent to v among 
themselves, and since q and r are fixed it follows that u also is fixed. Since 
u is fixed r permutes the vertices (7,¥,s) adjacent'to u, and since r and v 
are fixed, s must also be fixed. Since s is fixed r permutes the pair of vertices 
(u, t) adjacent to s, and since u is fixed, it follows that ¢ is also fixed. Hence 
w, the only remaining vertex is also fixec. Thus we have shown that 7 leaves 
every vertex of M fixed, hence also the arcs of M. That is M is invariant 
under r and r= 1. , 

We note that if a graph of Degree «y does not have a non-identical group 
of degree a, it does not necessarily follow that this graph does not have any 
non-identical group whatsoever. For example, the graph Gs of Sec. II below 
is of Degree 5, and does not have any non-identical group of degree 5, but has 
the octic group (of degree 4). 


4. Preliminary Lemmas. The proofs of many theorems of Section III 
are based on the following lemmas, which apply to graphs of any Degree. 


Lemma 1. If a graph is mapped into ttself by a transitwe group of 
substitutions on n of tts vertices Qi,’ ` +, Qn, then these vertices are all of the 
same degree. 


Proof. Suppose that a; and a; are of different degrees. Let o be the sub- 
stitution which carries a; into aj. Then vertices adjacent to a; are carried by 
o into vertices adjacent to aj, each arc aqp incident with a; being carried into 
an are aq incident with a;, and each arc aq’ incident with a; being the image 
of an arc incident with a;. Since o is one-one, this is impossible if a; and a; 
are of different degrees. : 


+ 
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COROLLARY.. The group © =(ubcd), does not have any graph. 


Proof. Suppose that G has the graph G. © consists of the substitutions 
1, (ab) (cd), (ac) (bd) and (ad) (bc). Since © is transitive, a, b, c, d must 
all have the same degree in G. Also if p is any vertex of G distinct from 
a, b, c, d, then every substitution of G leaves p fixed and Ig? = I? = IP = Ia. 
Let K = G — [the set of arcs of G not joining pairs of the vertices a, b; c, 7]. 
Then in K, a,b,c,d are also all of the same degree. 

If a,b,c,d are each of degree 1 in K, then K consists of the two arcs 
ab, cd or of the two arcs ac, bd, or of the two ares ad, be. But then GŒ is 
mapped into itself by the substitutions (ab), (ac) or (ad) respectively. Since 
© contains neither of these substitutions, this gives a contradiction. 

oo a, b,c, d are each of degree 2 in K, then K consists of a circuit, say 
abcd. But then G is mapped into itself by the substitution (abcd), which is 
not contained in ©, giving a contradiction. 

Finally, if a,b,c,d are each of degree 3 in K, then K is a complete 
4-point. But then G is mapped into itself by the substitution (abcd), again 
giving a contradiction. 


Lemma 2. If a graph G is mapped into itself by the substiiution 
o = (abc) (def) on six of its vertices a,b,c, d,e, f, then G is mapped into 
itself by every substitution of some one of the groups © == (abc: def}all, 
©” = (abe: fde)all, or G” = (abc efd)all.’ 


Proof. o leaves fixed any vertex p distinct from a, b, c, d, e, f. Hence 
I? = Ip = I? and Lg? = IP == Ip. 3) 


Also Ia = Lè = Ip = L, Ig) = Ie == If se L, [0° = oa IP = I; 

and 

If = 1,” = I8, It = I; = Iaf. (4) 

Case 1. i 
I, = IÆ l (5) 


k 


Consider the substitution r == (ab) (de). If pq is any arc not incident with 
.&, b, d, or e, then + leaves p, q, and py fixed and hence Ie == Ing’. From 
this and examination of relations (3), (4) and (5) we see that for any pair of 


5 The substitutions of @ are given by G. A. Miller, “ Memoir on the Substitution 
Groups whose degree does not exceed eight,” American Journal of Mathematics, vol. 21 — 
` (1899), pp. 287-337, @' = [1, (abe) (def), (acb) (dfe), (ab) (df), (be) (de), (ac) (ef) I, 
G” = [], (abc) (def), (acb) (dfe), (ab) (ef), (be) (fd), (ae) (de) ]. 
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vertices, u,v of G, Ip* == Iro. Hence by Theorem 1, r maps G into itself. 
Since © can be generated by o and r, any substitutes of © maps G into itself. 


Case 2. L = Æ In. By analogy with case 1 we can show that G is 
mapped into itself by the substitution v= (ac) (ef). Since. © can be 
generated by o and y, any. substitution of maps G into Hee 


Case 3. =I oA By analogy. with case 1 we can slow that G is 
mapped into itself by the substitution p= (bc) (df). Since ©” can be gen- _ 
erated by o and p, any substitution of ©” maps G into itself. | 


Case 4. h= I,—=I,. As in case 1, we can show that G is AT into - 
itself by the substitution 7, and that any substitution of © maps G into itself. 


LEMMA 3. If a graph G 1s mapped. ints itself by the substitution 
+= (abcd) (ef) on six of its vertices a, b, c, å, e, f, then Gis mapped into 
itself by every substitution of the group © == { (abcd) com (ef) }dim. ` 


Proof. Suppose that G is mapped into itself by r. If g is a vertex 
distinct ae a, © +, f, then It = Irt =I o= I1 and Iet = I. Also 
Iot = Iè — Ial = Lat, Im Let, I = 17°, I == Le, Ie = I, [74 mle: 

. Consider the-substitution o — (ac). Tf pq is an are not incident with a 
or c then o leaves p, q, and pq fixed, hence IP = Is it If r.is any vertex 
distinct from a or C, from the preceding T a see that Ile =I," 

= [etr) and Ie a Also Tot = 14°, hence I = for, any pair of 
atte. u and v. That is, e maps G into itself (Theorem 1). Since G is 
generated by o and 7, every substitution of ® maps G into itself. 


Lemma 4. -If a graph G is mapped into. itself by -the substitutions 
7 = (ab) (cd) and o == (cd) (ef) on six of its vertices a, b, c, d, e, f, then G 
is mapped into itself by every substitution of the group G = (ab) (cd) (ef). 


Proof.. G is‘mapped into itself by r. Let q be a vertex distinct from 
a,b,c, d. Then Ial == Irt, I9 = Ial, and It == Lg”, Ie = Ie. 

-G is also mapped into itself by o, hence I == Ja* and. Ie? == Ia. Com- 
bining these adjacency relations with those of the preceding paragraph, we 
have Ie = Igt-=—= I == Ia. | E C T j 

Consider the substitution a = (ab). By discussion similar to that in 
the proof of Lemma 3, we can show that u maps G@ into itself. Since & can 
be generated by +, o, and u, every substitution of © maps Ginto itself. 


ra 
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II. Groups of the graphs of Degree <= 6.° 


The prcofs of the theorems in this section, and Section III, are repetitious 
in form, therefore to keep the length of this paper within reasonable bounds 
we shall for the most part delete these proofs, retaining only a few to illustrate 
the methods used, or those that differ materially from the general method. 
Except where otherwise stated, the omitted proofs are similar in fcrm to 
those of Theorems 2. 1 and/or 2.2 below. 


Definition. We shall say that a graph is admissible if it is connected and 
contains no simple loops and no vertex of degree < 3. 


1. Graphs of Degree 4. The only admissible Hanh is the complete 
4-point Na. N, has the group ©, == (abcd)all, (Theorem 3). 


2. Graphs of Degree 5. There are three admissible graphs, 


G, == N;, the complete 5-point. 
G, == | ab, ac, ad, ae, bc, bd, be, cd, ce] 
G; = [ac, ad, ae, be, bd, be, ce, de}. 


The graph Ga has the group Gs == (abcde)all, (Theorem 3). 
THEOREM 2.1. G, has the group ©; = (abc)all (de). 


Proof. It is readily verified that any substitution of ©, maps G: into 
itself. Suppose that G, is mapped into itself by a substitution 7. Since d 
and e are the only vertices of degree 3, + either ete this pair fixed or 
inter ey them. o 


Case 1. r leaves d and e fixed. Then 7 = aa where a, B, y is some 
permutation of the ae a,b,c. Now ©; contains a substitution o such that. 
Cre Ce). Hence ro? == 1 and 7 = o£ Gs. 


Case 2. 7 interchanges d and e. Then r= (2%) (de). Since G5 con- 
tains the substitution » == (de), to™u = 1. Hence t= poe Gs. 


THEOREM 2, 2. Gs has the octic group on the four letters a, b, ¢, d. 
Gs does not have a group of degree 5. 


Poal Since Gs has only one vertex e of degree 4, it cannot have a, 
‘group of degree 5 (Theorem 1). 

It can readily be verified that G3 is mapped into itself by the substitution 
. o= (abcd). Hence by Theorem 4, Qs is mapved into itself by every sub- 
stitution of the octic group N, (= Bs). 
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Suppose that Gs is mapped into itself by, the substitution T. Since e is 
the only vertex of degree 4, 7 leaves e fixed. 


Case 1. 7r(a)=—a. Then since 7,41, Ig , either r({c) = 
7(d) = d, in which case 7(b) =b, 7==1, or else Hlo) = d, we ==¢, in 
which case r(b) =b and r= (cd) e My. 


Case 2. r(a) =b. Then since Ie = I£ = I = 1, oithei r(c) = d, 
7(d) = c, and 7 = (2b) (cd) e Ra, or (2) =c, me = d and r= (ab) e Ny. 


Gae. 3. t(a@a) =c ord. A similar discussion anew that r e My. 
3. Graphs of Degree 6. There are eighteen admissible graphs, 


Hı = Nes, the complete 6-point. 
H, = | db, ac, ad, ae, af, be, bd, be, bf, cd, ce, ef, de, af] 
H, == | ab, ac, ad, ae, af, bc, bd, be, bf, cd, ce, cf, del | 
. H= [ac, ad, ae, af, bc, bd, be, bf, ce, cf, de, df, ef | 
H: = [ac, ad, ae, af, bc, bd, be, bf, ce, cf, de, df] 
H= lac, ad, ae, af, bc, bd, be, bf, ed, cf, df, ef}. 
H, = [ab, ac, ae, af, bd, be, bf, ce, cf, de, df, ef | 
H, = [ab, ad, ae, af, bc, be, bf, ce, cf, de, df] 
 - Hy == [ab, ac, ae, af, bd, be, bf, cd, cf, df, ef] | 

Hi) = [ad, ae, af, bd, be, bf, cd, ce, cf, df, ef | ` 
Hı = [ab, ac, ad, ae, bc, bd, bf, cd, ce, df, ef] 
Hy. = [ad, ae, af, be, be, bf, ce, cf, de, df, ef] 
H = [ad, ae, af, bc, be, bf, ce, cf, de, df] 
H, == [ad, ae, af, bc, be, bf, ed, ce, df, ef] 
Hy; = [ab, ae, af, bc, bf, cd, cf, de, df, ef] 
Hig = (ad, ae, af, bd, be, bf, cd, ce, ef, de] 

_ Ay = [ac, ad, ae, bd, be, bf, ce, cf, df] 

. His = [ad, ae, af, bd, be, bf, ed, ce, cf | 


By Theorem 3, the graph H; has the group 937 = (abcdef)ell. - 
THEOREM 3.1. Ha has the group 931 == (abed)all(ef). — 


| THEOREM 3.2. H, has the group Gs==(abe)all(de) on five of its 
vertices a, b, c, d, e: H, does not have a group of degree 6. 


THEOREM 3.3. H, has the group Kıs == (abcd) (ef). 
THEOREM 3.4. H, has the group O15 == (abed)a(ef). 


` 
we 
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H, is homeomorphic with the graph formed by the edges and vertices 
of the regular octahedron. 


THEorem 3.5. He has the group a= (ab) (cd), on four letters. He 
does not have a group of degree 6.® 


THEorrM 3.6. H, has the group $3== (ab- ed) (ef). 
THEOREM 3.7. Hs, has the group G, = (ab: cd) (ef). . 


THEOREM 3.8. H, has the group 1 = (ab : cd) on four letters. Ha does 
not have any group of degree 6. 


THEOREM 3.9. Ho, has the group ©; = (abc)all(de), on five letiers. 
Hao does not have a group of degree 6.5 l 


THEOREM 3.10. Ay, has the group $13 = { (abcd)scom (ef) }dim. 
THEOREM 8.11. His has the group Kıs = (abcd) (ef). 


THEOREM 3.12. Hy has the group Dıs = (abcd). (ef). 
THEOREM 3.13. H, has the group 9, = (ab : cd: ef). 


THEOREM 3.14. His has the group O12 = (abcde) 10 on five letters, His 
does not huve a group of degree 6. 


Proof. Since His has but one vertex f of degree 5, by Theorem @ its 
group cannot be of degree 6. Since f is adjacent to each of the other vertices, 
any map of K into itself, where K = H,,— [f + the set of arcs incident 
with f], is also a map of His into itself, That is, the group of K is also the 


group of H:s. Since K is the circuit abcde, K has the group (abcde) 19. 


THEoREM 3.15. Hy, has the group ©; = (abc)al(de), on five letters. 
Hs does not have a group of degree 6. 


THEOREM 3.16. Ha; has the group 91; = (abedej) x». 


Proof. It is readily verified that Hı; is mapped into itself by every 
substitution of ız. Suppose that Hi; is mapped into itself by a non-identical 
substitution r. Then some vertex of Hır is not left fixed by 7, say r(a@) a, 
Let « = ría). Since Qır is transitive it contains a substitution o such that 


° The group %, is simply isomorphic with 6, = (ab - ed) (ef) of degree 6; cf. Miller, 
loc. cit. ` 

7%, is simply isomorphic with ©, = (ab -cd -ef) of degree 6, Miller, loc. cit. 

3 @, is simply isomorphie with Hir = (abcdef).,, of degree 6, cf. Miller, loc. cit. 


12 
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o(a) =a. Then r = ro maps H, into itself and leaves a fixed. Since 
= 1, h*—0, If = 0 r cannot carry c into b or f. Similarly 7 cannot 

carry d or e into b or f.` That is, +” permutes the vertices c, d, e among them- 

selves, and hence either leaves the pair b, f fixed OT interchanges them, 


Case 1. 7” leaves fixed the pair b, f. Since hil = 1, If = 0, r (d) Æ e. 
Since I? = 1, I == 0, 7 (d) 40. Hence r leaves d fixed. Since If = 1, 
If = 0, (c) s4e. Hence + leaves c fixed, and therefore the remaining 
vertex e is left fixed. That is 7 == roe = 1. „Hence 7 =o £ Qr. 


Case 2. 7 interchanges b and f. Let p= (bf) (ce) e Gi. Then 
7’ == tp maps H,, into itself, leaving fixed the vertices a, b, f and permuting 
the vertices c, d, e among themselves. As in case 1, we can show that 
T” = rop == 1]. That is, T = po € Qir- | 


THEOREM 3. 1, Hs has the gr oip $34 = (abodef ha» 


The poor 4 is similar to that of Theorem 3. 16. 

The graph His is of special interest, since it is one of the two irreducible 
non-planar graphs (the other being the complete 5-point). 

Since we have shown the existence or a non-identical group for each 
admissible graph of Degree < 6, we have proved the following theorem: 


THEOREM. 6. Any graph of Degree < 6, containing no simple loops, and 
no vertices of degree < 3, has a non-identical group. 


III. Graphs of the substitution groups of degree = 6. 
A. Groups of degree 2 and 3.° The groups are, 
©, = (ab), G.==(abc)cye, ©, = (abc)all. 
THEOREM A.l. The group ©, has the graph 
E == [ab] + M + [the set of arcs joining a and b to each vertex of M], 


where M is the graph of Section I, 3. 


° A complete list of the substitutions of G,, and ©,, are given by Cole, “ List of 
substitution groups of Nine Letters,” Guar terly J ournal of Mathematics, vol. 26 (1892), 
p- 372 et seq. 


A complete list of the substitutions of §,., Gey» Bor Sew Der Seg Boar Hes 
are given by Cayley, “ On substitution groups .. . ete,” cl Jounral of Mathe- 


matics, vol. 25 (1891), pp. 71-88. 
A complete list of the substitutions of all the other groups are given by Miller, 
los. cit. 


? 
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The proof is similar in form to-that of Theorem B. 1 below. 
The group ©, does not have any graph ({Theorem 4, Corollary 1). 
THEOREM A.2. The group ©. has the graph 


Hy = [ ab, ac, bc] + M + [the set of arcs joining a,b,c to each verter of M], 
where M is the graph of Section I, 3. : 


The proof is similar in form to that of the first pee of the proof 
of Theorem B.1 and the proof of Theorem 2. 2. 


B. Grou of degree 4.° There are seven groups of degree 4. They are, 
in PEREDES of increasing order, 


g= (ab - cd), == (ab) (cd), - Fa == (abcd)s, ` Ba = (abcd) cyz, 
bs == e s te==(abed)pos,  Br== (abcd)all, 


The group %1 has the graph Hes, (Theorem 3.8). 
THEOREM B.1. The group-%. has the graph 
F= [ac, ad, be, bd, cd] + M 


+ [the set of arcs joining each of the vertices a, b, c, a to each vertes of M] 
where M is the graph of Section I, 8. 


Proof. It is readily verified that the substitutions of z map Fz into 
itself. Suppose that F, is mapped into itself by a substitution r. Since c 
and d are the only vertices of degree 10, r either leaves this pair fixed cr inter- 
ghanges them. Since r is the only vertex of degree 8, 7 leaves r fixed. -By 
a proof similar to that used to show that M has no non-identical group, we can 
show that 7 leaves each of the vertices s, t, u, v, w fixed. The vertices a, b, q are 
each of degree-9. Since Iut = 1, Tat = 0, r cannot carry a into q. Similarly 
7(b) sq. Hence r either leaves the pair a,b fixed or interchanges them. 
Consequently q is left fixed. That is r leaves every vertex of M fixed, and 
thus also every arc of M. 


Case 1. + leaves a and b fixed. Then if r leaves‘c and d fixed, 7 = 
. while if + interchanges ¢ and d, then r(&@) m= dg,’ (+ r(w) = dw, 7 (dq) 
= é9,''°.7(dw) =cw. That is r = (cd) € Be. | : 


Case 2. + interchanges a@ and b. Then if r leaves ¢ .and d. fixed, 
r = (ab) € 2; while if r interchanges ¢ and d, t == (al) (cd) € Be. 


4 


518 I. N. KAUNO. . 


The group %3 does not have any graph (Lemma 1, Corollary). 
The group a4 does not have any graph (Theorem 4, Corollary 1). 
The group $s has the graph Ge (Theorem 2. 2). 

The group e does not have any graph (Theorem 5). 

The group r has the complete 4-point for its graph (Theorem 3). 


C. Groups of degree 5.° There are eight groups of degree 5. They are, 
in sequence of increasing order, 

©, = (abcde)cyc, G= (abc)cye(de), Ban = { (abc) all (de) }pos 

@, = (abede) 10, OF = (abc)all (de), =. (abcde) xo, 

©, = (abede) pos, & = (abede) all. . 


The group ©, does not have any graph (Theorem 4, Corollary 1). ` 
The group ®. does not have any graph (Theorem 4, Corollary 2). 


THEOREM C. 1. Ga does not bane any graph. 


Proof. Scopes that ©; has a graph G. Then G is mapped into itself 
by the substitution (abc) on three of its vertices a, b,c. But then by Theorem 
é, G is mapped into itself by the substitution (ab). Since G does not contain 
(ab) this gives a contradiction. 


THEOREM C. 2. ©, has the graph 
| G@, == [ab, ae, be, cå, de] + M 


+- [the set of ares joining each of the vertices a, b, c, d, e to each vertex of M], 
where M is the gi aph of Section I, 3. 


s 


The proof is similar to that of Thecrem B. 1. 
The group ©; has the graph .G, (Theorem 2.1), ard also the graphs Hs, 
Hio and Hy, (Theorems 3.2, 3.9, 3.15). 


TreorEM 0.3. ©. does not have any graph. | 
The proof is similar to that of Theorem C. 1. 


The group ®©; does not have any graph (Theorem 5). 
The group ®, has the complete 5-point for its graph (Theorem &). 


D. Groups of degree 6.° There are thirty-seven groups of degree 6. 


Arranged in sequence of increasing order they are, 
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Qı = (ab - cd- ef); So == (abe : def)cyc; Q: = (ab - cd) (ef) 
a= {(ab) (cd) (ef) }pos; G= {(abcd)a(ef)}dim; Ge = { (abed) cye(e*) }pos ; 
Š: = (abcdef) cyc; Š: = (abc - def)all; Q = (abede); ` 

. Sıo= (ab) (cå) (ef); Gur == (abcd)eye(ef); G= (abcd da (ef). 
Gis = { (abcd rscom (ef) }dim; Kı = { (abed Jacyce (ef) ydim; $15 = {(abed)spos: ef) }dim; 
Kıs = (abc) cyc (def) cye; ir = (abedef) 12; igi (abcdef) 1295 
Qı = (abed )e(ef); -> l ie (abc)all (def) eye; Hoi == { (abciall (def) all} pos ; 
Hoo = (abcdef) is; -Qa == (abed) pos (ef) ; Boe = { (abed )all (ef) }pos; 
"Ges = (+ abcdef) s4; - Boe = (+ abcdef) 24; Gor = (abcdef) s4; 
Gog = (abc)all(def)all; ` Goo == (abcdef)ss; so = (abcdef) sez; 

| Gir = (abcd) all (ef) ; G: = (abcdef) as 5 G23 = (abcde) co3 
Sos (abcdef) 72; Qes == (abcdef) 120; ss = (abedef) pos ; 


Qar = (gucar all 


The group Qı has the graph H4 Geach 3.13). 
Tuxorsm Dsl. The groups Ša and ə have no graphs. 
The proofs, based on Lemma 2, are similar to that of Theorem C. 1. 
The group %q has the. graph H, (Theorem 3.6). 
THEOREM D.2. The groups $4 and Sis have no graphs. 
The proofs, based on Lemma 4, are similar to that ot Theorem C. 1. 
Tusorem D.3. The group Ss has the graph 
` R= [ab, ac, ae, ag, bd, be, bg, ed, cf, cg, df, dg, eg, fg}. 
THEOREM D.4. The groups $s, 91s, and Soa have no graphs. 
‘The proofs, based on Lemma 3; are similar to that of Theorem C. 1. j 
The group §, does not have any graph (Theorem 4, Corollary 1). | 
THeorsm D.5. The group 9s has the graph 
| L == [ab, ac, ae, af, ag, bc, bd, bf, bg, cå, ce, cg, dg, eg, fg |. 
THEORSM D.6. The group Qio has the graph | 
. N = [ac,.ad, ag, bc, bd, bg, ce, cf, cg, de, af, dg, ef |. 
THEOREM D.Y. The groups 911, Qis Dos, and 95 have no grapns. 
The proofs, based on Theorem 4, are similar to that of Theorem C. 1. . 
Turornm D. 8. 12 does not have any graph. | 


Proof. 912 contains as subgroup the group s = (abcd), Suppose that 
§.2 has a graph H. Then H is mapped into itself by all the substitutions of %s. 
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But then, as is shown in the proof of the corollary to Lemma 1, H is also 
. mapped into itself by one of the substitutions (ab), (ac), (ad),. (abcd), 
(abdc), (acbd), (acdb), (adbc) or (adeb). Since Kız contains neither of 
these substitutions, this gives a contradiction. 


The group ıs has the graph Hy, (Theorem 3.10). 


THrorEM D.9. The Groups Dis Heo, z1, Go, G23, Hoa, Has and Hao 
have no graphs. \ 


The proofs, based on Theorem 4, are similar to that of Theorem C. is 


+ 


The group 1; has the graph Hy; (Theorem 3. 16). 
The group ıs has the graph H; (Theorem 3. 4). 


THeorem D.10. 62; does not have any graph. 


Proof. Suppose that G2; has a graph H. Then H is mapped into itself by 
the substitution (aebefd). But then H is mapped into itself by every substitu- 
tion of the group §* = (aebefd)12, (Theorem 4),*° and in particular by 
(ab) (cd). Since ə; does not contain the latter, this gives a contradiction. 


TuEroreM D.11. The group Ses has the graph 

P = [ab, ac, ag, be, bg, cg, de, df, dg, dh, ef, eg, eh, fg, fh]. 
The group §s1 has the E H: (Theorem 8,1). | | 
TrEorem D.12. $a: does not have any graph. 


The proof is similar to that of Theorem D.11, involving the group 
§** == (abecfd),. and the particular substitution. (aef) (bed) t° . 


TrrorEM D.13. G23 does not have any graph. 
The proof, based on Theorem 4, is similar to that of Theorem C. 1. 


The group $3, has the graph His (Theorem 3.17). l 
The group ss does not have any graph (Theorem 5). R 
The group §s7 has for its graph the complete 6-point (Theorem 3). 


‘ New YORK CITY. 
i 


10 Miller (loc. cit.) gives the substitutions of the group (abcdef), : The substitu- ` 
tions of §*, G**-can be obtained! from these by making the obvious indicated changes 


in notation. 


TERNARY AND QUATERNARY ELIMINATION.* 


By ARTHUR B. COBLE. 


_ 1. Introduction. It is the aim of the present paper to exhibit explicit 
determinants of covariant character which will, in certain cases, be the 
resultant & of n forms in n variables, (aiy)'* (1 = 1,- > +, n), multiplied by 
a relatively simple factor also of covariant character. 

Van der Waerden [1] (p. 20) defines È to be the G. C.D. of 1+ 1 deter- 
minants found in the “dialytic array” of forms of order l- 1 -where 
l= X (l;— 1). Macaulay [2] (p. 4) had earlier defined & to be the G. C. D. 
of all of the determinants of this array and proves (pp. 10-11) that D = E- R, 
where D is a specific determinant of the array and Ẹ is a specific minor of D. 
This result is quite precise but neither D, nor the “extraneous factor” if are 
invariantive and both are determinants of high order. 

The method used is an extension of that initiated by F. Morley [3_ and 
developed more extensively by Morley and Coble [4]. In the first of these 
papers Morley introduced a covariant J; which, for the general case above, 
has the expression, | 


. izn i : 
(1) < Ji (2h, yë) == ( %1M%o ee ee On) > II (aix) bi-ki-1 (ary), 
4-1 
Mee Oakes 


where X is extended over all sets of positive integer values of the k; for which 
also ° . 


(2) Key + hg + + en = 


In the second paper it is proved that, when the n equations, (o;y)!* = 0, have 
a fixed common solution z, then J(a", y*) is in the module eens by the 
n given forms. Thus, for 


“ (ar) = 0, 
- (3) Jia y”) = (Ay) hs (may) H o (Any) (any) 
This identity (3) in y together with suitable dialytic equations enabled» 


* Received May 18, 1946. 
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Morley and Coble to obtain determinants D == Ff in all of the ternary cases 
covered by 


(4) ca Feces Aenea ee ae Fa 


It was used later by T. W. Moore [5] to cbtain a variety of forms for a 
particular binary resultant. Its usefulness in the quaternary domain was 
much more limited. There only the lowest order l, was arbitrary, the others 
being quite limited. 

We propose here to use this identity more widely and to cover all cases S 
of ternary and quaternary elimination. The new determinants D obtained 
are all of the form HA but the extraneous factor # is itself a covariant of the 
given forms, usually of very simple character. 

In the course of the work we use constantly the number of coefficients 
in a given ternary or quaternary form. This number, a binomial coefiicient, 
will be indicated by the more convenient notation defined by 


[7 |x = (z) == sOi 


2. The Ternary Identities. In order to avoid subscripts we shall use 
forms, 


(5) (ay)", (By), (yy)? [mSnSp=m+n+2]. 

The fundamental identity (3) then reads: 

(I) F (at, y*) + (ay) (ay) + (uy) = (By)" + (0y): (yy)? = (in y), 
ht+k—=l=mtn+p—3B. 


Naturally, if any of the exponents k— m, k—n, k— p are negative, the 
corresponding terms do not appear. We shall assume merely that 


h<n+p kOn-+p. 


Then, in (I), the coefficients (Ay)*™, (uy)*", (vy)*® are no longer neces- 
sarily unique since terms of the form («i2y)*""- (ay)™”- (By)” can appear 
in either À or p, and terms of the form (xisy)"""?- (ay)™- (yy)? can appear 
in either A‘or v. When k = m + n, or when k & m + p we restore the aes 
ness of the coefficients A, p, v by the respective requirements: 


* (IIa) (uy) n (pa) == 0 (ii y); (a2)™ £0; 
(IIb) (vy) (vz) =0 (in y), (a2)™ 40 
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where z is any arbitrarily chosen point not on (ay)"5<0. Indeed, if à, p, v 
are admissible multipliers and if kS m+n, k<n-+p, the multiplier p 
may be replaced by (uy)*™— (xi2y)*™™- (ay)™, where (xy) ‘is an 
arbitrary form. The requirement (IIa) imposes [k — n — m + 2]. linear non- 
homogeneous conditions on the [k — n — m -+ 2]. coefficients of («:.y)*"™. 
The determinant of the system has elements which are linear in the coefficients 
of the form (ay)” and of the m-th order in z. Since the determinant is 
obviously a covariant it must be a numerical multiple of [(az)" |P m-n2le, 
Thus, if («z)"s40, (uy)*" is uniquely defined by (IIa), and similarly 
(vy)*? is uniquely defined by (IIb), whence also (Ay)*™ is uniquely 
determined. | - 

To the above two types of identities we add a third type derived from 
equations of the dialytic array. These equations can be expressed in the form, 


(6) (prym . (or)™ = 0 (inp), (oz) - (Br)™ =0 (ine), 
(r£) P- (yr)? = 0 (in7). 


If however h = m +n or h = m + p, the equations obtained from the iden- 
tities In o or r will overlap with those obtained from the identity in p. This 
overlapping may be avoided by the requirement that e, + have at z multiple 
points of orders A — m— n — 1, h—m—p— 1 respectively, i.e that. 


i 
(7) (oy) "(oz)" = 0 (in y), (ry)? (7z)" = 0 (in y). 


This requirement defines o, for example, in the linear system (cy)** 
+ (pioy)*™" + (ay)”, and will bar the overlapping part, (pi2y)*"""- (ay)™, 
if (az)"540. We can then replace the second identity in (6) by 


(oa): (B0)" + b(o2)""-"(o2)"=0 (ino), 


since the first term vanishes identically due to (8r)” = 0, and the second 
term. vanishes due to (7). The constant b is introduced in order to cover 
the lack of homogeneity in the coordinates of the fixed common point a, and 
in the coordinates of the extraneous point. Naturally in using such an 
"identity we must eliminate both the combinations of æ to the degree h and b 
times the combinations of æ to the degree h — m — n. Finally we replace 
the coefficients o of the form (cy)*" by the (h— n)-th combinations of a 
linear form (ny) to obtain the third type of identity: 


(Ia) (qe): (ae)"==0 (inn) ; 
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(IIIb) (qe)®*: (Br)™ + b(n)" (ga) ™ == 0 (iny); 
(IIc) (v)*? + (ye)? + c(yx)"? (yz)™ = 0 (ing). 


In case the terms in b or c disappear in the identities (IIIb) or (IIIc), due 
toh<m+t+norh<m-+ p, we shall refer to them as (IIIb’) or (IIIc’) 
respectively. 


3. Determinants D for given m, n, p. With a given set of orders i 
m, n, p restricted as in 2 (5) we have a variety of cases depending on the 
choice of h, k in 


(8) Atk-=l=m+n+ p—s3. 


Each case yields a determinant D which contains the factor R. We distin- 
guish these cases by- the value of S in 


(9) h = m + 8—3, k—=nt+p—S 
(S=1,2,---,p+n—m-+ 2), 


with the exception that, if m == 1, the first and last values of S are to be 
omitted. On the value of k there will depend the occurrence of all, part, or 
none, of A, p, v in the identity (I) and the use of the identities (IIa), (IIb). 
On the value of A there will depend the need for identities of the simple type 
(Iida), (IIIb), (IIIc), or the replacement of (IIIb’), (IIIc) by (IIb), 
(IIIc). In all of the cases our. object is to obtain, from a complete use of 
the identities involved, just enough equations to eliminate the combinations 
x*, and such of the coefficients A, p, v and combinations ba", cak™-P ag 
occur, by using the determinant D of the equations. e 

The range of values of S may be divided into sets, each set contributing 
a particular form of D. This division is as follows: 


S k h 
Set I1: 1 n+p—1i m—2 3 À BCK), v(x) 
2 n+p—? m—i : . 
Set I2: 3 a+p—s m ; A, phra), v (Kg), & 
n— m p+m n— 3 i 
Set IT 1: n—m-+1 p+Hm—i n—2 ; A, BC Ki2), n, & 
) m—m+-2 , ptm—2 n—I : 


Set 12: n—m -+3 p+ m—3 n ; A, Belki), ¥, & B 


> 
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n g m-+n—3 ; T 
Set II 1: n41 p—i m+n—2 ; à plea), %, B 
n+ 2 p—}? m -+- n—i , j 
Set TII2: n-+3. p—3 m+n A, #(ki2), 2, B (b7 
p—m m+n p— 3 : 
Set IV1: p—m+1 m—n—i p—2 3 A,B % Bd) 
p—-m+2 m+n—2% p—I zs 
Set IV2: p—m+3 m+tn—-3 - p ; Ayu, æ, B(O), Y 
p n Pormes y 
Set Vi: p+1 n—1 pt+m—-2 3;A,a,B8(b),y 
Set V2: p+3 n—3 p+- m ; A, œ, B(b).y(c) 
p+u—m m ptu—3. ; 
Set VII: p+n—m+1 m—1 


p+n—?2 ;« B(b), yle) 
ptn—m+2 peme 


The quantities at the end of a particular set need some explanation. The 
occurrence o? a indicates that the coefficients » can be eliminated by using 
the identity (I) alone, that of »(«i2) indicates that identities (I) and (IIa) 
must both be used to eliminate the coefficients u. The occurrence of 8 indicates 
that the dialytic identity (IIIb’) is used whereas that of (b) indicates that 
(IIIb) must be employed. Thus a glance down the last column shows that 
the expression for D is different in each set. However the main differences 
appear as we pass through Sets 12, I12, ITI2, IV 2, V2 and we indicate 
below the determinants D for these five cases. A trifling omission in any 
one of these five will cover-either the preceding or the = set in each 
of which S has only two values. 
The determinant D for Set I 2 has the following expression and value: 


m—2 


Set I2: D=R*[(az)™]¢— | 
; [m-+S—l].0h [n--p—m—S-+2].4 [p—S+2]m [n—S+27 47 
(I): [n+ p—S-+ 2]- apy x © > B y 
(Ila): [p — S —m + 2]. 0 Te Jee D 
(IIb): [n— 8 — m+ 2]. 0 0 0 gm 
(Ia) : [S — 1] a 0 0 D 


(d = |p — s-mal ins m + 2]e). 
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Phe binomial coefficients at the left of the array give the number of equations 
obtained from the identities indicated ; those at the top of the array give the 
number of terms eliminated.: For the blocks of elements within the array, 
the degrees in the coefficients of the given forms and in z are indicated. The 
Verification that the sum of the rows of D is equal to the sum of the columns 
will not be reproduced here. The expansion of a determinant of the form of 
D is simple, and it is easily verified that the degrees of D in the coefficients 
of the given forms and z are those of the product given above. That D actually 
is this product is proved in 6. 

The above D will adequately cover the Set I 1. For, if S is 1 or 2, 
[S — 1]: = 0, and the identity (IIIa) will be missing. Thus the verifications 
mentioned above need not be repeated. It may be used to cover the Set II 1 
also. For, if S is n—m -+1 or n—m +2, [n—S—m-+ 2],—0, and 
the identity (IIb) will not appear. $ 

With these explanations we may, without further ado, set down the 
typical forms of the determinants D for the Sets II 2, III 2, IV 2, V2, for 
each of which the two verifications mentioned above are easily made, and lor 
each of which simple alterations cover the adjacent cases. S 


Set IL2: D = R- [ (az)”]i = 


[n-+p-—m 
[m+S8—l],ck —S+2],\ [p-—-S+2].u [n8 +21; 
(I): [n+p — 8—2]: [apy a B y 
(IIa): [p— m— Ss +2]: 0 ` 0 ain 0 
(IIa) : [S — 1]: g 0 0 0 
(IIb): [m — n + S—1],. B 0 0 0. 3 
(d= [p—m—S + 2]2). 
Set III 2: D = R: [(az)"]? = 5 g 
[n+p—m 
[m48 — 1] oh —S+2)},A [p—S+2].4 [S—n—1],baS-n-s 
(I): [i-+p—S+2].) apy a B os 
(IIa): [p—m—8S-+ 2], 0 0 ae 0 
(Ia): [8—1]: a 0 0 SEE 
(Ib) : [m — n + 8 — i]: B 0 0 - gm 


(d= [S—n— 1]: + [p—m—S + 2],). 


y 
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Set IV 2: D == R- [ (a2)™]¢ = 


[w+p—m |’ 
[m-+S—1] ah —S+2].A [p—S+2].4 [Sn] ] bes- 
(1): [n+ p—S+2]2] apy z B 0 
(Iida): [S—1]. q 0 0 0 
(IIIb) : [m — n -+ S — 1]: B 0 0 gm 
(IIIe) : [m + 8 — p — 1]: y 0 0 0 
(d = [S—n—1].). 
Set V2: D == R: [(az)"]¢ = 
‘[n+p—m [S-n 
[m-+S—1] Tah —-§-+-2]2 —l],baS-n-3 [S—p—] IpeaS-n~3 
(I): [n+ p—S +2], apy a 0 0 
(HIa): [S8 — 1]: æ 0 | 0 0 
(IIb): [m—n + 8—1]: B 0 , gm 0 
(IIIc): [m— p+ S—1], y 0 0 gm 


E E E 


4, Reciprocity among the determinants D for given m, n, p. In all 
of the above determinants D, the identity (I) involving J(2", y*) Las been 
employed. We consider now the relation between the determinan. D for 
J (a",y*) and the determinant D’ for J(*,y'). They arise respectively from 
values S and 8 for which | 


(10) S+ 8 =pt+n—m+3. 


Thus the Set III 2 is self-reciprocal, the first meniber of the set being paired 
with the last, etc. The Sets III 1 and IV 1 are reciprocal to each cther, as 
also are the pairs II.2, IV 2; H1, V1; 12, V2; and I1, VIi. It is clear 
that in J(e y*) and J(a*,y") the matrices a@y are transposed. It is also 
clear from the last column of the table in 3 that, when h and k ave inter- 
changed, the terms in À, p, v are interchanged with those in «, 8, y end that 
e{kic), v(ki3) are interchanged with (b), y(c) respectively. From the 
character of the identities involved we may conclude that 


et) If 8,8" satisfy the relation (10), then D, D’ formed for thes: values 


are conjugate determinants. 


From this there follows immediately that 
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(12) The number of essentially different determinants D 1s 


(p-+n—m + 8)/2 or (p + n— m + 4)/2. 


5. The non-vanishing of the determinants D. It is essential for our - 
conclusion that D be not identically zero. This is verified by the non- 
vanishing of D in the particular case 


(18) — (ay)™ == y", (By) = yo", (YY)? = Ys? ; Z1: Met te = 1:0:0, 
in which case (az)”==1. We carry out the verification for only one specimen 


case in Set IIT 1, say the case 


San +2, h=m+n—1, k=p—2. 
Then 
i 
(1 4) J (ante css Sa, type eg tay mi-i 4 gh i-tay p-ti 
(44 + te t- t = m -+ n— l], u = m—1, ta = n — 1). 
The multiple-point condition on u is now (uy) u" = 0, This merely 
asserts that [p — m — n |> coefficients of (uy)?-"? are zero and this condition 


may be dropped if only the remaining coefficients of » are retained. Thus D 
takes the relatively simple form 


LG, to4t3 AyS1A,FeA345 H Kikou hs 
[ple apy & B 
(15) D=[n+ 1]. a: 0 0 
[m+ 1]: B 0 0 


The conditions on fti, t2, tg are given in (14) ; those on 41, J2; jg and ki, ke, ks are 
(16) jit fet ig = p—m—2; kı + ke, + ks =p —n — 2, k,<m. 


We wish to show that, for the simplified forms (13), every row and column 
of D has one element 1 with all other elements 0. Thus D = 1 and, in 
general, D s£ 0. : 

We prove this first for the rows. The first set of [p] equations, obtained 
from the identity (I), arises from combinations y,4ys"y3"* with 1, -+ l + ls 
== p — 2. These combinations divide into three aggregates: . 


(a) y iyn tiny pis found in J ( gintn-lyp-2) ; 
(b) yI yy found in (Ay) -y ; 


(c) yiya "ya found in (py)? y. 
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A glance at the conditions in (14) and (16) enables us to draw at once the 
following conclusions. If l, < m and le < n, the combination is, found once 
and only once in (a). If h <m and lh = n, the combination is found once 
and only once in (c). If l = m the combination is found once and only once 
in (b). Thus there is only one term in each of these [p]: equations. Evi- 
dently the other equations, obtained by multiplying either zı” or x.” by 
proper combinations of z, also contain only one term. Turning to the co umns, 
it is clear that %,42,2,4 with the restrictions (16), will appear once and _ 
only once, with a coefficient & if 7, == m, with a coefficient 8 if 1 = n, whereas 
it will appear In J if both i < m and ip < n. Similarly, a coefficient A, or a 
non-zero coefficient », will occur with one and only one combination of tab y’s 
so that the last two sets of columns have only one non-zero element. 
With similar verifications for the other values of S we may assert that 


(17) The determinants D in 3 do not vanish identically. 


6. Determination of the resultant R. The identities which furnish 
the equations whose determinant is D all are expressed in terms of the given 
forms and of z. Thus D itself is a non-vanishing covariant. These equations 
are consistent if is a common solution of the given forms whence D must 
contain the irreducible invariant R as a factor. The remaining covarient 
factor has a degree d in the coefficients of (ay)™ and an order md in. the 
coordinates z. It must therefore be the d-th power of (az)™. Hence 


(18) The determinants D listed in 3 are products of R and the powers of 
(az)® indicated. 


For sufficiently generic (ay)™, say 


(19) May) mm Age oe (A 30) » 


and the choice of z == “1 0,0 = EF, so that (az)” == A, these iaon D 
can be materially simplified. We have employed this simplification in part 
in the particular case treated in 5. More generally we use the identizy (I) 
with the additional requirement that (ny)*"—0 and (vy)*?==(C have 
smultiple points of orders k — n— m + 1 and k— p— m +- 1 respectively at 
the reference point H,. Thus the identities (IIa), (IIt) are eliminated by 
-the fact that (uy)*" and (vy)*®? have a smaller number of coefficients which 
must be eliminated. Similarly, we use the identities (6) with the additional 
_ requirement that (oy)*" == 0 and (ry)*? == 0 have multiple points of orders 
h—n— m -+1 and h—p—m-+1 respectively at Bı Then the equations 
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~ 


of the dialytic array obtained fiom the zero coefficients of o and r are dropped, 


and the remaining equations are linearly independent. Hence 


. If (ay) = Ay” +--+ + with AAO, and if the coeficients of the 
terms of degree greater than m — 1 in y, of the forms (py)**, 
(vy)*?, (oy)**, (ry)** are all zero, then the elimination of 
(20) the combinations x*, and of à, p, v from the equations, furnished 
by the identity (I), and the additional dialytic equations fur- 
nished by (6), yields a determinant D’ which is R> A? where a 

is the power indicated in the table of Section 3. 


It may be of interest to compare this result with more conventional 
methods. Let m, n, p = 2, 3, 7 and thus!]—=9. The best results are obtained 
from median values of S. We use therefore the identity (I) for J(x‘y*), 
dropping the coefficient », of y,? in (uy)*. We obtain a determinant D’ of 
order 80 which is R-A. On the other hand an extreme value of S as in 
J (x°, y?) yields a determinant of order 35 which is R- At. These are to be 
compared with Van der Waerden’s R as the G. C. D. of three determinants of 
- order 66, or Macaulay’s R = D/D’ where D, D’ are determinants of order 66 
and 25 respectively. Obviously the use of J improves very considerably both 
the order of D and the nature of the factor extraneous to R in D. 


7. The unique apolar form. The three forms (ay)”, (By)", (yy)?, 
if sufficiently generic, and if in particular R =< 0, have a unique apolar form 
of class l, (ay)*, for which 


(21) (aa)™ (an) =0, (fa)* (an) == 0; (ya)? (an)? =0. 


This apolar form can be obtained by bordering properly the determinants D of 
the table in 8, or the determinants D’ contemplated in (29). We first write the 
identity (I) involving J (@*, y*) with an additional term c(yy)*, and then add 
the equation, (éx)* == 0. When È = 0, and there is a common point x, the new 
equations are all satisfied by arbitrary values y (when c = 0), provided only 
that £ is on the common point z. Thus'the determinant B or B’, which arises 
from D or D’ respectively by adding a column of 7"’s and a row of £s to border 
the original determinant with respect to the matrix of its elements which arises. 
from J (2", y*), contains a factor (éc)" when &==0. If we take the reciprocal 


determinant [cf. (11) ] formed for J(z*,y") and border it similarly, it con- ` 


tains a factor (&¢)* when R= 0. But these reciprocal determinants are 
conjugate. Hence if either is bordered with both a column and a row of és it 
will be a multiple of (&¢)** when A=. But if æ is a common point, 
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(€c)"** is the unique apolar form. Since B or B’ is of lower degree than the 
irreducible invariant Æ, it must also be the unique apolar form when E £0. 
The presence of a factor [ («z)"|¢in B or A? in F’ will not alter the argument 
so that we may state the theorem: 


If the determinants D of the table in 3, or the determinants D’ of 
(20), are bordered with respect to the elements in the matrix 
which arises from J(2*,y*) by a column of combinations y" 
(22) and a row of combinations qè, the bordered determinants are 
expressions for the unique apolar form, (an)', to within the 
same factor as appears in the original determinant extraneous 
to R. 


Thus the unique apolar form may be described as the evectant of B with 
respect to the coefficients of J in the determinant forms of K. Since the con- 
verse of the evectant process is the apolarity process we may assert that 


The resultant R of the three given ternary forms ws the apolarity 
(23) invariant of the form (an)! apolar to the gwen forms and cf the 
jacobian (aBy) (ay) (By) (yy) of the gwen forms. 


This unique apolar form of degrees np— 1, mp— 1, mn— 1 in the 
coefficients of the three given forms respectively is discussed much more 
- completely in the following memoir. 

The above account, taken in conjunction with (4), covers all cases of 
ternary elimination. We proceed to cover also all cases of quaternary elimi- 
nation though no attempt will be made to give more than one determinant 
in a particular case. 

8. Quaternary elimination with D = R.. With four given quaternary 
-forms, (ay)™, (By)", (vy)?, (8y)% and 


(24) msnSpsq, l=m+n+p4+q—4, 
Morley and Coble [4] used the identity, 
(Tag) + Quy) (ay) + uy) (8y) = 0 


‘valid when æ is a common point of the four corresponding surfaces, to obtain 
pure resultants D = R. However their exposition was confined to those cases 
-in which the unknown coefficients (Ay) in (I) were unique, i.e., when 
k<m-+n. It was also confined to those cases in which additional equations 
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obtained from the dialytic array did not cverlap, i. e., when A < m + n. Thus 
h -+ k=l =m+n+ p+ qg — 4< 2m+2—1 or p+-q—nSm+2. 
In view of the inequalities (24) the cases thus covered are merely 


m,n, p,q =m, m, m,m +r (r= 0,1;2); 
=m m mtl, m+ i; 
=m, m +r, m4r, m +r (r= 1,2); 
=m m+ l,m +H i,m -+ 2. 


(25) 


x 


9. Quaternary elimination with D’—R- 44. Following the new ter- 
nary procedure developed above we now permit the overlapping of œ with £, 
or y, or 6, but not that of 8 with y. This leads to the restrictions h < n + p 
and k<n-+p. These, in conjunction with (24), yield the following cases: 


(26) meinSpSgSnto—m+2. 


We give only one determinant to cover these cases rather than the variety 
= used in the ternary case. We use the identity | 


(I) J (gme, yr ty) +. Gye ; (ay)™ + e.r (Aay) Pa (8y)7 = 0, 


and form the determinant D’ for z == E, = 1,0,0,0. We shall reduce the 
number of coefficients in (Agy)?*, (Asy)**, (Asy) met by requiring the 
vanishing of all the coefficients which appear in the m-th polar of z. Then 
the identity (I) has unique coefficients A. We also add the dialytic identities, 


(ITT) (mm): (az)"™==0 (ing), ©, (ose) 3- (8)? == 0 (in ca), 


® 
with again the restriction that the coefficients of (o.y)"™¢"*, (oy) ap- 
which appear in the m-th polar of z are themselves zero. Then the dialytic 
identities (III) yield independent equations. After these preliminaries the 
elimination of the combinations z of degree m + g—8 and of the remaining 
coefficients A yields a determinant D’ of the form: 


a(x’s) d làrs)  Ge(Ao’8) as(àzs) ag (Ag’8) 


(I): b | «fyè & 8 y ô 

(Ila): b) æ 0 0 0 0 

(27) (Ub): ba) £ 0 0 0 0 
(Ille): b y 0 0 0 0) 
(IIId): b] 8 0 9 0 0 
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The numbers, a, of columns and, b, of rows are as follows: 


a = |m + qs, = [|n + r + 2s, 
tı = [n + p — m + 2]s, bı = [g]s, 
(28) a= [p+ 2]: — [p — m +2], ba = [m + 1] — n] — [g — a le, 
ag = [n+ 2]: — [n — m + 2]s, bs = [m + g — p]: — Lg — r's 
u= [n+ p—q+2ls ba = [mle , 
—[n + p—q— m + 2]s, 


It can now be verified that 
a -+a Heo o aa =b H b Hei oH ba 
The degres in the coefficients of J (2*, y*) is 
g==b—ay—- + + — a= a—d—: > -— Bs. 


The degrees of the expansion of D’ in the coefficients «, 8, y, è are respectivaly 
npg + 4d, mpg, mng, mnp, where 


(29) d=[p—m+2],+ [n—m +2]: + [n+ p—q—m+2]s 
+ gts gp le. 


Then the usual verification that D’ 0 yields the theorem: 


(30) If (ay)™== Ay," +--+ - with A 0, the determinants D’ indicated 
in (27) is R: A? with d as in (29). 


Naturally if z had been chosen generically and the determinant D’ had 
been replaced by a determinant D formed as in the ternary case, the value of D 
would be R- [ (az)™]4. 

10. Quaternary elimination in the general case. We are here concerned 
with orders 
(31) mSsnSpSq2n+p—m+3, 


these being the cases not covered in 8 and 9. In order to keep the dialyzic 
equations as simple as possible we shall take h = m g n— 1. The identity 
, (I) then reads: 


(I) : J (gmn, yPta-2) +. (Ary) Pram- ‘ (ay)™ + — er (êy) = 0, 
“Since Ao, Ac, Ag can be affected by multiples of (ay)™, we restore their unique- 
_ ness in this respect by the requirement that 
(II): (Ay) (Aag) n= 0, (Asy) (Aaz) ™ == 0, 

(Agy) P38 (A42) m = 0. 
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Since Às, Às can also be affected by multiples of ( By)” we restore their unique- 
ness in this respect by the requirement that 


: (Asy) rr (àz )” + (Azay) a (ay)™ == 0, 
(IIT): ; | 
(Aay) P" (Aaz jn + (Asay) Poms A (ay)™ == 0. 
Finally we add the dialytic equations, | 
(IV): ©. (æ) (as)*=0, (nr) + (Bar) * = 0, 
on the assumption that p= m + n. This assumption is by no means necessary 
but it is more general than p < m + n and it leads at least to the exclusion 
of (yx)? from the dialytic equations and thus yields a more specific case. 
The genera] effect of restricting k to m + n — 1 is to throw the inherent 
difficulty of the problem entirely upon the form of the conditions which make 
the coefficients A;,-- -,A< in (I) unique. We are using here the following 
property of a module of 7 forms in f variables with Rs£0: If z, 7, 2”,:-- 
are arbitrarily chosen value systems of y, the form, 


(Avy) H+ (aay) (Aay) t (aay) EE Cy) EY (aay), 


belonging to the module has unique coefficients A;,A2,: - *, Aj if these co- 
efficients are subject to the conditions that the /,-th polars of z as to a@,* °°, @ 
vanish identically, the 7.-th polars of z as to a3,- --,@; are in the module 
determined by (ay), the la-th polars of z” as to a4,° > -, a; are in the module 
determined by (a:y)4, (o2y)"%, ete. We mention this general property here 
partly because we are using a very special case of it and partly because the 
` following memoir contains a radically different method for obtaining unique 
coefficients A. a | 

With the equations derived from the identities (I), (II), (III), (IVẹè 
we eliminate the combinations x”, and the coefficients M,” ° *, Às, Aes, Acs tO 
obtain the determinant D, à 


[m+n+2], [q-+p—m]s girah [als [pla [g—m—ni, [p—m—r 


x As A, Ag Ay Aog Azi 
[g + p]s ays a B y 8 0 0 
[9 + Pp 
— m — n ]s 0 0 gm 0 0 0 ° 0. 
[q — m]; 0 0 0 oD) 0 0 
(32) [p—m]s 0 0 0 0 2” 0 0 
[q — n]a 0 0 0 gw p a 0 
[p—n]s 0 0 0 O 2 0 x 
[n + 2] a 0 0 0 0 0 0 
[m + 2]; B 0 0 0 0 0 0 
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The degrees in the coefficients of (yy)?, (8y)? of this determinant ere 
ming and mnp respectively. The degrees in the coefficients of (ay)™, (By)” 
are respectively npg + d and mpg + e where 


ie [q—n]s — tgs lates [p—n],—[p+n—m]s. 


Thus we might expect D to be R- {[(az)™]*- [(B2’)"]*°+---+}. We shall 
actually determine the nature of this factor, extraneous to F, in D and thus 
prove incidentally that D40 and that its significant factor is R. 

Since we may, and will henceforth, take z, 2° to be © | 


z~=1,0,0,0; 2=0,1,0,0 


- the determination of the extraneous factor FẸ is essentially a binary preblem 
which can be accomplished in the particular case, 


(ay)™ = Aoi” + [m] Ayy +s + + + Amye™ (Ap 0), 
(By)" = Boys” + [n],Bigs” ye +: + + + Bays”, 

(yy)? = Y3, | 

(y) = yet. 


If, for this particular case, the value of # is determined in terms of Ai, B; its 
value for D in (82) will be obtained by setting 


(34) Aga (az) (a)i, By = (Br) ™4(Ba’) 


In general we arrange terms yi“y2"y,"*y,"* (or corresponding coeffizients 
or equations) first with reference to descending ù, and, for equal irs, with 
reference ‘to descending iz, etc. We refer to this briefly as a canonical 
arrangement. 

Let us first trim off outlying matrices from D. The simplest ores =o 
dispose of are those in z”. With z = 1, 0,0, 0, the identities (II) merely assert 
that all terms in Az, As, As with 1, = m have zero coefficients so that our first 
reduction car be described as l 


Ry: Àz, Àz, Àa have only terms for which i < m. 


We consider now the matrices in z” and a under Ay and As, respectively 
derived from the [p —n]: equations implied by the second identity in (IIT). 
These equations divide into two classes: (a) those for which 1, = m, and 
_ (b) those for which 1, < m. In the equations (a) the coefficients A, are zero due 
to R, and a particular equation must contain a term of (Assy) "3: Acy.™. 
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If then the equations (a) are arranged canonically, they will have under Asa, 
also im canonical arrangement, a determinant with a diagonal made up of 
elements A» and with zeros ta the right of the diagonal. This determinant, 
A,W--mls, is a factor of D. With the matrix æ on the right thus eliminated, 
the remaining equations (b) merely require the vanishing of those coefficients 
of A, for which tg = n. The same considerations apply to the matrices in 2” 
and « under às and àz, respectively so that, for both.sets of matrices, we 
acquire an outstanding factor of D, l 


E, = Å, Pr mlstla-a-m)s | 
and have a reduction: 


R.: A2 has only terms for which 1: < m; 
zi Àz, A4 have only terms for which 1 <M and ie <n. 


The determinant which results from these reductions has the form, 


Em +2+2], [g + p— m] de as a 


‘4 


et eh Se he 
| (a+ pls | apy T B y 8 
= [n+ 2] : en Q 0 0 0 
-m+ 2l] g 0 o o o 


ta 


' where - 


a, = [g-+p—n]s— [g + p—n+m]s, | 
as = [q]s— [g—m]s— [q — n]: + [g—m—n]s—= mn[g—1— (m + n)/2] 
Gere Pie mals pn e e a mn|p—1— (m+ n)/2] 


The [g + pla equations derived from the identity (I) may be charac- 
terized by tı, %2, îs, ta, (the coefficient of yiystys "y, in (I)) where 7, + t: 


+ ts + t4 = q + p— 3. We isolate from these two sets of equations charac- 
terized as follows: 


Eq. (A): i a Z P, h SE m — l, i S nl; 
Eg. (B): u = ¢q ie a al 


The two sets do not collide because 13 -+ 14 = p -+ q— 3. In the identity (I) 
for our special case, the terms in A3%*- ys? 4- AP? - yat occur in one and only 
one of these equations, and each of the equations contains one and only one 
coefficient of either As or Ay. No other equations contain coefficients of As or - 
Az. Thus the matrices under Ag, A. contribute numerical factors of D’ which 


TERNARY AND QUATERNARY ELIMINATION. - 537 


may be dropped if As, A: and Eq. (A), (B) are dropped. Then D’ reduces to 
D” where 


[m +n t 2], [¢+p—m)], az 
i T Ay Az 
Lg F Pls — 4s — t agyè a B 
D” = [n -++ 2] + 4 0 0 = D/E 
[m -+ 2] B 0 0 


We proceed now to account for the matrices in the first columns of D” 
by isolating a set of equations (C) from the identity characterized as follows: 


Eg. (C): uh +i © m + n—?, s Sp—1,iSq—l1. 


These are the only equations which involve the coefficients of J (grtt, qete), 
For J(y™ 4-4) has, in our special case, the value, 


( ay ) m-i CA ( ay ) m-l Che 


~ (By)"*Bs (By)"" Be i 


Since («y)™”, (By)” are binary forms in 4:, Ya alone, the highest degre in 
Yi, Y2 Which can be attained after polarization as to z is m + n — 2, anc this 
and all lower degrees in yı, y2 occur in J (s, y). We note also that the com- 
binations of z1, £e to the degree m + n — 1 will not occur in J (zs, y). These 
m + n combinations arise from the matrices «, 8 below J by using the iden- 
tities (IV) for é& == é= 0. This particular set of m + n equations in these 
m-—+-n combinations has for determinant Sylvester’s dialytic determinant, 
the resultant 


e p = r( Am, B”) 


of the binary forms, Aoy™ +- + >, Boy” +> > +. Thus r is a factor cf D”. 

In order to handle the remaining dialytic equations and the equations C 
we recall the m +- n— 1 various forms of the binary eliminant of (ay), 
(8y)” which involve the coefficients of their jacobian [cf. [5]]. These cen 
be tabulated in the following typical sequence: 


we Yat, 


J (y) 


e r gmin- 
1°: J (ahi?) — Q, é 1 | «Bp 
(Ex)? - (ar) ™ = 0, (Ea)? - ( Ba)" == 0, n—1 & =?; 
m-— li) g 
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qyr 
(m—1)?°: J (x", y™-2) = 0, m— lap 
(é2)""- (az)"—=0, (Aa)*—=0, m—m+tifa =r; 
l i |B 
gn-l 
m°: J (a tym) = 0, ap man 
(éx) rom . (ar)” = 0, n—m| g 
l l T gn-2 9 
(m + 1)°: J(a™*, y") + Alay)" =0, m-- of a 
(Ex) "2 - (ax) c= 0, - n—m-—ija 0 ? 
a l gm \n-m-2 
(a —1)°: Flam y") + (ày): ae — ow Naha ap 
(ax)™ == 0, 1 jeo — ? 





gil Anon-1 


nê: Or yt) + (Ay) n-m- , (ay) m — 0, nap . a i =f; 
(mE 1)°: J (a, y") + (Ay) (ay)™ + p( By)" =0, 


ymos -2 AMM pe 


n+ lap a B =f; 


(n+ m—1)9: P(g) + (ry) "*-'(ay)™ + (uy)? + (By) =0, 
. l l o i 1 Ar? pm- 
m+n— ijab a B =f, 
The binary identity 1° contains all combinations of 2, zə to the degree 
m -+ n—?2. To bring these up to the degree m -+ n—1 of J in x we can 
multiply them by zs or by a. If æ, is the factor chosen for all of the 


‘equations 1°, then those arising from J must have a unique further factor — 
Yay in order to produce equations (C); if z4 is chosen, the further 
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factor is ys*"y42*. Corresponding to these two factors we have two sets of 
equations 1° which have determinants r and the case 1° contributes a factor r? 
of D”. In the next identity 2° we must use factors TaY 8y 40-1, Bata YP yt, 
TYP 1y, and thus obtain a factor 7°. Proceeding in this way up to 
(m + n—1)° we obtain a ee 


B ARRI plt2+3+.. timin) — ere 


of D. : 

In the above process we have used all of the equations (C) and all of 
the dialytic equations obtained from the identities (IV) and have thus 
exhausted the matrices in the first column of D. Of the variables we have 
eliminated all of the 2*"*, In addition, however, from (m -+ 1)° on we 
have eliminated coefficients A, (as binary coefficients A) and coefficients A, (as 
binary coefficients u). The coefficients of (A.1y)%?™* thus eliminated are 
characterized by ` | SS is 


(35) th Sn— 2,43 Sp—l1yu=q—Il, e 
and they number | 


“bi = (m+ 2) “1+ (m38): 2+: + (m+n): a=) 


l = m[n}e+2[0-+ 1]s; 
those of (A:y)%*?-"-> eliminated are characterized by 
(86) = -&+iSm—2,4Sp—t ig Sq—l, 
and wn number | i 
= (n +2) -1+ (n+8):2 +: - -+ (n+ m)(m—1) 
=n|m]z +2[m + ijs- 


The remaining equations and variables have a determinant of the form, 


61(Ax’8) €2(A2’s) 
D” =c| «a: B = D/E.E:, 


where 


c = [g + p — m]: — b, 

Cy == alo bo, 

C= [tpat [mt nt 
+ [2+ 2] + [m + 2]s. 


The equations are those which arise from the identity (I) except (A), (B), 
(C). However, for these the identity (I) now takes the simple form 
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(T): (ay) sm - (ay)m + (Agy) tr- (By)* = 0. 


In this all of the coefficients. of A, and Às are present except those excluded 
by (0) as described in (35), (36) and also except that A, contains terms in 
9°, Y1% +, 94," only. Consider then a new set of deren (D) derived“ 
from (n) and characterized by 


Eq. (D): hZ m+n. 


These contain only the coefficients 4, in (I’). -I£ then both the equations and - 
the coefficients A, which they contain are arranged in the canonical order their ~ 
determinant will have elements A,-on the diagonal and zeros to.the right of 
the diagonal. ,The number of.these equations is . 


[2]: + [8]e+---+[¢+p—~1—m—n].=[g+p—m—n].. 
Thus D” contains a factor, 


Ey == A rmah, 


The remaining equations from I’ are those, exclusive of (A), (B), (C) 
which would be obtained from an identity of the form, 


(1”) : 
[ (Anoy) rmy mt ee o L (Anay) rme] Ay" Le + Amy] 
F [(àzo)yt r mnym ee (An my) 2] [Boy ++ + ++ Baya”) == 0, 


where the A;,; are forms in Ye, Ya, ys with Soe excluded by (35), (36) 
omitted. í 
In the permissible equations derived iga (I”) let is, i4 be fixed. Then, 
in. the forms A;4,;, the exponent of ya is also fixed. Thus we have, for 
ty += q + p— 3 — is — t, and i = 0,--‘,m+n—l, precisely m+n 
equations to fix the values of the m -+ n coefficients Ai; (irs to; 43, t4). These 
m -+ n coefficients will appear in no other equations. and their determinant is 
the resultant, r. This factor will appear for all sets of m +n equations 
from h +t%=m++n—i1 up to i -+ ia = q 4+- p—3 with corresponding 
is + ita descending from q +- p — m — n — ?2 down to 0. Thus the number 
of such sets of m +- n equations (i. e., the number of sets ts, t4) is 
142+---+(¢+p—m—n—1) [= [g +p mn]. 


We have therefore another factor of D”, namely 


+ 


E: == pigtp-m-ns, 
f 


Consider now the equations from (I) for fixed isi, when is-+ iz ~ 
== m+ n—2. We lose two variables, one from (A1,oy) and one from (A2,oy). 


5 4 


x 
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But we also lose two equations, one because the range of i, from 0 to 
m -+-%—2 is reduced, and one from the combination t,t == m—1,n—1. 
Indeed this latter equation is barred by (A) when is = p, by (B) when 

= q, and by (C) for intermediate values. Thus we have, for fixed is, t4 
- precisely m -+ n — 2 equations in m -+ n — 2 coefficients whose determinant is 


ri = 1 (Av, Br), 


_a first sub-resultant of r, obtained by dropping two rows and two columns of r 
in the dialytic form of r. The number of pairs ts, 74 which contribute such a 
factor r, of D” is the number not excluded by (C), i. e., p + q—2(m—n). 

When i, + t2 = m + 1 — 3, we lose two equations tecause of the range 
for i, and two equations for ti, 42 == m —1, n— 2; m—2%,n—1, and thus 
have, for fixed is, ia, m + n— 4 equations in m i n— 4 A whose 
determinant is , 

r, = ra (47, B»), 


a second sub-resultant of r. Since the value of ts -+ %4 is now increased by 
one we have p-+qg—2(m-+n—1) admissible pairs ts, ts This process 
goes on until 7, + % = n, and we get a subresultant Tm-ı(4""™1, B1) for each 
of p+q—2(n+2) pairs is,i, Thus we have a further factor of D” 


namely, v S 
Es; zs r?+ta-2( m+n) pe ptg-2(m+n-1) Nee O% TPT o-2 (HF?) 


When ii + i2 == n— 1, tm is merely Apo" taken p-+q—2(n+1) | 
times, Thereafter the number of equations lost is due only to the decreasing 
range of ù. Finally, with i, + iə == m, we reach 4o! taken p+ q — 2m — 4 
times. When tı + t: © m— 1 the equations are all excluded by (A), (B}, 
of (C). Thus we have a further final_factor of D”, namely, SY 


Es = Aof, 
where 
f= (n—m) (p+ g—2n—?) B Cee eee q—2n) 
+--+ (1) (p+ ¢— 2m — 4) 
= (p-+qg—2m—2)[n—m + 1]s 
—(n—m) (n—m-+1) (@n— 2m 41)/8 


We have thus evaluated the deterimnant D for the special case here used 
in the form, 
D = ELH ALE. 


‘In this special case, however, E, the resultant of the four forms, is 7?% This 
factor r appears in Fa and E, so that we have finally 


“a 
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(37) D = R- A*E,;, 


pir has enk an 
h = [q + p— m — n]: + [n+ m + 1]: — py. 


We may state the above final result as follows: 





The determinant D in (82) is the resultant R of the four given forms 

multiplied by an extraneous factor which is a product of powers 

| of (az)™, and of powers of the resultant and subresultants of two 
binary forms of orders m, n with coefficients (34). 


(38) 


As a check. on the entire procedure we had already found in (33) the 
degrees d, e of the extraneous factor in the coefficients of (ay)™, (By)". 
Now the degree of the above extraneous factor A,.%*H; in the coefficients of 


(ay) is 


g + nh + {(u— m 4-1) (p + y— en — 4) 
+ (n—m+2)(p+q—2n—6) + 
+ (n—1)(p + 9—2n—2m)} 
=g + nh + (p+ q-—-2n—2){(m—1) (n—m) + [m]: o 
? — m(m— 1) (2m —1)/3 — 2 (n — m) [m]: 


and this is equal to d in (83). Similarly the degree of +*#; in the coefficients 
of (By)* turns out to be e in (83). 


11. Elimination in higher domains. In the Morley-Coble account [4], 
the restriction (a), k = m + n— 1, kSm+n—1, barred all identities of 
the sort, (By)": (ay)™== (ay)™- (By)*, and yielded a pure resultant R it 
the cases covered. These cases comprised arbitrary orders m, in the ternary 
domain, and arbitrary m in the quaternary domain. In the present account 
(1, > -,9) the restrictions (b), h S n- p— 1, k 5 n + p—1 admit iden- 
tities of the above sort only between (ay)” and any one of the remaining 
forms. The cases then covered comprised arbitrary m, n, p in both the ternary 
and quaternary domains. Finally in 10 the restrictions (c), h =p+q—1, 
k=p-+-gq—1 admit identites of the above sort between (ay)” or (By)"* 
and any one of the remaining forms. The cases then covered exhausted the 
quarternary domain. oe 

Nevertheless the flexibility of the method rapidly diminishes. The essen- 
tial reason for this is that, in 7 variables, we have 


ey ey ees eS ep 


TERNARY AND QUATERNARY ELIMINATION, 543 


and, for given /, there is only one degree of freedom in. the choice cf h, k 
whereas there are 7 — 1 degrees in the choice of the orders h,’ © 7, lj Taus, 
in the quinary domain with h,’ ' ',ls = 4, 5,5,5,5; l==19, the most 
favorable choice of h, k is 9, 10 and then all of the possible overlapping 
identities appear. This situation would require-the introduction of Zour 
parametric points z, 2’, 2”, z” as explained in 10. If, as further parameters 
are necessary, some well defined pattern for the extzaneous factor would 
appear, it might be worth while to pursue the method more generally. Our 
main reason for the determination of Æ in 10 was not to complete definitely 
the ternary and quaternary elimination but rather to show that such a patzern 
is not to be expected. | 
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ON THE EXPRESSION OF AN ALGEBRAIC FORM IN TERMS OF A 
SET OF FORMS WITH NON-ZERO RESULTANT.* 


By ARTHUR B. COBLE 


1. Introduction. Given n algebraic forms in n variables, 
fm (ag)! (GL: n), (hE S Sh), 
we set 
Gt, Dis (1 AYE 


If the resultant Æ of the n given forms does not vanish, it is well known that 
an algebraic form of order m > i can be expressed as a member of the modile 
determined by the given forms, i. e. that 


(1) | E- (èy)" = J (Bay )™ (aiy). 

Ordinarily (1) is indicated by the notation R. (8y)™ =0 (mod. ft - +, fa), 

= with no attention to the coefficients, (Biy)"-"+, in the expression (1). It is’ 
the purpose of this article to determine explicit values for these coefficients 

as covariants of the given forms and of (dy)". We also determine an explicit 

extension of the module defined ‘by the given forms which will yield an 

expression of type (1) for orders 0< m1. In these expressions the 

resultant R on the left of (1) will be balanced on the right by the coefficients 

of the unique form, A = (ay)', apolar to the n forms f; which define the 

mocule. This balance is accentuated by the fact that, in the generic case, 
neither R nor A is explicitly known. Thus an independent discussion of the 

form A and of some of its properties may be in order. Again we find it 

convenient to denote the binomial ccefficients by the symbol 


[n] k = n Ch. 


2. The unique form 4 apolar to the given forms. Let C, (r) be the 
number of linearly independent conditions imposed on a form F = (br)” 
of class r by its apolarity with a given form, fı = (oy) 4, of order l, i. e., by 
the identical vanishing of (ba) (by). Let Cz,...,2,(7") be the number + 
of linearly independent conditions imposed on F by its apolarity with & given 
generic forms fi, fat - <, fx. We wish to prove that 


* Received May 18, 1946. 
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(2) Ca. a(t) = 30n (7) — SC. (1) 


+ SO retata) —* $ e (1) Ca. . eta (r). 
where the summations refer to all of the combinations indicated by the 
‘subscripts which can be drawn from lp’ ¢ -, lx. : ~ 


We observe that the value d 2) of Cun,...,t4(r) can be separated into ~hree 
parts as follows, 


(3) ` Ois os 1, (1) sie On, as 1, (7) + P apg Cii: bag halt g le), 


according as a subscript on the right, of (2) does not contain lw, contains ls 
only, or contains J, together with other VPs. This formula (3) is a recursion 
formula for the deteřmination of Ch,,....4(7) in terms of C1,...% It 
expresses the fact that, of the Cz, conditions imposed on F by its apolarity . 
with fx, conditions in themselves linearly independent, those which arise from 
the apolarity of (ba,)*(by)’-* with the k— 1 earlier forms are themselves 
a consequence of the earlier apolarities. This recursion formula is then the’ 
basis for an induction proof of (2) which by definition is valid when k = 1. 
We now make use of an identity among the binomial coefficients, namely : 


(4) [l bj D +- ln — IJn- — 3[h Daneel 5 ln-1 — tJa- 
+ Slee bee Ta —: t 8 Ia ah — Llai 
Ae eee a 


All of the terms of this identity cancel due to relations of the form 
(1—1) =0 (j=—1,::-,n). The first term of (4) is the number of 
coefficients of the form A = (ay)' and the last term is — 1. The intermediate 
terms by comparison with .(2) are —C1,...,1,(1). Hence 


(5) If fi= (ay) (G=1,°-+,7) are n generic forms of the crders 
indicated in variables y1,°°*,Yn, there is a single form 
= (aq)? of class 1=1,+---+l,—n which is apolar to 

the n gwen forms. | 


That the conditions, which have not been barred above as obviously 
dependent on earlier conditions, are themselves linearly a is evident 
from the very special, but sufficiently generic, case: 


(6) 


aM s4 z 
For, then, AS = epy > +n, 1, and the uniqueness is evident. 
Ain Fhe with similar definitions for the resultant of the forms f; we may 
state that 


i. 
-= 





TE (i= 1, ni): 
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(7) For gwen forms, (ay) (¢=1,-+-,n), the unique apolar form 
A == (an)'is the Q. C. D. of the determinants of order [L ~1]n-1 
formed from the array of linear equations in the coefficients a 
obtained from the apolarity conditions, (aa) " (an) Y = 0, and 
the additional linear equation, (ay) = 0. | | | 


Indeed, all of the determinants formed from the identities alone must vanish 
sirce the coefficients of (an)? are not all zero. Thus the non-zero: determi- 
nants must involve the equation (a7)’==-0. A particular non-vanishing one 
wil therefore be the apolar form multiplied by some factor which contains 
the coefficients of the given forms and which depends upon the manner of 
selecting equations from the identities. 

Another definition of the apolar form is that A is some one of the non-zero 
determinants mentioned divided by the G. C. D. of the coefficients of the terms 
in y. 


We now prove the theorem: 


(8) -If Les hle ln/li, the degree of the unique apolar form (an)? 
in the coefficients of fi is Ly —1. 


We prove this for the case 1 = n, making use of the identity, 


($) [h +: ` -H Ina om )nnw — Shh H i -F ln-2 + maar 
+ 3{h+°> -H la-a + M Jn- —* * s (— 1) [m ]n-: 
= Dy (m = h — 1). 


The first term of this identity is the number of linearly independent forms 
of class 1. The remaining terms on the left are —-C1,...,1,,(1). Thus the 
left member is the number of linearly independent forms of class / apolar t. 
fis‘ © >, fn- We suppose thet this linear system of dimension Ln —1 of 
forms of class J is exhibited in terms of the coefficients of fat + -,fn-1 with 
La arbitrary linear homogeneous parameters and apply to the system the | 
condition of apolarity with fa. Since this yields just enough conditions to 
determine the Ln homogeneous parameters only Ln — 1 of the new conditions 
can be linearly independent. Each being linear in the coefficients of fn, the 
choice of Ln—1 independent conditions yields an apolar form of degree® 
L,-—~1 in the coefficients of fa. Thus the G. C. D. of (7) has a degree in the 
coefficients of f; which is at most Li —1. 

We proceed to exhibit a more specific method for setting up the m 
form with the actual degree Ln — 1 in the coefficients of fa. This is a con- ° 
sequence of the theorem: | 
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(10) Tf, in Sa- n—1 primals, (ay)4 = 0, re (any) "i = 0, meet - 
| in Ln distinct points, (pin) == 0, there is in general no linear 
identity connecting the k-th powers of these points if k= Lh 


+ pha (1—1) =h H 1 


If k were greater than l— ln + 1 and an identity for these k-th powers 
existed, then, by polarizing it, we would have an identity among the lower 
powers. Thus it will be sufficient to prove the theorem for k == 1 — lh + 1. 
For this value of & any one of these powers would be apolar to’ fi, > +, fa- 
and we have just seen that the number of linearly independent forms of this 
class is precisely Ly. That the (11, -+ 1)-th powers of these La points are 
themselves in general linearly independent can be proved from their indepen- 
dence in a particular case. This case is the following: 


(11) (ay) l — y,” pan Yn, coreg (an1) Ut ome Yn ae Yn, 
For this special case the points (pin) are 
etm +: -4 En-1 9 n-1 a th = 


where «,° “6na are E roots of unity of indices hy’ +, la- 


oaa e We wish to prove, that an identity of the form, 


Di Aste. «tea (a Mm A tte en- ne gn) BP stlua-(n-T) se 0, 
n-1 


where the summations for each 1; runs from 4; == 0 to t; == 1; — 1, implies the 
vanishing cf the La coefficients A. This identity yields the following Ln 


~ equations ir. A: 


(12) > Ài. os ing € egret as Equa? tite a 0 
j n-1 
Ee a Sh to tha a 1) 0Sy Sh. . 


Consider a fixed value kn-1 of m1 and a fixed value Su- of Tots Then (12) 
can be written in the form 


Ekm- ln- 
(13 ) 2 > Ain. ‘ tne rt teg" aan. Oe alae En- netm- En, n- = (), 
kn-1=0 n-2 ; 


` 
* 


» For fixed values of ,° © *,%m-2 and 11,° © +3? n-2, AS Sn-1 changes from 0 to 


la-ı — 1 we have in (13) ln equations in the ln expressions 


f 
p> Nixte. . dndn tt © 9 Enu gh n-2tnng 
n-2 


- for which k,-, varies from 0 to ln-ı— 1. The determinant of this system is 


| en-1 | 40. Hence each of these expressions vanishes and the system (12) 
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of La equations in L» variables may be replaced by the ln-ı systems of Ln/ln-i 
equations in Ln/In-1 variables expressed by 


(14) oO Aa. taints? + + enota == 0, 

n-2 ` ; 
In one of these systems defined by fixing kn- the summation is for t, ° © +, tn-2 
only, and the Lan/ln-ı equations are those for which r-H- e -H race 
= h +: e oe ln- — (n — 2) since the value fu-1 = ln- — 1 has been used. 


If now we fix tn-2 at kn-2, the same argument shows that 


2 Aa. a T a 8h 8 em 0, 
and finally we find that A ing == 0 for any value of kp'> >, Kn within 
the limits of 71,° °°, Ta- l l 


We a the emen (10) by the following: 


(15) There is in general precisely one linear identity connecting the 
(1—1,)-th powers of the La points of Theorem (10). 


These powers, (pin) ’-", are forms to which fa,* - >, fn-1 are apolar whence 
only La — 1 of them can be linearly independent. . For, in the identity (9) 
with m = — 1, the first term on the left is the number of linearly independent 


forms of class l — In, the last term on the left is + 1, and the intermediate 
terms are —Cui,...,,,(/—J,). That in general there is only one such 
identity is clear from the above special case (11). For, an assumed identity 
would yield equations like (12), with however the limitation on the ?’s that 


i Ti “fh © s e +. V1 <= li +- . „a +- E ERE n, 
which excludes the extreme case ; 
Ti == hL — 1, Ta == la — 1, a 5 Feat = byt — 1. 


Thus one, and only one, of the equations like (12) would be missing. Since’ 
the rank of the system (12) is L» the rank of the present system is Ln — 1, 
whence the solution is unique. 

Since, according to (10), there is no linear identity connecting the powers, 
(pı), of the Ln points, these powers may be chosen as the Ln» linearly 
independent forms of- class 7 apolar to fi, * *,jn-1. The unique apolar form 
must then be expressible as 


ia A == (a)! = ppm)! +: oo + Pin (Pran) z 


~ 


Since A is also apolar to fa = (any), 


rc 


pa (np) »( 947) lln —- . i A + BEn (npr, ) in (nz, 7) i-—Ttn = 0. 
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However, according to (15), there is just one identity connecting these 
powers and its coefficients v; can of, course depend only Ome. Fag hs Faas 
Hence pilonps) "== vi Thus 


(16) A = (a9)? = > "Loe (pen) */ (amps) *] - if (anpi) ™. 


(17) The formula (16) furnishes the unique apolar form of n generic: 
forms with a degree La — 1 in the coefficients of fn, and in terms 
of constants vi, pı; which are determined by fu `, fn- alone. 


Another consequence of the formula (16) is that 


(18) IF the n forms fu? >, fn are generic except for a common zero at 
` (pm) = 0, then A = (m)! =c: (pm)? 


If this common point exists, it is also on the jacobian J = (yy)! of the 
n forms. Thus (ypi)'=0, or (ay)? and (yy)! are apolar. Hence the 
apolarity invariant (ay)? vanishes if the n forms have a common zero. This 
invariant does not vanish identically. Indeed, in the special case (6), 


(yy) l == yy? ae Yn? (an) b Yı ll., a 


and these are not apolar. Thus this non-vanishing apolarity invariant of 
degree L; in the coefficients of f; vanishes when the irreducible resultant # 
of the same degrees vanishes, whence 


(19) The apolarity invariant of the unique apolar form, and of the 
jacobian, of n forms is the resultant E of the n forms. 


In order to make the numerical constants. in A, J, & precise we vill 
Suppose that, in forming the apolarity invariant [J, A] , the form A of class ł 
in qy - *, a2 18 converted into a ae aa in 0/0415" ` +5 0/0yn 
which is applied to J. Then 

If the n vumerical factors of proportionality in A, J and E are so chosen 
that, when ‘the n given forms are 


h= ayet---y: a fn = Onga" F — 
izn 
J= JI (ay) H Ae -Ii e plot) p- 
4=1 ` j 
a E Lat] + 
4=1 
_ then [J, A] as defined above is R. 


Indeed, when the given forms contain only their leading terms, then 
A, J, and R contain only their leading terms for which Æ satisfies the 


~ 
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definition ((19) et seg.). Since these terms occur also in the generic case, 
they serve to define A, J, and & uniquely. 

An example of some of the above properties of A is furnished by the case 
of two binary forms. Let 


fı = (ay)™ = (ary) ` (aay) © © (my), 
f2 = (By)" = (Bry): (Boy) > ` © (Bay). 


Then, as is well known, there is, when the m + n linear factors are distinct, 
an identity connecting their (m + n — 2)-th powers of the form, 


izm 


| Baa (as q me + u (Bi q) mn- = 


where the coefficients ia pz are, to within sign, the products of the bilinear 
invariants of every pair of the linear factors other than that one to which 
the coefficient is attached. Therefore the unique apolar form is 


=m 


j=n 
A mm I de (ay) = — 3 py (By). 


4=1 

‘The first form of A will have, in the coefficients A;, a common factor I1(8;8’;) 
which may be discarded. A- particular coefficient A; will have the factor 
(Ba,)"- + (Bai) (Baius)®> - > (Ban)", and thus, according to (17), will 
have the degree m — 1 in the coefficients of A. However, this particular 
form of A can not be rationalized in terms of the coefficients of fı. Thus it 
is to be contrasted with the expressions for A obtained by bordering resultants 
detived from J(z*, y"), these being rational, integral, and of the proper 
degrees, in the coefficients of both fı and fe. | n 

3. The expression (1) when m >i. We turn now to the main purpose’ 
of this paper and recall a very general identity proved in the memoir cited 
of Morley-Coble [cf. p. 481 (80)] which reads as follows: 


(21) Tx (ayy + +, on’) + (8x)™ 


+: S Jia", ota jaa, Mig Hy ty An es 8”) ; (aa) ian 
= qa : 7 
— ae (a1, > ‘ ee he : (dy) = i: 
izan f 
-|- > dkt (a,%, "Ts 4.1 1-4, Ogg AH, wR ee Ay", 5”) i (aiy) i 
4=1 ; 


In this the definition of Jz is 


™ 
h; 
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(22) Jalat, + +, ant”) l 


== ` (0% n. Cn ) (ay )* ee (any) *" (a2) Sai a ot. (ang) ika- 


(kı +he+:->-+h, = k, 02 k=l). 








Thus Jẹ has the order & in y and the order I— k in x. Evidently Jz == 0 
if k>l 

The identity (21) is proved by repeated use of the elementary icenti ty 
connecting * + 1 linear forms: It has the order & in y, the order 1+ n — k 
in æ, and it is linear in the coefficients of the given form (ay)" 
(t==1,---,n) and of (8y)™. Naturally both in (21) and in (22) symbolic 
terms with negative exponents are not used. 

Let, in (21), k==m >l. Then the first term of the identity does not 
appear since, as noted above, J,==0. The order in æ of the identity is l. 
We take then the apolarity invariant of the terms of the identity in x with 
the unique apolar form, A = (ag), the és being contragredient to the 2’s. 
Then the rernaining terms on the left of (21) disappear, since (%7) ™ is apolar 
to (ag)'. The first term on the right of (21) is J in variables © and, 
according tc (20) the apolarity invariant of this with (aé)! is R. Trans- 
posing the remaining terms on the right of (21), we have the theorem: 


(23) If (8y)™ is an arbitrary form of order m > L, then R: (8y)™ can be 
expressed in terms of (ay) (=—1,°°-:,n) as-m (1) with 


(By) Z (— Jr [ J m-2, (414, ee guy ft, Mi. ti, a ye On, an), (ag) AP 
the bracket being the apolarity invariant with respect to z, &. 


» This fundamental expression for R- (8y)™ (m > 1) has all the elasticity 
which is desirable in that as (8y)” varies in a pencil, the coefficients (Bi)"-™ 
also vary in projective pencils. The coefficients have the desired covariant 
character but the geometric conditions on them which limit them to the above - 
specific forms are by no means apparent. In the preceding memoir unique 
coefficients were also obtained by imposing relatively simple geometric con- 
ditions but this advantage entailed the introduction of extraneous parameters. 


4, Extension of the expression (1) to cover cases m S L We aggin 
è take k = m, and again take the apolarity invariant of the identity (21) in x 
with respect to (aé)'. The effect on the terms on the right of (21) is the same 


. .as before, as well as the effect on those terms on the left of (21) which ere 
i=n 


in >. Bree Tm (o,4,- © +, an”) is no longer identically zero. But the 
tat 
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apolarity invariant of Jm (dr)” and (aé)! is-the apolarity invariant of Jm 
itself and the polar (a8)™(a&)*™ times [U]i-u-m !. Hence 


(24) If (8y)”™ is an arbitrary form of order m Sl, then R- (8y)” can be 
expressed precisely as in (23) except for an additive term, 


Fz] m` m ! [ Jan (04%, a An"), (a8) (a) Lad 


For example, if m = l, the extension of the given module by the jacobian 
af the given forms, gives enough freedom to express all forms of order J. 

The unique apolar form, when E 54 0, may be defined as the fundamental 
combinant of the module determined by (a1y)",- * `, (any). Indeed, with 
Shs: + +S ly, and with (ay)? oe, (a y)™ is the form of lowest order 
apolar to (@)* unless l = l = =— l ‘in which case any k linearly 
independent forms of order J, pen to (aq)? constitute the first k forms of 
the module, Then (arny) is one form, or one of j linearly independent 
forms, of order lm: both apolar to (an)! and also not found in the module 
determined by (a.y)4,- <- , (ony). Proceeding in this way the module 
may be obtained from the apolar forms of (ay)? alone. 

To all of the above there is one exception even. when R ‘a 0. This is the 
case where ln > lor 0 >h +--:-+-),..—~7 so that h = 1, = +--+ =1,,=1. 
Then the apolarity of the last form with (ay)? presents no conditions and there 
is no significant apolar form of class 7 when R540. This exception occurs 
first in the binary case l, le = 1, l and it persists as new variables and linear 
forms are added. 

As an example of the transition from a module to its unique apolar form 
and vice versa consider the ternary module determined by a ternary quadratic, 
cubic, and quartic, say (ay)*, (By)*, (yyv)*, each generic. ©“ Then, if 
(p.n),* © *, (Pen)are the six points common to Cay)" > (By), according to 
(15) and 1 49), we have 


(25, a) A = M (pim) € + Alpan) + E 
(25, b) Os (pm)? + (pa)? +: NE E 


_ With A as given in (25,a), the conic (ey)? is the unique conic on pı, **, Pe 
whose existence is a consequence of (25,b). The cubic (By)* is any cubic. 
Gn Pı ` `, pe which does not contain the conic as a part. The quartic (yy)* 
is any quartic apolar to A which is not in the module determined by + 
(ay)*, (By)*. The module depends projectively on the 11 constants involved 
in the choice of the six points on a conic and the 5 additional constants which . 
arise from the ratios of the \’s. Thus A itself is a quite special sextic of class 
six subject to 11 conditions. f 


UNIVERSITY OF ILLINOIS.” 
+ ; f 


ASYMPTOTIC INTEGRATION CONSTANTS.* — 


By AUREL WINTNER. - 


Let æ end f be vectors with a common number of real comporents, si 
and f; (t= 1, < -, k), and let f = f(x, t) be defined and continuous at every 
point (z,¢) of the product space of the whole Euclidean z-space and of the 
half-line 0S ¢ < œ. Suppose further that, if the sign of absolute value refers 
to Euclidean length, the inequality 


(1) | f(z, t)| SA) 4$(| e L) 


holds for a positive and, for instance, continuous function A(t), 0 St < œ, 
satisfying 


(2) Í A(t)dt < œ 


and for a function ¢(r) which is defined on the closed half-line 0 & r < œ, 
is positive nd continuous on the open half-line 0 <r < œ and satisfies 


(3) f a) =». 


Let the set of all these conditions be denoted by (*). 
Clearly, (*) is a restriction of 'f(s,t) itself (for large |x| — |#]), 
vather than one of the Lipschitz-Osgood difference 


(4) f(a, t) —f(2**, t) 


(for small | z*— s** | ). Correspondingly, the uniqueness of the solution 
T =T (t) of i 
(5). v= f(e, t),  2(0) =, 


` 


, Where the initial vector x° is given and 2’ denotes dz/dt, is not ensured. by (*). 
Nevertheless, it is easy to prove the.following lemma (cf. [2]): 


è 


(i) If f(x, t) satisfies (*), then every solution æ = æ (t) of (51, where 
a is given arbitrarily, exists for0 < t < œ and tends to a finite limi vector, 
- g(0), ast o. | 
*"Receivel April 23, 1946. 
a 5E3 
3 


554 © AUREL WINTNER. 


oo, 


. Let (?) denote the set of those points of the z-space which represent . 

limiting positions, {0 ), of solutions, z = a(t), of a —f(a#,t). Then (i). 
does not claim that (?) is the whole z-space, i. e., that, instead of the initial 
vector, x(0), one can assign the final vector, x( 0), as an.arbitrary integration . 
constant. In fact, the chances for the truth of this converse of (i) seem to be 
lowered by the circumstance that the assumption, (*), of (i) does not ensure 
the uniqueness of the solution, æ = z(t), of (5). But it turns out that this 
impression is misleading; since (*) alone implies that (?) is the whole 
@-space : | s 


(ii) If f(z, t) satisfies (*), then 
(5) a =—=f(z,t), a(0) =, 
where °x is given arbitrarily, has a solution t= s(t), 0S t< œ. 


Clearly, the assumptions imposed by.(*) on f(s, t) remain- satisfied if 
fís, t) is replaced by f(s —a, t), where @ is an arbitrary constant vector. 
Hence, it is sufficient to prove (ii) for the case °« == 0, where 0 denotes the 
zero vector. In other words, the assertion of (ii) is that, if f(#,t) satisfies 
(*), then . Ea | Hs 
(7) z(t) —> Q as i> w 


must hold for some solution z = z(t), 0S t< œ, of & = f(x, t). 


In order to establish the existence of such a solution of 2’ = f (æ, t), choose 
an arbitrary to = 0 and consider a solution æ == a(t) satisfying `. es 


(8) (ty) = 0.. 


It is clear,from the first of the assertions of (i) that this solution. must exist 
for 0<t<'o. In view of (1), it satisfies the inequality 


\ 


é 
é 


©) fiendens fapa | 


on every interval u S t&v. But the assumptions imposed by (*) on ¢(r), , 
where 0& r < œ, are (1), (3) and the condition that ¢(r) be positive and 


"~ 
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continuous when r0, and all these assumptions remain satisfied if ¢(r) 
is replaced by the function which is max (¢(1), ¢(7)) or (r) according as 
O=r=1lorr>1. Hence, it can be assumed that (r) is positive and con- 
tinuous at r= 0 also, Then, since x(t) is differentiable, 1/¢( | x(t)|) is 
continuous throughout and cannot, therefore, omit any value between values 
attained. Consequently, from (9) and (8), 


; R co f 
- (10) f (dr)/o(r) = f A(t) dt, where R =Le | a(t)|, 


the lower limit of integration on-the left of (10) being 
(11) 0 = x(t.) =g. lb. | x(t))|. 
Ost << o 


The relations (10), (3), (2) imply the existence of a constant C having 
the preperty that | 
(12) ; |a(t)| <C for OSt< o, 


where z(t) is any solution satisfying (8) for some to, and C is independent of 
the choice of this solution (including the choice of to). However, since (r) 
has a positive minimum on every closed, bounded interval 0 Sr S O, it is’ 
seen from (12) and (9) that 


K 


(13) f | de(t)| <6 f awa 


u t 


where c = c{C) is independent of the choice of u,v in (13) and of that of to 
in (8). | 

Let to = n(=1,2,---), and let (4), where OSt < œ, be a corre- 
sponding solution of z’ = f(s, t). Then, from (13) and (2), 


(14) l f | de" (t)| < const. 


Tn view of v*(m) = 0, this is a refinement of 
+ 


— 


— (18) Env cae 


cf. (8). In addition, (13) and (2) imply that, for every non-negative T, 


N 
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(16) J pal< (2), 
J 


where e = e(T') is independent of n and tends to 0 as T —> œ. Finally, (16) 
implies, besides the existence of a finize limit vector 2*( co), the inequality 


| æ”(T) —a"(co)| <e(T). 
This means that 


| (17) a(t) —> a( co) as ¿— œ holds uniformly in n. 


‘Since f(v, t) is continuous on the product space of the whole 2-space and 
of the half-line 0 S ¢ < o, it is seen from (15) and (1) that the sequence 
f(a" (t), t), f(a? (t), t), © > is uniformly bounded on every bounded interval 
of this half-line. But the n-th element of the sequence is the derivative of 
w(t). Hence, the sequence a'(t),=°(t),° +- is equicontinuous on every 
bounded interval of the half-line. Since it is uniformly: bounded, it contains 
a subsequence which is uniformly convergent on every bounded interval. In 
view of (15) and of the existence of every «”( œ), this subsequence of the 
functions 2'(¢),z?(¢),- >- can be ckosen so as to make the corresponding 
subsequence of the limits 21(0),a°(o),--- a convergent sequence of 
constants. Then it is seen from (27) that the resulting subsequence of 
w(t), z?’ (t), ©- is uniformly convergent on the half-line O=t< œ. 

Let z(t), where 0 t < œ, denote the limit function of such a sub- 
sequence. Then x = g(t) is a solution of a’ — f(x, t), since every t= v” (t) 
is. Furthermore, 7(«) exists, by (1) or (14). But if the n-th element of 
the subsequence is denoted by z” (i), where m = mm, then 


l. u. b. | z” (t) —a(t)| — 9 as n> o. 
0=t< 0 


In particular, since z”(«) and #{) exist, 
a"(c)>2a(o) ano, 
Wally. since s” (n) = 0, : 
a"(m) = 0 where m — œ as n—> o. i 
Tn view of (17), the last three fcrmula lines imply that the value of the 


constant (co) cannot be distinct frora 0. Since this means that the solution l 
x(t) constructed satisfies (7), the proof of (ii) is complete. 
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t 


Appendix. 


Condition (*) has a dual which, when substituted for .(*), leaves the 
assertion of (i) unaltered but transforms the situation expressed by (ii) into 
the ae aoe opposite of that situation; in the following sense: The limiting 
vector z(c}, instead of being connected with the initial vector 7(0) in such 
-a Way as “ be capable of every position in the w-space, becomes a position 
which is ‘independent of x(0); so that all solution paths of x = f{a, t) 
become “confluent” at a single point of the z-space, as t— œ. 

Let (* bis) denote the set of conditions which results from the set (*) 
if (1) is replaced by 
(1 bis) v- f(a, t) S—A(t)o(2-2) 
and (2): by : 


co! 


(2 bis) [ A(t)dt =o, (A0) ` 
finally (3) ky l o 

R 7 
(3 bis) f (ar) /o(r) Sete Ree ($20) 


(it is understood that 2: y in (1 bis) denotes the scalar product tıyı + ' 

+ gryr). It will be shown that, corresponding to the duals (1 bis), (2 bis), 
(3 bis) of (1), (2), (3), the “confluent ” counterpart o (i) and (ii) can, 
be formulated as follows: : 


If f(z) satisfies (*bis), then every solution s= x(t) of (5), where 
2° is arbitrary, exists for OS t < œ and satisfies (7). 





2, where z= g(t), then g’ = f(z, t) 
implies that 41” is the scalar product z: f(x, t). Hence, from (1 bis), 


(4) S — altell) ), 


and so, since AZ 0 and ¢ Z 0, the derivative of |s(t)|? is non-positive 
‘throughout. Consequently, if ¢ increases from t= 0 onward, | æ(t)| cannot 
increase. Sirce this precludes the existence of a t° > 0 satisfying | z(t) | —> x 
*as t— t — 0, and since f(z, t) is supposed to be defined and continnous on 
the product space of the whole «-space and of the half-line OSt < œ, it 
< follows from a general fact concerning systems 2’ = f (cf. [1], P- 177), that 
every solution s == (t) of (5) exists for Ot < œ. 
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~ Since the derivative of r(t) =| a(t)|? is non-positive, it is also seen 
that there exists a finite. limit r( œ) = 0. Hence, in order to complete the 
proof of the last italicized statement, all that remains to be shown is that 
r(c) >0 is impossible. But this can be concluded from the: assumptions 
which have not been used thus far. In fact, if r(¢) does not vanish for all ¢ 
from a certain t = t* onward, say for t = 0,-then, by the last formula line, 
the inequality | 


rT p 
- J COCON aca 


™ 


`y 


holds for every T > 0, since r(t) is monotone and $ Z = 0, A Z= 0.. Conse- 
quently, from (2 bis), 


7 Fon 


; f 


and ‘so, since r(t) is a continuous, non-increasing function, - 
r(0) . 
(dr)/ġ (r) = œ, where OS 7r( eo) Sr(0) < œ. 


río} 


It follows therefore from (3 bis) that r(0) > 0 is impossible. 
_ ‘The “o-theorem” just proved has an “ O-variant,” which in the linear 
case can be formulated as follows: 


f 


If A(t), where OS t< œ, is a matriz of n times n real- valued con- 
tinuous functions satisfying the indai restriction 
l ' t 


lim sup max (y: A(s)yjds < œ, 
t->00 jy =i 


then every solution vector s = s(t) of x’ = A(t)x is bounded as t —> œ. 


The restriction is unilateral, since the integral, the upper limit of which * 
is required to be distinct from -+ œ, is allowed to have the lower limit — œ. R 
In fact, the function integrated is the maximum, ratker than the maximum 
-of the absolute value, attained on the real unit sphere y:2-++ +--+ yn =l 
by the form which results if the two sets of variables are indentified in the ' 
bilinear form belonging to the matrix. In other words, the function integrated 


/ 
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is the greatest, rather than the absolutely greatest, characteristic number of 
the arithmetical mean of the matrix and its transposed matrix. 

The proof follows if s’ == A(t)x is multiplied by æ= z(t). Since 
ae’ =j s|] |, this shows that | 7(t)||#(t)|’ does not exceed | x(t)| * 
times the maximum of y: A(t¢)y on the sphere | y | 1. But | e(¢)| cannot 
vanish at any t= fọ unless it vanishes identically, since s(t) == 0 is one, 
hence the only, solution of 2’ == A (t)s and of the initial condition x(t) = 0. 
Hence, if the trivial solution z(t) =0 is excluded, division by | x(t) |? is 
allowed, and so the preceding estimate means that (log | #(#)| Y dces not 
exceed the maximum of y’ A(¢)y on the sphere | y | = 1. It follows, there- 
fore, from the last formula line that log | z(t) | is bounded from above, which 
proves that | «(¢)| is bounded. ; 
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aT By R. CREIGHTON Buor: 


— 


1, Introduction. The density of a set of integers A= {Qn} is usually 
defined as D(A) =‘lim n/ay. This function has some of the properties of a ` 
finitely additive measure on the countable space composed of the positive 
integers, although it is true that sets 4 and B may have a density while 
Avu B does not. However, it is clear that generalized definitions of density 
can be given which apply to all sets of integers, and which are in fact true 
- measures. [1,281] [4]. i | 

The present paper is largely devoted to an analysis of. the measure defined 
on the set of positive integers by applying the Carathéodory extension to a 
simple basic measure; connection with the theory of Jordan content is very 
close. This also provides a simple model for classical measure theory; since 
points are to have zero measure, while the space on which the measure is 
defined is only countable, we must require only finite additivity. It is also 
clear that in studying the set of integers, we are studying any countable 
discrete space, for such a space can be mapped onto J. 

In Section 2, we construct the measure u and the. class Dp of measurable 
sets. In ection 3, we prove measurability of certain special sets using number 
theoretic methods. We discuss in Section 4 certain questions related to 
sequences of sets and prove that the range of p is precisely the closed unit 
interval. Section 5 is devoted to an analysis of what we have called ‘ quasi- 
progressions.’ It is proved that if x is irrational, the set of integers of thee 
form [en + 8] intersects every arithmetic progression in an infinite set. 
In a sense, this is dual to the fact that if « is irrational, the fractional parts 
of an + 8 are everywhere dense in the unit interval: In Section 6, we discuss 
a number of properties of ordinary density, and in the following section 
examine certain of its generalizations, using results dealing with regular 
summability methods. The concluding section deals with “the customary 
dyadic mapping and questions of the relative measure of classes of measurable 
or densabls sets. Several problems are left open. 


. 2. Measure density. Let J denote the set' of all positive integers. 
On the cless of arithmetic progressions, we have what we may call a, natural 


* Received July 1, 1946. 
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definition of density. If A is {an+ b} we define its density to be A(A) 
== 1/a; this we take as a starting point. A measure density on J will be a 
measure defined for a class of subsets of Z which is finitely additive and under 
which a progression A has measure A(A). We shall require that a point have 
measure zerc, so that the same is true for any finite set; it is then clear, that 
altering a finite number of points of a measurable set will not change its | 
measure. A dot placed above the.symbol for a relation will be used to 
indicate that the relation holds modulo the class of finite sets; thus, A CB 
means that if a finite set is deleted from both sets, we will have AC B, while 
A=0 means that A itself is finite. 


DEFINITION A, QD, is the class of all sets ACI which are finite unions 
of arithmetic progressions, or which differ from these by finite sets. 


This class has the following properties: 
(A1) If Ae Do, then A’e Do, where A’ is the complement of A. 
(A2) IfAe Do, Be Do, then AvB and AB belong to Do. 
(A3) It AeD and A=B, then Be De. 


_ The function A may now be extended to Do. 


DEFINITION B. If A is a progression {an + b}, then A(A) == 1/a; 
if A is tho umon of the disjoint progressions A, Áa, © ` Ar, then A(A) 
= A (41) + A(As) +: +HA(Ar); if A(A) is defined and A =B, then 
A(B) =A4A({4). a 


e The megsure facha A clearly has the following properties. 
(B1) If A and B belong to D, and A È B, then A(A) < A(B). 
(B2) IfA and B belong to D, and A ^ B = 0 then 
A(A v B) =A(A) 4-4(B). 
. (B3) If A and B belong to Do then’ 
e A(A uB) + A(4 ^B) = A(4) +A(B). 
əLhis last property is obviously implied by (B2). | 
We now define an outer measure on I in terms of A. Thé statements that 


* follow’ are’ left unproved since they follow as in classical measure theory, or 
in that of Jordan content. [6] -. 
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DEFINITION ©. If SCI, »{8) in ACA) for ADS and A£ Do. 
(C1) If 3, Č 8, then (81) = p(S2). 
(C2) a(Siv 82) S w(Si) + »(S2). 
(C3) If Ae QD, then p(4) =A(A). 


DEFINITION D. D p îs the class of all sets 8 for which 


w(S) + w(8’) = 1. 


This class is the Carathéodory extension of D, since the definition above 
is equivalent to either of the following: 


(i) g belongs to Dy if for any set Z, 
p(X) = p(X 8) HeX nS). 
(ii) 8 beongs to Dy if, given « > 0, there exist sets A and B in D, with 
ACR BP and A(B) —A(4) =A(B— A) < & 
In this class, » is a measure density with the usual properties. 
(D1) If SeDuy, then Se Dx. 
(D2) If S, and 8: belong to Mu, then so do Sı v S: and 8, ^ Sa. 
(D3). If S, and Sz are any two sets of Dy, then 
(Bi, v Se) + u(81 4 Ss) = (Ss) + u (8). 


Since u is obtained as the Carathéodory extension of A it is In one sense 
the most natural measure density in J. In the next section we shall discugs 
the class Da and in particular show that it properly contains D>. 


3. Special sets. An immediate consequence of the definition of D, 
is that if Ae D, and A(A) —0, then 4 =0. We begin by showing that 
®, contains infinite sets of measure zero. 


Pa 


THEOREM 1. Let P, be a set of primes such that > \/p = o. Let S 


be a set of integers having the property that tf pe Po, no more than a finite 
number of integers of S are divisible by p. Then, p(S) =0. Le 


For example, P, can be taken as the set of all primes, or all the primes 
in an arithmetic progression {an +b} where (a,b) = 1, or the primes py,: 
where An ~~ n loglog n. In particular, S can be any coprime set such as the 


THE MBASURE THEORETIC APPROACH TO DENSITY. 563 


set of all primes or the set {27 Li, The less inclusive Po is, the more 
inclusive § may he. 


Proof. Let A be a product of primes of Po, and let Az, be the arithmetic 
progression {An -+ k} for k==1,2,:--A. Every integer of Az is divisible 
by (àk) and this in turn is either 1, or itself a product of primes of Po. 
Consider the set SA, in case (A,&) 541. Each element of this set is 
divisible by at least one prime of Py which is also a divisor of A. By hypo- 
thesis. only a finite number of terms of S are divisible by any one prime of Po, 
and hance by any of the finite collection of primes dividing A. We conclude 
that the set 8. Ax is finite. Wane [ == U As, we have § = U re Ax) 


soi KA (Sa da), vies the dash indicates that the union is to be z only 
i p with (à, k) = 1. Hence we have SČ U’ Ay, and w(S) = 2 AlAs) 
k= : . k= 


= $(.)/A where, as usual, ¢(m) is Euler’s phi function. Let us now choose 
A as H Po Where the subscript indicates that we are considering only primes 


Pom 


belonging to Po. Since p(A) =A I (1 —1/po) 5 à exp {— È 1/po} we 
Pom pem 
have »(S) = exp {— D 1/po}; using our assumed property of the set Po, 
po=m ; 


and letting m increase, we conclude ‘that (8) = 0. 

Using similar methods we can show that other special sets possess a p 
measure. For example, let S be the set {n°}. Modulo A, this set collapses 
into a finite collection of distinct numbers f1, T2, © *fa which. we call the 
complzte set of quadratic residues modulo A. This differs from the customary 
definition in admitting residues not relatively prime to the modulus. We 
denote the number of these residues by w{A) — «a. It is clear that 


j SC {An +4 ri} u {An ra} ute ü {An + ra} 


and that therefore a(S) S w(å)/à for all A. We shall show that lim inf 
w(dA)sA=0, and thus that a(S) = 0. For this, it would be sufficient to 
know that w(n) is multiplicative, that if p is any prime w(p) = (p +1) /2, 


n f 

and toat [J (1 + 1/pa) = o(pn). However, the following more complete 
i 

_* result is of interest in itself* 

. THEOREM 2. The. function w(n) has the following proper ties which 


suffice to define it i as 


- (+A partial solution appears in Uspensky, Elementary Theory of Numbers, p- 324. 
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(i) If (a,b) =1, then w({ab) = wud). 
ie ees eae (p+ 2)/(2p + 2) for n even 


. 4/3 if n is even | | 
BY m QR- , o 
(iii) w(2") /3 + j 5/3 if n is odd. 


Proof. (i) Let «—w(a), 8B =w(b), and let ri, 12,° © - Ta, $1, 823° * Sp 
be the complete sets of quadratic residues modulo a and b respectively, Con- 
sider the sets of integers {r; + ax} and {s; + by} where g = 0,1,-- -b—1, 

y == 0, 1, -> -a— 1, t—1,2,---+a and j—1,2,---f8. The numbers. in 
these sets are the quadratic residues modulo a and b respectively that le 
between 0 and ab. Their common part is exactly the complete residue set 
modulo ab. Since (a,b) == 1 we can find unique 2 and y corresponding to 
any pair i, j, such that az — by = s;—1;. For each pair i, 7, there is then 
a quadratic residue modulo ab, and these are all distinct; their number is 
then a8 == w(a)w(b) = w (ab). 


(ii) Since 2? = (— 7z)’, we have wip) = 1 + (p—1)/2—p?/(2p+2) 
= (2p + 1)/ (2p + 2), and the formula holds for n == 1. To compute w (p°), 
we observe that the d(p?)/2 integers 1,2,- < -p — 1, p +i, + (p? — 1})/2, 
omitting all multiples of p, have distinct squares modulo p?. The remaining 
integers, p,2p,- > - (p — 1)p, p? have the same square modulo p?, namely zero. 
Thus, w(p°) = 1+ p(p—1)/2— p*/i2p +2) + (p +2)/(2p +2), and 
the formula holds for n = 2. For the general case, suppose that © and y are 
prime to p while z?== 4° (mod p”). Then (s + y)(s— y) =0 and since 
both factors cannot be divisible by p unless z and y are, we infer that v == + y 
(mod p”"). Thus of the ¢(p”) integers between 1 and p” not divisible by p; 
exactly half give rise to incongrueht squares. Suppcse now that s == pz’, 
y= py while ?=y? (mod p”). This implies that s? =y (mod p") 
and the number of incongruent squares obtained is w(p*?). Combining 
these, we see that w(p") = b{p")/2 + w(p"*) ; solving this difference equa- 
tion with initial conditions corresponding to the values of w(p) and w(p°}, 
we obtain formula (11). 





(iii) The proof of this is quite similar. We readily find that w(2) 
—=w(4)=2. In the general case, since 2° == (— t)? = (g + 2")? i 
(mod 2”), we need only consider the squares 1°, 2*,- - | (2"*)*. By an argu- 
ment similar to that used in the proof of (ii), we find that w(2") ="¢(2") /4 
+ w(2"-*) ; solving this, we arrive at formula (iii). 


} 
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THEOREM 3. Lim sup w(n)/n == 1/2 and lim inf w(n)/n =Q. 
From the preceeding theorem, we have w({p") Jp Ss Qt p and 
m 
w (2) /2" = 61 + 21”, Hence, if n = 28 J] pr, with 6; = 
1 


w(n)/n = (6 + 28)2-m TI (1 + 20,784) 
1 
l m 
<= (6-71 + peel ae exp 9 > pr, Ft 
` 1 


< (671 4- 21-8) 3mm? e? 


since > Pots > pots > ki?Si+logm. If n tends to infinity slong 


a sequence of ETTA in e a manner that m, the number of distinct prime 
factors, also approaches infinity, then the uniform estimate obtained ebove 
shows that w(n)/n will approach zero. If n tends to infinity throuzh a 
sequence of valuesifor which m is bounded, then we will obtain the maximum 
values of w(n)/n by considering only n = p”. We have w(p™)/p™ 
== p/ (2p +2) + 0(1)p™; letting m tend to infinity gives us p/(2p + 2), 
and as p increases, we obtain lim sup w(n)/n = 1/2. For the limit inferior, 
choose n = H p?; since w(p?) = (p? — p + 2)/2, we see that w(p*),'v? is 


not oie “he 1/2 for p= 38, and therefore Oe | H w (p*) p” 


<= 2m) which approaches zero as m increases. 
COROLLARY. If S is the set {n?}, then p(S) —0. 


We hav; constructed infinite sets having » measure zero. Since the only 
set having 4 measure zero are finite sets, we have shown that the inclcsion 
D, C Dz is strict. From these null sets of D p we can build other measurable 
sets; thus, for example, if Ae D, and Zè Dp with p(Z) —0, then dvuZ 
and A—Z are in Dp and have measure A(A). We observe that if Z is 
infinite both of the sets Au Z and A—dZ cannot belong to Do, sirce 
Z==(AvZ)*(A—Z)’. For comparison we recall that the general Lebesgue 
. measurable set may be expressed either as a Gs minus a set of measure zezo, 
a or as an F'e plus a set of measure zero. [6, p. 80.] We now show that in the p 
measure, no set of Dy» can be expressed in both forms. 


. THEOREM 4. If S=AvZ=—B—W, where A and B belong to D, 
and p(Z) =p(W) =.0, then S is also in Do. 

“First, we have (8) —=A(A) = A(B). We may write J as (dvZ) 

«(B—W) = (A* BW’) v(Z°[B—W]). The last term has measure 
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zero since it is a subset of Z, so that (5) = (AaBa W) =A(AB). 
Now, A(4) = A(A°B) + A(A—B); substituting, we see that A(A — B) 
==() and that therefore A — B= 0. Similarly, from the identity A(B) 
== A(BoA) + A(B—A), we conclude that B—A-=0. Combining these 
we have A = B, and since AC SC B, S = A and S belongs to Do. 

A natural quéstion arises: are all the sets of D p obtainable in this fashion, 
as sets of the form A v Z or A — Z where Ae Dy and pZ) = 0? The answer 
lies in the fact that since everv set of Dy is, except for a finite set, the union 
of a finite number of progressions, the measure of any set having either of 
these'forms must be a rational number. In the next section, we construct sets 
of Dy having any given irrational number for its measure. 


4, Limit sets. We begin by considering sequences of sets. One might 
be led by analogy with ordinary measure to conjecture that if A, Co A,C--: - 
is a sequence of sets of Do, then the limit set S=lim An must belong to 
D u and have measure »(S) == lim A(An). A simple example shows that this 
is false; take An = {1,2,-- +2}. These sets increase, each has measure zero, 
but lim An =I. However, we observe in this example that if S = {1}, then 
An Č S for all n and a(S) = lim A (An). We might therefore be led to con- 
jecture instead that if A, AC - - -, then there exists a set S such that 
AnC § for all n and p(S) = lim A(da). If this were true, the task of 
constructing a set with preassigned measure would be very simple. That this 
conjecture too is false is shown by the following theorem. 


THEOREM 5. There exist sets AC A:C--- of D, such that lim 
A(An) = 1/3 while if An CS for all n, then S has outer measure p( S) = 1. 


We shall prove that if An C § for all n, then S must have an infinité 
number of terms in common with any arithmetic progression. This will imply 
that »(S) 1. For, suppose that Be D, and that S CB with A(B) < 1.. 
Then, B’ is infinite and there is a progression Æ such that E C B’; conse- 
quently S-E È So B’C BoB’ = 0 and Sok = 0, contradicting the prop- 
erty of S mentioned above. | 

The sets A, ‘will be defined as V,”Om where Om is the progression 
{4"N + 1m}. We proceed to select the integers fm. Arrange all arithmetic’ | 
progressions into a countable sequence F, Fat t +. Choose ri = 1 giving us 
C, = A, = {4N +1}. Let Fy, be the first set F: not a subset of A, and * 
choose 7, as any integer in En — Ay. We see that C, 9 Cz = 0 while 42.9 E; 
is infinite for each i < Ai, Having chosen 7),72,° © ‘7x, We select Tis as any ' 
integer in En, — An where En, is the first set F; following Ena that is not a 
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subset of An. The set Cnsı is disjoint from all previously defined sets Cm; 
moreover, An ° E; is non-void, and hence infinite, for all i An. 

Now, suppose that An Č §-for all n. Let F: be any progressior and 
suppose that 3° E; = 0. But this essentially contains the set An E; for each 
n, and this is infinite for at least one value of n. Finally, since the secs Cm 


n n 
are pairwise disjoint, A(An) = X A (Cm) = D4” and lim A(A,) = 1/8. 
1 1 


Taking complements, we can construct a decreasing sequence of sels An 
* such that lim A(A,) = 2/3, while if S CA, for all n, S must have inner 
measure zero. We remark in passing that although the second conjectured 
theorem fails for the class ® p, it is however true for the usual limit density 
D defined on the class D. This is proved in Section 6. 

Following similar methods, we now proceed to construct a set & of 
irrational measure. We first define two collections of sets {Am} and {Bx} 
such that Am. C By for all m and k while lim A (Am) = lim A(B,) = 6, an 
irrational number. Then, from these we construct a set S such chat 
Am C SČ B; for all m and k. From (ii), definition D, itis clear that S 
belongs to Dy» and has measure £. | 

Our approximating sets will be defined in turn by two auxiliary sequences 
of sets, {Ci} and {Dj}; we set | ; 


Am = Cv C20: ° -u Cm; 
Bim Ou o . -u Oyu Dy. 


In order that Am C Bx for all m and k, it is sufficient to have Om C Dz for 
k = 2, 3,- + -m, and for all m. “We will also want the seis C; to be disjcint. 
Let Cn be the arithmetic progression {2"°"'Y/?N +. ym} and Dy the progres- 
sion {27 %0/2-1Ņ + +} where yn has yet to be determined. It is easily seen 
that in order to have the sets C: disjoint, it is necessary and sufficient shat 
for all m 
Ym =É ye (mod BHO /2) 
for k = 2,3,- -m = 1. Likewise, in order to have Cm © Dy we must have 
ym = ya (mod 2 eed) 


for all m and for k = 2,3,:--m. Combining these, we must solve the set 
eof congruenc2s | 
Ym = Yk + Qh (K+1)/2-1 (mod Qe HL) /2) | 


' For initial conditions, we take ¥1=0,y2=—1. A solution is then given ty 


yn = 1 4 27 + 2° H. 9n(n=1)/2-1 
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Our sets Am and By become ; 
Am = {2N} 0 {8N + L} o {54N + 5} u {1024N + a7} oi cul; 
B, = {N} =]; 
B: = {2N} v {4N + 1}; 
B; = {2N} 0 {8N + 1} v {32N + 5} 


and so on. Since the sets C: are pairwise disjoint, A(Am).—= 5 A (Ci). 
= > 2-142, and as m increases this sum approaches the Sun na 
B whose dyadic expansion is .10100100010- - -. Computing A(Bz) we have 
A(By) S 5 a(0%) + A (D) = S eos 4 2/2 which again ap- 
proaches 8 as k increases. Finally, we set S =— U Am = UOm. We certainly 


have Am S C By for all m and &. 
This construction can be carried out for any irrational number. If 8 


OO 
is expressed in the dyadic form >) 2", we choose Cm as {2\"N + ym} where 
EE 


yı = 0, and ynn = (2+ Qe-+- +++ 2%)/2. Then, the set S—=UCn 
belongs to Dp, and has measure w(S) =f. Recalling that as A ranges over 
the countable set Do, (A) takes on every rational value, we have proved 
the following result. 


THEOREM 6. The set of values of (8) for S in Dy is exactly the closed: 
unit interval. 


An obvious consequence cf this is that the class Py has cardinal number 
c, the cardinal of the continuum; moreover, the class Du/K where K is the 
class of null sets, also has cardinal c. For comparison we recall that while 
there are 2° Lebesgue measurable sets, the class of measurable sets modulo 
the null sets has cardinal c. | 


5. Quasi-progressions. In this section, [z] will always denote the 
greatest integer in sz, while ((z)) will be the fractional part of œ: ~ 
x = [s] -+ ((v)). Let A = {an} where an = [an + 8]. If @ is an integer, 
then Gn == an + [8] and A is an arithmetic progression. If @ is rational, 
then A is a finite union of progressions. If we suppose that «== p/q, and. 
write u == mq +r, where 1=rq, we find that 


A = {pm + bı} v {pm + ba} 0> + +u {pm + ba} 


where by = [8+ rp/q]. The case of a irrational remains; the set A will 
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then be called a quasi-progression. We assume that «> 1. We will show 
that such a set does not belong to Dy and that moreover »(A) = p(4') = 1 
so that A is extremal—i.e., has outer measure one and inner measure zero. 


Lemma 1. Let A and B be two non-negative integers, A = 2, and «@ 
and .B two positwe real numbers with OSB <1. Suppose that we can find 
a rational number p/q with (p,q) = 1 such that 


(i) : {i e 
(ii) Vq >A(1+ V3)/(2—28). 


Then, there exists an integer r, O<rTSA and integers n and m with 
O< nS Aq, 0m < p such that 


(iii) pn — Aqm == Bg +r 
(iv) l lan -+ 8] = Am + B. 
Proof. Part (iii) is immediate; choose 7 so that Bg + 7r is divisible by 
(p, q£) = (pA) SA, and then choose n and m as the least positive 
solutions of px —— Aqy== Bq +r. Now, put - 
ô = { (an + 8) — (Am + B) }/n 
= a— p/q + (np — Amg — Bq) /nq.+ B/n. 


Using (i) and (iii), we have 
0 S ÈS 7?" -+ r/ng + B/n 


A +A 1 
It (ii) holds then 


Vys fei“ 4A (1 — B)}* 


o. 7 2(1—B) 
and 
(1—B)g—AVG—A>0 
_ 80 that ` , 
0&8 < {(1— 8) + B}(1/n) = 1/n, 
Hence, 


0 5 an -+ 8— (Am + B) <1, 
“and (iv) holds. 


LemMa 2. If « is irrational and if we can choose an infinite number of 
distinct rationals p/q for which (i) and (ii) hold, then there are an infinite 
number of distinct pairs n, m, for which (iv) holds. 


A 
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Suppose that as we select p/q, only a finite number of distinct pairs n, m, 
appear. ‘There must be an infinite number of distinct rationals p/q which 
correspond to the same pair n,m. Since the denominators of these rationals 
will increase without bound, (1) implies that « = lim p/q. From (iii), how- 
ever, we see that p/q = (Am + B)}/n + r/nq; in this, m and n are fixed 
and 1, although it depends on p and q, always lies between 0 and A. Taking 
limits, we obtain «== (Am + B)/n, a rational number. 

Let: us now introduce the notation k(a,A) for the greatest lower bound 
of the numbers g\(a—p/q) taken over all rational numbers p/q, with 
(p,g@) = 1, and p/q <a. If «is algebraic of degree n, then a n) >0, 
and if æ is rational, b(a, à) = 0 for all à; [8; 157, 160.] 


LEMMA 3. If a is irrational, and à < 2 then k(a, A) = 0. 


_ This is well known for À integral; when A = 1, it is equivalent to stating - 


that liminf ((na))=0. For A <2, the usual proof by means of the 
successive convergents of the continued fraction expansion of æ still suffices. 
[3, Theorem 171.] | 


THEOREM 7. If a > 1 4s irrational, and B is any positwe real number, 
then the set A = {an} where an = [an + 8B] has an infinite number of terms 
in common with any arithmetic progression, and has outer measure one, inner 
méasure Zero. - 


From the lemmas, we can find an infinite number of distinct pairs n, m, 
for which [an + 8] = Am + B, given any two integers A and B. In Lemma 
1, we required 8 to lie between 0 and 1. This restriction is inessential, for 
if =b +. where OS 8<1, then [an + 8] =b 4 [en + 8o]. The 
proof that »(A) = 1 is the same as in Theorem 5. To show that A has 
inner measure zero, we must show that A contains no infinite set of Dp. 
Supvose {an +b} CA; there is then a sequence of integers A; such that 
an + b = [aà + B] for all large n. Suppose that «> 2; the case where 


1<a<2 may be treated in much the same way. ‘Taking first differ- . 


ences, we have, again for all large n, a = @ (Ans — Àn) -F €n — ens where, 


en = ((GAn H 8)). Set An- — Àn = bn, integral, and let 6 and @ be the 


minimum and maximum values of 6, for large values of n. Then, 


On = Q 4- en — enn and since OS ern < 1, 0S a(6—9) <2 But, «>2 


so taat p= and @,==0 for all large 2; An is then 16 -+ ào and en — en. 


is a constant c,ifor all large n. This in turn gives us em == mc + eo and 
unless c is zero, these would be unbounded. We have therefore shown that 
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en = ((@An-+ B)) = ( (Ban + ad. + 8)) is constant. This contradicts the 
familiar assertion that if y is irrational, the points ((ym + d)) are every 
where dense on (0,1). [8,364]. Since (A) + p(A’) = a 1, A is e 
not measurable. 


6. Limit density. We now consider a more inclusive class of sets of 
integers in place of Du. Let D be the class of all sets A == {an} where 
tin == an 4- 9(n), for some positive real number a = 1. This class clearly 
includes D, and, as we shall prove shortly, it strictly includes Dp es well. 
It is the cass with which the term density-is usually associated. For an 
arbitrary set A C I, we first define two important functions. a(n) will denote — 
the characteristic function of the set A, taking the value 1 for n eA and 0 for 


n¢A,. A(n), the distribution function of the set A, is defined as 3 a(k) 
1 


and is the number of integers in A not greater than n. p(n) and B(n) will 
be the corrəsponding functions for a set B. The characteristic function of 
the set A ^ B is a(n)B(n), and that of Av B is a(n) + B(n) — a(n) B(n). 

The quotient A(n)/n is the density of the set A in the interval (1,7); 
the number lim A(n)/n when it exists is denoted by D(A) and is called ` 
the density of A. Clearly, the set {an} Where dn == an -t o({n) has 
density D(A) = 1/a. More generally, the following equivalence is easily 
shown: if A == {an} and AeD, then D(A) =—limA(n)/n—limn/a 


= lim (1/n) $ a(k). 


We observe that the last expression is simply the Cesàro limit of the 
characteristic function a(n). We can therefore produce sets for which Censity 
“is not defined by selecting any sequence of zeros and ones whose (C, 1) limit 
fails to exist, ahd forming the set whose characteristic function it is. 

Unfortunately, the class D is not a measure class and D is not a measure. 
Some of the measure properties hold; if A belongs to D so does A’, and if 
A and B belong to D and are disjoint, then Au B belongs to D and . 
D(AvB) = D(A) + D(B). However, if A and B are not disjoint, neither. | 
AvB nor A” B need belong to D; [11,16]. Consider, for example, zhe sets | 
defined as follows: let A= {An} be a set of integers not having a density, ` 
let A == {83N} and B= {bn} where Dn = an if me A, and ba = 1 + a, other- 
wise. Both A and B have density 1/3, but A ^ B = {3d,} which fails to have 
a density. 

In spite of this, we can still acing an outer iene wo(S) as in? D(A) 
taken over all sets A in D which contains 8. Pólya has proved tkat this 
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outer density can-be analytically expressed, and is in fact the Pólya maximum 
density ; that is, 
o(8) = D, (8) = lim lim sup o E = 
ĝi n0 m — On 

More preeisely, Pólya proved that if D,(S) = d, then there exists a set B 
of D having density d and containing S. [7, 562.] The minimum density 
D,(S) is obtained if lim sup is replaced by lim inf. Then, D,(S) + D,(8’) 
= 1, and if D,(8) = d, there is a set A in D having density d and contained 
in S. Tkus, Pólya minimum density is inner density, and is 1 — w(S’). 

If we attempt to extend D in the usual manner by means of this outer 
density œ. we find that the extension is not proper. Let Do be all sets S 
for which o(S) + o(8’) =1. | 

THEOREM 8. Da = D. 

HKS belongs to Dw, there must exist sets A and B in D with AC SCB 
and D(A) = D(B)=wo(S). The continued inclusicn implies that A(n) 
<= S(n) = B(n), and dividing by n and taking limits, we find that lim 
S(n)/n==o(8), and Se D. l 

Since D,C D, it is true that DuC D. In the previous section, we 
showed that the quasi-progression {[en -+ 8]} did not have a p measure; 
since it clearly has density 1/« we see that Day D with strict inclusion. 


Moreover, »(S) = D, (8) for all sets S.- 
Rathar more useful than the maximum or minimum densities are the 


upper and lower densities, defined by: 
UD(A) =limsup A(n)/n 
LD(A) =liminf A(n)/n, 


It is cleat from the definitions that D,(A) S LD(4) S UD(A) SD,(A). 
All inequality signs may be strict as is shown by the example 


a(n) = (1,1, 0,0, 0, 0,1, 1, 1,1,1,1,1,1,0,0,- --) 
for which D,(A) 1, UD(A) =2/8, DD(A) 1/8, D(A) =0. If 
C= Aup, then O(n) SA(n)+B(n) and C(n) —C(6n) = > yk) 


=> (atk) + B(k)} = {A(n) — A (0n) } + {B(m) — B(On)}. Conse- j 


uee UD(AuvB) SUD(A) + UD(B) and D(A vB) =D,(A)+D,(B). 
Suppose that we have a sequence of sets A, Az Az; d- - with 
‘D(An) =d for all n. As observed in Section 4, we cannot expect properties 
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of the sets to carry over to their intersection. For example, if Án 
= {n,n + 1, °}, then N An is void, while D(An) = 1. However, ky suit- 
ably modifying the notion of the intersection of a family of sets, we can 
prove a rather strong theorem of this type. It is the same theorem zhat in 
Section 4 we proved did not hold for Dp. (Theorem 5.) 


THECREM 9. If A, AD Az: then there exists a set B such that 
BCA, for n=1,2,;-- and such that LD(B) =lim LD(An), UD(B) 
== lim UD (An). In particular,if Ane D, then Be D and D(B) =lim D(A,). 


Proof. Since lim inf Ar(n)/n = LD(åx), and lim sup Agfn)/a 
== UD(Ax), we can choose a sequence of integers n, < na < na’ * such 
that Az(n)/n = (1— (1/k +1))ZD(Ax) for all n> m and Azin)/n 
= (1— (1/k +1)) UD (Ax) for n = 1-+ ny. That is, ng is an integer such 
that the partial density of Ax is not too small beyond it, while it is large 
enough at least once. Let fy be the segment composed of all n with 
ne L NE New. We construct the set B by assigning to it all the integers of 
Ax lying in Iw; thus, B ^ Iy = A, ^ Ir for all k. We must show that B has all 
the desired properties. First, since A; C Am for all k > m, and Ir = 0, 

B = \] Ba I= U (Ara Ir) Č Am°U Ip Č Am and therefore B-C Ans 


k=m 
holding for any m. This implies that UD(B) = g.1.b. UD(Am) = lim UD(Am) 
and LD(B) Slim UD(An). We compute B(n)/n and show, that we can 
reverse these inequalities, thus establishing equality. If n efr, then 
B() Ca A(n) — A(n) -- ARE -F Axa (ne) — År- (ni1) 
+ Arn) — Ax(m). 
Since Ara C Ar, Ar(m) — Arn (m) = 0 and 
B(n) = An(n) — A (n). 


For all n im Ir, 
= B(n)/n = Ar(n)/n—o(1) = (1 — (1/k + 1))LD(Ax) —o(1) 


and as 1 increases, lim inf B(m)/n == LD (B) È lim LD (Ag). For the upper 
* density, we observe that there is an n in I» for which B(n)/n = Arin)/n 
—o(1) 2 (1— (1/k + 1)) UD (Ax) — 0(1) so that lim sup Ein)/n 
= UD(B) = lim UD (Ax). 


COROLLARY. If AC A,C As C- - - then there exists a set B such that 
An C B fer all n, while UD(B) = lim UD(A,) and LD(B) = lim LD(An). 


\ 
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The sets B are not unique; however, if two sets Bı and B: satisfy the 
conditions of the theorem, it is evident that the sets Bı — Ba and B.— B, 
wall both be of density zero. Thus, if we identify two sets whose symmetric 
difference is null, these modified intersections of the sets An are unique. The 
identification yields a homomorphic i image of the boolean ring of subsets of I 
whose kernel is the ideal of all sets having zero density. In view of this, 
it is perhaps important to point out that the set B can be chosen so that 
An + B, the symmetric difference, is finite and not merely null. 

We now introduce the interval sequence associated with a set A. Suppose 
that A is formed in the following way: a block composed of the first gı integers, 
followed by a gap of length gz, and then by a block of gs consecutive integers, 
and then a gap of length ga, and so on. The sequence of integers {gi} deter- 
mines the set A uniquely. g, may be zero, but all others are positive. Put 


: Gn = È gi. 
1 . 


THroREM 10. UD(A) = lim sup Fa/Ganai . 
LD(A) = lim sup Vn/ Qon 


where Va = g, +93 +: + o H Gon-t- 


The greatest values of A(m)/m occur when m is the last term`of a block 
of consecutive integers, and the least values when m is the last term of a void 
interval. In the first instance, m = en. and, A(m) = g9, + 93+: ° 
+ Gon-1 == Va, giving us the first relation above. For the second, m = Gon 
and A(m) is again Vn. 


THEOREM 11. UD(A) = UD(A) lim inf Goni/Gon = DD(A) | 
'{1—'LD(A)} = {1 — LD(A)} lim inf Gon/Gons. > (1 — UD(A)}: 
The left hand sides of these inqualities are obvious since Gn is an 


increasing sequence. For the right half of the first, 


l UD (A) lim inf Oa Oa == lim sup { Vis Gona) lim inf (Geni/Gan) 
: = lim inf Fa Gon == LD(A) . 
In the second, 


a — LD(A)} lim inf Gon/Gonua = lim inf (1 — Va/ Gon) (Gon/ Gone). 
= lim inf (Gan ao Vn) / Gans = lim inf (Gone — V. nat) / Gone 
>1—UD(A). 7 
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COROLLARY 1. If Ae D and 0 < D(A) <1, then lim Gn/ Gna = 1. 


For, LD(A) = UD(A) =d, and d30, 1—d~0, Hence, by the’ 
theorem, lim inf Gen1/Gen = lim inf Gon/Genu—= 1; since Gn/Gn = 1, the 
result follows. It is clear that this limit need not exist if D(A) =0 or 1. 


COROLLARY 2. If lim inf Ge/Gnau = 0, then UD(A) =1; LD(A) =0. 


Far weaker assumptions are sufficient to yield extremal maximum and 
minimum densities. 


 Turorem 12. If lim inf Ga/Gn.< 1, then D(A) =1, D,(A) =0. 


From the hypothesis, lim sup gen1/Gen-1 > 0 and lim sup gen/Gen > 0. 
Then, for values of @ sufficiently close to 1, gon1/Gen1 and Gen/ Gen exceed 
1— 6-for an infinite number of integers n. Put N = Gon-+; since gon-1 is the 
length of a filled block of integers, and is greater than N(1—@), A(N) 
— A(N6) = N — N0, so that the quotient of these has the value 1 for 
infinitely many: N. Hence, Dı(4) =1. In the same manner, putting 
N = Gen, and recalling that gon is the length of a gap, we find that A(N). 
— A(N6) = 0 infinitely often, and D,(A) = 0. 


Sets having outer measure 1 and inner measure 0-are called extremal sets. 
For a limit density, A is extremal if UD(A) —1, and LD(A) =—0. The 
possibility of expressing a space as a sum of disjoint extremal sets has been 
discussed for ordinary Lebesgue measure [10]. In this connection, the 
following theorem is of interest. | 


THEOREM 13. The set I may be split into a countable collection of dis- 


° - oo 
joint sets which are extremal in the sense of density. That is, I = U Ax 

E ` l 
where An = Aim = 0 uf it s£ m, and UD(Ar) == l, LD (Az) == 0, 


A set that is extremal in the sense of density is also extremal with zespect 


to inher and outer density, and thus certainly extremal for the » measure . - 


discussed in the previous sections of this paper. We construct the sets Ax so 
„âs to have very long blocks of consecutive integers, followed by very long 
gaps. Choose an interval sequence {gi} so that lim Gn/Gau=0. For 
, example, take gx = n(n!). By Corollary 2, Theorem 11, the set corresponding 
to this will be extremal. We must next split up J around this set. To simplify 
the notation, we shall write g(n) and G(n) for gn and Gy. Let E(n) denote 
the interval of integers k satisfying G(n— 1) << k=G(n). Choose any o? 


ł 
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type ordering of the positive eet Ax,j, Sach that 1+ An; < Anju. For 


,example, we could use the following: 


: (1 3 6 10 

2 5 9 14 

. (Anuj) =| 4°83 18 19 
7. 12 


Then, the sets Ax are given by 
CO 
Ay = U B(As,5). 
j= 


Since the intervals Æ(n) are all disjoint, and the Ax; all distinct, these sets 


are all disjoint; since the array Gin contains all the integers, s I, 


The terms of A; fall into blocks of the form [G (Ax; — 1), POR) and the 


greatest values of Ax(n)/n must occur when n is a G (àx;). Computing this, 
we have 


gra) + 9 Qe) + + g (Ans) 
Ax(n)/n ri. cer 5 


© = g (Ani) /G (Ags) 


by virtue of the restriction on the ordering Asz. Then, since lim Gp/Gau = 
lim sup Ar(n)/n È 1 and UD(Ax) =1. The union of two sets having upper 
density 1 also has upper density 1; since Ax == An, UD(Ax’) =1 and 
_ therefore LD (Ar) = 0. igi 


7. , Generalized limit densities. Perhaps the most apparent method of, 


generalizing the density discussed in the previous section is to replace the 
operation ‘lim’ in the definition D(A) == lim A(n)/n by a generalized limit. 
We can always get a total measure density—a measure defined for all subsets 
of the space—by writing D(A} = LIM A(n)/n where LIM is a limit defined 


for all bounded sequences [1, 34]. Otherwise expressed, let L be any linear: 


functional on the space of all bounded sequences such that L(1) == 1, where 
1 = (1,1,1,1,---) and define Ar(A) to be L(«) where «= (a(n)) is the 
characteristic function of the set A [4]. Æ can here be‘chosen as an exten- 
sion of the functional A defined over the linear span of the characteristic func- 


tions of the sets in Do and the resultaht measure density will be an | extension 


of A to all subsets of J [1,231]. >o 


More useful, perhaps, are the. limit . densities obtained by a l 


THE MEASURE THEORETIC APPROACH TO DENSITY. Dit 


ordinary limit by a regular summability method; let T be a transformation 
of the space of sequences given by a real or complex matrix (dav) so that if 


CO 
g = (zi) and y= (yi) and y=T (x), then yn = Dart. We define a 


generalized limit by writing T-lim «= lim y, whenever this ordinary limit 
exists. T is regular if this limit is an extension of the usual limit; the Toeplitz 
necessary and sufficient conditions for regularity are [9] 


90 
(i) D | anm | S M, for all n 
pal 
(ii) lim lny == 0, for all Uv 
. FMP OO * 
(iii) T-lim (1) = 1. 


3 


Instead of taking D(A) to be lim A(n)/n we express this in terms of 
the characteristic function and write this as (C,1)-lime. In order to actually 
have an extension of ordinary density, we shall require that 7 be regular 
over (C,1). -This is equivalent to requiring that 

a . 
- (iv) \ sv | ny — lUn, o+ | = K, all n. 
yzi. 

We now define our generalized density by Dr(A) = T-lim g, and denote 
the class of sets for which this exists by Dr. Clearly, D C Dr. We define 
upper aud lower T density in a corresponding fashion as UD7(A) =T-hm 
sup a, and LDr(A) =T-liminf«, where T-lim supe is limsup T(z). 
Theorems on regular transformations will now give rise to corresponding 
theorems on generalized densities. We first prove that no generalized lirnit 
*density can be total. 


THEOREM 14. The class Dr does not contain all the subsets of I. 


We must produce a set of integers not in Dr, This is equivalent to. 
finding a characteristic function a(n) whose T limit does not exist. A classizal 
theorem of Steinhaus asserts that given any regular transformation T, there 
is a sequence of zeros and ones not summable T [8]. 

Let B denote all bounded real sequences, C all convergent sequences, N -~ 
all null sequences, and Z all sequences of zeros and ones. If @ and y are two 
sequences wy will be the sequence (Ennyn); we write x S y if £n S Yn for all n. 


+ 


Tarorem 15. If we B, T(@)eC-—N then there is a sequence zin Z 
~ such that Tiez) is not in C. 
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' 
Consider the transformation Te defined by T2(y) == T (ay). Its matrix 


is (bnv) where Day ==2duy. Since xe B, conditions (i) and (ii) for regularity 

are satisfied. Since T(t) eC—WN, limT(v) = T,-lim (1) =c exists, and 

is not zero; the transformation (1/c)T.s is then regular, and there is then a 
sequence of zeros and ones z for which T(z) == T(xz) does not converge. 


COROLLARY. Gwen T, and a set A in Dr with Dr(A) > 0, there is a 
set B contained in A and not in Dr. 


For, if « is the characteristic function of A, then az is the characteristic 
function of a set B contained in A. . 
We introduce the pare V for the special transformation which takes 
the sequence (21,%2,° ` *) into the sequence (Tə, Ts, * “yi 


Lemma. Let BeZ,aeZ, witha<p. Then, if BV(B) =0 en aui 
a sequence B* in Z such, that «== BB* while (C,1)-lim (8*— 8) = 0. 


Choose 8* as-a-+V(B)—V(a). Since a S 8, pa =« and 8V (a) 
= BY (B) Y (a) =0. Hence, BB* = Ba +- BV(B) —BV(a)=—«. Since 
B*(n) = a(n) + B(n-+1) — a(n -+ 1), investigating the possible values of 
each term, 8*(n) is seen to be always either zero or one, and 8* e Z. Iive B, 


then V (s) — sis always (C,1) summable to zero; since B* — 8 = a — 8 
+ V (8) — Y (a) = {V (8) — 8} — {V (a) — a}, we conclude that (C,1)- 
lim (8* — 8) = 0. 


We use this to prove that a regular ame method cannot pre- 
serve. products, if it is stronger than (C,1). 


THEOREM 16. If eZ, ay (s) =0, and T(z) eC — N, then there isu 
sequence y in Z with T(y) eC but T (ry) C. 


By Theorem 15, there is a sequence 2 in Z such that T (xz) ¢C. Applying 


the lemma, with 8 = v, and a = gz we set y == B*. Since BB* = vy = 4 = qz, 
T(ay)¢C. Since T is regular over (C, 1), T-lim {y — z) = 0. so that 
T(y) eC. 


COROLLARY. Let Ae Dr with Dr(A) > 0; suppose that A does not con- 
tain a pair of consecutive integers. Then there is a set B also in Dr but such 
that A° B and Avu B do not belong to Dr. 


ete f 
This is a generalization of the counterexample given for ordinary density ¢ 


in the previous section. In fact, we may again take A as {3N}. It is there- 
fore true that no generalized density of this type can also be a measure density. 
Let us now assume that T is positive so that if x is positive, T-lim inf x = 0. 


A 


y 


\ 
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THEOREM 17. The Carathéodory closure of Dp is again itself. 


Suppose that S belongs to the closure of Dr. Then, for any positive e, 
we can find sets A and B in Dp such that AC SCB and Dx(B) 
" — Dr(A) <e. Since aSo, D(A) ST-lim inf o S T-lim sup o 
<= Dr(B) and therefore UDr(S) — LDr(8) < €; letting e approach zerc, the 
. upper and lower T densities of S must be equal, and’S belongs to D r. 
If we relax the restriction (iv) that T be stronger than (C, 1), we obtain 
a generalized density, now, however, not an extension of ordinary dersity. 
Corresponding questions may be discussed. Thus, in Theorem 16, we can 
replace the condition that T be stronger than (C,1) by the condition 


lim Sa ~ On,» | = 0 


n00 V=1 


since this is necessary and sufficient that T-lim {V (<) — x} = 0 for all x in 
B. It would also be of interest to know if Theorems 9 and 13 carry over to 
these generalized densities. 


8. The dyadic mapping. Any total measure on the class of subsets 
of I defines a mapping of this class into the interval [0,1]. Conversely, a 
measure is such a mapping, which in addition is additive for disjoint sets. 


SO 
Let us consider the function T given by T'(A) = $ a(wi2™, where a(n) is 
š 1 


the characteristic function of A. This maps the set A onto the real number 
whose dyadic expansion is given by the sequence of zeros and ones a It is 
evident that T(AuB) +T(A°B) =V(A) +1(B) and that if ACB, 
r(A) ST(B). T is a total measure defined on L; it differs from the ones” 
described in the previous section in that finite sets do not have zero measure. 
This is also true-of any measure given by a linear functional of the form 
L(a) = %a(n)en, Suppose that P(A) =T(B). In terms of æ and £ this 
- means that if A = B, there must be an no such that a(n) = B(n) for n < no, 
a(n) = 1, B(no) =0, and a(n) =0, B(n) = 1 for n > no. Returning to 
the sets, this implies that A = 0, B =T. Thus, if we consider only infinite 
- subsets of Z, P is a 1:1 mapping of this class onto (0,1) and at most 2:1 
for the class of all subsets. 
We can define a measure on classes of sets of nei the usual 
Lebesgue measure of the corresponding sets of points on the unit interval into 
which these classes are mapped by IT. For example, consider the class ‘Do. 
_ Each set A of this is expressible as the union of a finite number of arithmetic 
` progressions with the possible exception of a finite numter of points. The 
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i 
ai 


function a(n) is periodic for large n, ard T(A) is rational. Conversely, each 
rational point of [0,1] is given by a set of De. Thus, r(Da) is precisely 
the set of rational points of [0,1]. (This affords us another simple proof — 
of the fact that D, is countable.) 

In a similar fashion we may investigate T(Dx). Since Dy contains 
infinite sets of measure zero, and any subset of such a set is also measurable, 
PD, has cardinal c as we have observed before. In Section 5, we proved that a 
quasi-progression with irrational difference was not measurable ». If S is a 
subset of such a set A, then either S or A — 5 must also be non-measurable, 
and there are c non-measurable sets. Thus, '(D,) is a non-countable set on 
the unit interval containing the rational points whose complement is also 
non-countable. It would be of interest to know if this set is measurable, and’ 
if so, whether its measure is zero or one. | : 

The set [(D) is more easily discussed ; since A belongs to D only when 
the sequence « is (C,1) summable, classical results show that '(D) has 
measure 1, and is of first category in the unit interval [2]. Since D,C D, 
r(Dxz) too is of first category. Moreover, in this sense, almost every set of 
integers has density 1/2. Similarly, since D C Dz, I'( Dr) also has measure 
1; however, this set too may be shown to be of first category [5]. 


x 
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AN INEQUALITY FOR POTENTIAL FUNCTIONS.” 


By K. O. FRIEDRICHS. ` 


In this paper we shall prove the following inequality: To every domain 
Je, of a character to be specified, in the N-dimensional space of N variables 
%1,° © *,@n, there is a constant T > 0 such that 


(1) f ode ST f [ bo” + °° + + dy" ldz; dg = dz, `` dty, 
Ro > N a 


holds for the derivatives 
pr = 16/004, 


of every potential function #(t,°°-,¢y) with finite Dirichlet integral, ~ 
E Supp da < eo, 


satisfying the condition 
(2) | f pide = 0. 
aR 
Inequality (1) also holds, with an appropriate constant I+, if condition 
(2) 1s replaced by 


(2)-« f pide = 0, 
, Re 


R. being a fixed proper subdomain of R. 


It is clear that the inequality would not hold if condition (2) were 
omitted, since the potential function ¢== zı would be a counter-example. 
If, on the other hand, terms were omitted from the right hand side of (1) the 
resulting inequality would also not hold: If, for example, ¢.” were omitted, 
the function ¢ = 22 — (zı — ¢,)? would be counter-example, the constant c1 


*being so chosen that condition (2) or (2)« is satisfied. 


The inequality (1) is a generalization of the inequality 
f f dedy ST f f vdedy 
Oc Oe 


aod 


* Received March 21, 1946. 
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for the real and imaginary parts of an analytic function u + w of the complex 
variable æ -+ iy under the condition l 


f S udxdy = 0. 


This inequality was proved earlier by the author 1; it may be considered 
an analogue of the inequality 


f wWds=T f vds 
i B B 
if i : i 
f uds =0 - 
B 


for the boundary @ of a circle, proved by, Hilbert [2] and Lichtenstein [3], 
and generalized by M. Riesz [4], [5]. 
l Our inequality is one of a class of inequalities -which can be proved by 
similar methods. We mention Korn’s inequality which we shall prove in a- 
forthcoming paper.? It refers to systems [w,° - <, un] of N functions in # 
with finite Dirichlet integral and involves the symmetric and the antisym- 
metric part of the gradient tensor urz: = 0/021: 
Set = 4 (Uxst + Urs), et = (Uk — Ure). 
E Ae 
The statement is: To every domain &, of a character to be specified, there 
is a constant K > 0 such that | 


ff Xearetde = Kf Se rso2de ; 
Ro R | 


holds for all functions [w,° > - uw] which satisfy the side condition 


f made = 0, | k, l= 1, N. 
R r 


(The functions u are not required to satisfy a differential equation.) This 
inequality, given by Korn in 1909, furnishes an estimate of the Dirichlet 


integral by its “symmetric part”: 


f Sx ntentde S (K +1) f Zeasertde 
mR. R 


t See [1] in the- Bibliography. ‘The C proof, when specialized to, N = 2, is , 
simpler than that given in [1]. ` 

? On the ere Value Problems of the Theory of PENI and Korn’s In- 
equality. 


3 
S ` 
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and that is the reason why it plays such a decisive part in the thaory of 
elasticity. 

Our inequality (1) under the condition (2) and also Korn’s inequality 
will be established for domains R characterized by a particular set of 
requirements: Firstly, #@ is open and connected. Next, there exists a vector 
0,(21,° © *, 8a) with the following properties: 


1. Qs is continuous in R + B, B being the boundary of &, 
2. O,==0 on B, | 
3. Qx has continuous first derivatives Wyn = Prf Itm in R, 
4, These derivatives are bounded in &: 

On| SC, inf. 


Denoting by Ra the subdomain of all points in @ whose Cistance 
from B is greater than 8 we require: , ) 


or 


For a certain v > 0, for which Rv is connected, we have . 
Qr 21 in R — Ro, 
H is finally required thal for every $ > 0, 8 Sv, there exist a function H 
H == Hê (m, © -ay) 
with continuous first derivatives H} such that 
1 H=1 in Ra) 
2 HZ0 in &, 
3. H=0 in R — Ry for an appropriate positive 8 <Š, 
4. | H| = 0/8, with an appropriate constant O> (depending on f). 


` Domains satisfying these requirements will be called Q-domains, In ' 

the second section of this paper we shall show that a domain whose boundary 

* possesses a continuously differentiable normal-vector is an Q-domain. We shall 

also show that domains with corners or edges, such as parallelopipeds, are 
Q-domains. . 

We mention that these domains & treated in 2 have.an additicnal 

property, viz. that there exists a set of Q-domains #%® for 0S 8S 8, 

(with a certain 8) > 0) with R © = R, and Rs CRM CR, such that 
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the derivatives, of the corresponding functions Q® are uniformly bounded, 
(i. e., independent of è in 0 = 8S ô). Domains enjoying this property will 
be called special Q-domains. The proof of inequality (1) presented in 1 
will imply that also the constants T® in inequality (1) are uniformly bounded 
for such domains. Then we have as an immediate consequence the 


THEOREM. Let R be a special Q-domain. Then for every potential 
function p with continuous derivatives for which f [$22 +: - +--+ dy? ]dz is 


fe 
finite, also f p?dz is finite. 
fe 


~ 


This theorem is of special interest for the case N = 2 where it implies 
that for every analytic function w =u -+w of z=s-- iy for which 
J f wdady is finite for a special Q-domain R, also f f v*dady is finite? | 

R R | 


1. Proof of the inequality (1). The proof of our inequality proceeds 
in four steps. The first decisive step consists in establishing the inequality 


(1. 01) f de ST: f o de +r f S hy dz; 
fe Oe v [ad 


more precisely, we shall show that to every Wy there is a.constant T > 0 such 
that (1.01) holds for all potential functions with finite Dirichlet integral. 
The later steps are concerned with establishing the inequality 


N 
(1. 02) f oPda ST: f È prda. 
Pè v Je r= 


under condition (2). 
The proof of the inequality (1.01) is derived from the identity 


0” = (db? mn = by x7) m + 2 > (prem) K 
, km Kant 


(1. 03) = 2 Zr (prem ) e — (Zr bx?) n 
== DPmžk ore = 0 


valid for potential functions ¢(%,°--ay). Subscripts m,: > here and © 


? This statement together with (l) entails: If a potential function u can be 
approximated in the mean by potential functions with continuous derivatives in 
R + B, then the same is true forthe conjugate function. For this statement under 
conditions for the boundary somewhat different from ours in particular also for star- ` 
domains, see N. Aronszajn [6]. 
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throughout indicate differentiation with respect to Zm; (except for the com- 
ponents Q, for which the subscripts ‘indicating differentiation are separated 
by a stroke). 

With the abbreviation 


(1. 04) Y=>, y= 5 


it pl bo ul, pl 


T 


we consider the relation 
(1.05) f {Q,0* — 37,0,0"tdz = 0, 
Oe 


+ 


t 


which, if integration by parts could be carried out, would go over into 
Salh? — Fror) + 2 Br vdidy + SB’ nQa nh? + Srp) 
fe 


— 2 F Nunprpı — 2 S’Onpdudy} dz = 0, 
or 


(1.06) J Be OQx sar? dE — J [2 3% Pwa — Quyu) Puhi 
"4 (Qi 7, — X oe vo? + 2 I” p vp pvdpdy de = 0. 


That integration by parts is valid is not obvious, however, since no asumpticns 
were made about the behavior of the derivatives ¢, at the boundary B, except ) 
that the Dirichlet integral be finite. Instead of relation (1.05) we, therefore, 
consider first the relation 


(1. 05)’ f HERO! — 3/,0,0"] dx = 0, 
R 


în which H= H? is the function postulated in the introduction. Since 
Hê = 0 in & — Rs, we may integrate by parts and obtain a relation which - 
differs from (1.06) only in that Qxym is replaced by (HĉQw)m. These 
derivatives are bounded in @ — Rs. For w/m is assumed to be bounded; 
further, since Q,=-0 on @,87°Q, is bounded in R — Rə, hence also 
Hên = (Hôm) (8°70) by assumption 4 on Hê. Since H? == 1 in fs we 
obtain for the left member of (1.06), extended over Rs instead of R, the 
"estimate 
. è a’ T's f Supp de, 
R -Rs 


. which approaches zero with 6. Therefore relation (1.06) is valid. 
From relation (1.06) and properties 4 and 5 of we obtain, after 
using Schwar2’s inequality, 


5 ee Ld 
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se pde S T, f dide +T J Yh de 
Oe v Oe v 


+ Ts{ f 1° dx f ee 
be Oe 


whence, after a few obvious steps, 


(1.07) f Pdr S2 (T+ 1) f bide + (21, + Tr’) f Sroda. 
i Be Oe 


U 


which is equivalent to (1.10). 
To prove our theorem we therefore need only estimate f ¢:°dx in terms 


Oe v 
of J Wvprde., This could be done in several ways. Rather directly we pro- 


ar in three m as s follows: 
First we employ Potncaré’s inequality in a restricted sense: * There is a 
constant C such that 
f Pde = Co f Zupp da 
f v Be v | 


holds for all functions y possessing a finite Dirichlet integal over R and 
satisfying the relation 


f yde = 


* 


where @¢- is a subdomain of æv. We apply this inequality to y == ġı and 
obtain 


(1. 08) f ède S 0. f Suyytde 
Ri R y i 
(1. 09) f o1dx == (), 


» 


Poincaré’s inequality estimates the integral of the square of the function 
in terms of the integral of the sum of the squares of the derivatives. For 
potential functions estimates in the opposite direction are possible: the 
integral of the sum of the squares of the derivatives can be estimated through 


the integral of the square of the function over a wider domain. More:speci- e 


fically, we need an estimate of the integral 


f Suhip de through f Xrov de. 
F v R v 


t See [6] Courant-Hilbert, vol. II, ch. VII, §$ 3.1, 6, 3.8. At this place the 


assumption is used that #?y is connected. - 
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To this end we employ the identity 


(1. 10) (Xip? a1 — Bp (Srv?) pp + 2 Ip v( dudv) pv 
= 2| Xren? — Z” p vbup gw] + 203’ vdvdvir + 34, paed 
= 2 Boa, 


which is valid for potential functions ¢. Let H—H be the function 

' postulated in the introduction which vanishes in @ — Rv. Then we multiply 
(1.10) by H, integrate over œ, and apply integration by parts. Thus we 
obtain | 


(1.11) 2 f ESepe de = f [ (Hi — SpE) Yro? 
Oe R 


t+ 2 I” p vHpvdpdy | da. 


Since H = 1 in R, H ZO in R, and the second derivative Hmn are bounded 
we can derive from (1.11) the relation 


(1. 12) S Rebe2de STs f Yrd. 


u ' Fè v 
Combining (1. 12) with (1.08) and (1.01) we find 


. (1.13) f o2deSTy f ¥dr*de, 
Oe f 


if (1.09) or (2)+ for a proper subdomain R» holds. If the side condition 
"(2) holds for the whole domain R we assign to the function a constant c 
such that $° == ġ + cw satisfies (1.09). Inequality (1.13) -then holds for 
$*. Since by (2) _ . 


f hy" dx == f (¢°1)?da — c? f gdr = f (p1) da 
R: fe be R 


‘and the right hand member in (1.13) is the same for $ as for $”, we see that 
(1.13) also holds for the function ¢ Rg relation (2). Thus our 
* inequality (1) is proved. 


2 On the Admitted Domains. In this section we shall discuss simple 
~ conditions for domains R to be what we have called Q-domains in the 
introduction. 
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We first state: The domain @ is an Q-domain if there exists an inside 
neighborhood 3° of its boundary @ which is a one-to-one image of a spherical 
shell po Sp S1, p= Iré, of a [,: > -Ev]-space given by functions 
s= 2(&) which possess continuous first, derivatives @1jm—=021/08n° in 
po <= p S1 such that the jacobian does not vanish : 


(2. 01) det aym320 in poXSpSi. 


The boundary @ is supposed to be the image of p = 1. 


To prove this statement we have tc construct functions Q, and HY, se 
fying the specifications set up in the introduction. 


We first observe that the mapping has an inverse & = &(«) with con- 
tinuous derivatives &/1— 0&/0e, in 3°. We have _ 


(2..02) = Bee rPrpn = She 


If the function 21(€) possessed continuous second derivatives x1mn We 
could simply set . 
Oy = pép (1 — pN) x1jp; 
because then o . 
Zaa = N + (1 — p™) 3a e véni AEa p 


would be greater than. 1 in the neighborhood of p= 1, (N =2 being 
assumed). . 


- Without assuming the existence of derivatives Srymn wé proceed as 
follows. Clearly, we can approximate the functions z:(€) by functions X: (£) 
defined in a shell p =p S1, po < pı < 1, which possesses continuous second 
derivatives X1/mn and whose first derivatives Xijmn approximate @ijm as 
closely as desired. For our purpose it'is sufficient to require r 


| Sa Ente Ex» ( L072 — Tasu) | 


(2. 038) 
SARS Ne in pp pS 


Now: = Z be a function of £ 2 continuous Jane which equals 
zero for p =p, and equals 1 in the shell. p: S p5 1, with pı < p: < 1. Wee 
may consider Z a function of zin R with 


(2. 04) | Z=0 in &— Dr, Let in B?, 
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ó` and 3* being the images of the shells pı < p < 1 and pe Sp S1. Then 
we set | 
(2. 05) Qı = 2 Zepén (1 — p) Xip 


Clearly, these functions Q; have bounded continuous derivatives in æ and 
vanish on B. In 3? we have in particular 


BOs, == AN Ben pépé bern (Lay — Cru) 


* (2.06 
T (1 —p™)B, i 


where P is a bounded function. By virtue of assumption (2.03) relation 
(2.06) yields e * l 
i Haan = N — (1 — p") | B a 


Hence a value ps with pz < ps < 1 can be found such that Iha Z 1 in 3?, 
the image of p Sp & 1, Clearly a value of v can be found such that 3° 
contains R — Rv. 

To construct the function H? described in the introduction we introduce 
the shells 3. adjacent to the boundary @ as images of the shells 1— «Sp 51 
in the é-space. With 


(2. 07) i == Max. Dy pt?27x/n, IN po E p Sl, 
and 
T? == max. Senex, in Dapo 


we state that 


+ R — Rre < Be < R — R re- 


Let P and Pe be the images of two points on p == 1 and p—1—e on 
the same ray in the é-space. Then, by (2.07), clearly | P — P; | S te whic 
implies that 3 lies in R — Rre Similarly one finds ĝe > R — R re from 

- (2.08). 

To a given ô > 0 we now set & == 87/2i. Then we have 


R — Rë < ör < Bar < R — Ri. 


i We then choose H as a function of € with continuous derivatives such that 
H == 1 for 1— p Z p/t while H =Q for 8 /r = 8/2t > 1—p Z0. We can 

-+ do this in such a manner that the derivatives of H with respect to [£] are in 
absolute value less than 3¢/8. When we now consider H a function of w it is 
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clear that H= 0 in SS hence in R — Ra, H = 1 in R — ðs, hence 
in 0s, and that the derivatives of H with respect to zı are less than 3N hé/8 
when h = max | &/:| in 3°. Thus the function H = HP satisfies the speci- 
fications set up in the introduction. ` 

We note that a domain is also an-Q-domain if its boundary consists of a 
finite number of pieces each of the character described at the beginning of 
this section. . 

It is evident that the domains here considered are also special Q-domains 
(see the end of the introduction); we need only set 0 = R — sst. 
For these domains the same approximating functions X(£) can be used: 
A) (é) == X ((1—e)é). It is then obvious that the derivatives of the func- 
tions O© are uniformly bounded.. 

We proceed to show that domains with corners or edges are also Q- 
domains. We first consider the case that the domain @ has a corner or an 
edge at the origin O in such a way that, in a neighborhood of O, R can be 
represented by | l 

> Ot 0 L e aa or aN, 


i 


We then must construct a vector Q, cefined for 0 S zi,’ © *,&n, which is 
continuous up to the boundary 272° ` `n = 0 and vanishes there, which in 
0S Zi," © °, 2n possesses continuous bounded derivatives, and for which 
(2. 09) Qa +: tb Onan 21. 
Such a vector is 
Q = e o cm Qr = n[ xi? t+. i tt], 

TOO eis Pa ° 

(2.10) 
= 0, 
for Tiga’ ` * En = Ù. 


In other words all components are equal and just the harmonic mean of the 
coordinates. To verify that- this vector has the desired properties we first 
note the relation | A 

|O | Sanming, O <T’ `, Tn; a 


y=1,°°°,%; 
which is immediately derived from the definition (2.10) and implies that 


Q;-—> 0 uniformly as s approaches the boundary tı’ ` ` €n = 0. ‘We further 
find 
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Ons == n a a a l= 1,7, 
— 0 | i 
\ | 
whence 0 S Og Sn in 0 < Tr’ + +, an. 


Finally, (2.09) obtains, 


\ 
wa tH On = lar? et a ee YY =. 


The existence of function H® with the desired properties is easily seen, 
Introducing a function 7(€) of a single variable é with continuous second 
derivatives for 0 < € and the u 0S7(€) l 2 


“H(é) 0 for £< 1/2 
=Í for éz], 
we set l 


H? = q (21/8) ` > -4 (2n/8). 


This 4 imiia has evidently the desired rere with & = 8/2. 
If the domain Oe is a cube 


0<%,°° +, ty Sl 

we define the vector 0,(”) with n—WN for each of the 2% corners 6°”) 
` m= 1,: : :,20. For the corner 6) —0 we define (x) as a function 
with continuous derivatives such that | 


0<¢()S1, 0XEX<1, 
=L CS e> 4, 
= Bape 7 


We introduce the function Z (x) by 


oe (z) = C(t): + (ay). 


and define the functions ZD (xy,- - +, ZCM (a) correspondingly. Ther. 
we set’ fy 


Q =- + = OyH=ZHQM h -p 72% Qe), 


; , 7 - | 
One immediately verifies that this vector has the desired properties. The 


é 
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functions H? for the cube are constructed from those for a single corner in 
a similar manner. Thus it is seen that a cube is an Q-domain. Evidently a 
cube is also a special Q-domain. ) 

Suppose that the corner in not rectangular as assumed so far but that it 
can be obtained from a rectangular corner by a transformation a: == #1(2"*) 
with positive jacobian and bounded second derivatives. Then one sets,‘in - 
obvious notation = . 

Ox = J A RR E/O 


where Jo is the minimum of J in the neighborhood considered. By a well 
known invariance property of the divergence a : 

| Irkit = JJ Iie = ToI? S 1, 
and hence Qx enjoys the desired properties. The construction of the functions 
H® is obvious. Thus it is shown that also certain domains with non- 
rectangular corners or edges are Q-domains, for which our inequality holds. 
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TOPOLOGIES FOR HOMEOMORPHISM GROUPS.* 


` : ~ By RICHARD ARENS. 


1. Introduction. . This paper investigates the topological space obtained ` 
* by defining, in a group H of homeomorphisms? of a locally compact space A, 
one or the other of the following two topologies :> È 


a) The k-topology for H is based on neighborhoods U of the following ~ 
description : Let K and W be compact and open subsets, respectively, of A, 
and let (K; W) denote the collection of all elements of H which transform K 
onto a part of W. Let U be the intersection in H of any finite number of all 
possible such sets, (K, W). 


b) The g-topology for H is based on neighborhoods U of the following 
nature: Let K and W be closed and open subsets, respectively, of A, with the 
condition that either K, or the complement of W in A, is compact. Let 
(K, W) contain all those elements of H which send K into W, and let U be 
the intersection of an arbitrary finite set of such sets as (K, W). 

` With the k-topology, the binary group operation? in H becomes con- 
tinuous. With the g-topology, we have moreover a continuous group operation 
of inversion whence H forms a topological group * with the g-topology. 

In fact, the g-topology is the strongest * topology which makes H into a 
topological group and at the same time insures that wz) depends contin- 

‘ously on z and A simultaneously. 

The k- and g-topologies coincide if A is compact. If A is also metric, 
these topologies coincide with that studied, for example, by G. Birkhoff 
[3, p. 872] for the group H of homeomorphisms of a compact metric space, 


* Received iua 24, 1946. Presented to the American Mathematical Society, 
December 28; 1942. 
= 1For this, and other general topological ter ms, we follow the usage of en 
” (refer ence [8] in the list at the end of this paper). 
; ?In which, for f, g, h, in H, one has f= gh if and only if, for each æ in A, f(a) 
=g eka )). 
* Which is not usually complete (in the sense of Weil, [15; p. 31]) but satisfies a 
condition (see 7) which insures that H is of the second category [2, p..13] at least if A 
. is perfectly separable. 
‘8 4T.e,.providing the most limit elements. 
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where one metrizes H by setting (f, g) equal to the maximum of the distance 
from f(x) to g(x), for all z in A. 
van der Waerden and van Dantzig [14, p. 370] apply this method to the 
locally compact, separable metric case by first adding a point to A to make 
it compact, and metrizing as above. This produces the g-topology. We show 
that, in general, the g-topologized group H of homeomorphisms of A is 
topologically isomorphic to the k-topologized group H* of homeomorphisms 
of A* leaving I fixed, where A* == A + I is the compactification [8, p. 23] 
of A. 
Another result is that if fy-is a directed set of homeomorphisms of a 
locally compact, locally connected space, which converges to the identity in the 
k-topology, then the directed set hv * also converges to the identity, in the 
k-topology. Thus, for homeomorphism groups.of locally compact, locally 
connected spaces, the g- and k-topologies are equivalent. i 
If H is a compact and effective transformation group (Cf. [9, p. 365]) 
its topology must coincide with the k- and g-topologies; this is true in 
particular for compact Lie groups of transformations. For locally compact 
Lie groups of transformations, the maximal connected subsets of neighborhoods 
in the g-topology provide a basis for the usual parameter-space topology. 
Directed sets of functions, fy, defined on a locally compact Hausdorff 
space, have the- following convergence properties involving the k- and I 
‘topologies: ° 


i) fv converges to f in the k-topology if and only if fy(#s) converges to 
f(z) whenever the directed set xs converges to x in the domain. 


ii) fv converges to f in the g-topology if and only if fy converges to f, 
and frt converges to f, in the &-topology, for homeomorphisms. -~ e: 


iii) f» converges to f in the g-topology if and only if the convergence 
of zs to æ implies and follows from the convergence of fy(xe) to f(x). 


We generalize a result of yan Dantzig and van der Waerden in showing 
‘that an equicontinuous group ° of homeomorphisms of a connected ery: com- 
pact space is a ici compact ae group. 


*Cf. a separate and more complete investigation ol the k-topology in Arens [1]. 
See also 14, 

I.e., a group hoe elements as a whole form an equicontinuous family in the 
usual metric sense, or in a more general sense expressible by means of uniform structure 
(Cf. 7 below). For the way in which compactness properties of the group imply equi: - 
continuity, see Hilenberg (6, p. 77]. 
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- We formulate a condition upon a topological group of homeomorphisms 
which insures that the quotient space H/F, where F.is the subgroup of 
elements leaving a point z of A fixed, should be homeomorphic to the domain 
of transitivity (under H) which contains «: If U be any open 'set in H, 
then the set of all A(z), where heU, is open relative to its domain of, tran- 
sitivity in A. This condition is satisfied if H is compact;* and we prove it 
true also for any transitive Lie group of transformations.’ 


2.° Definition and formal interrelation of k- and g-topologies. Let A 
be any topological space, and let C be any class of continuous functions defined 
on A and with values also in A. If K and W are subsets of A, we shall always 
use (K, W) to denote the collection of functions fe C for which f(K) C W. 
If Kı, Wi,’ © +,Kn, Wn, where n is finite, are n pairs of subsets of A, we shall 
denote by (Ka, `°, Kn; ay igs the set of as functions feC for 
which f(Ki) C Wi, i= 1,2,- 


DEFINITION. The topology obtained in C by taking the collection of all 
the sets (Ka, © +, Kn; Wi,- + +>, Wn) as neighborhoods of any. functions they 
contain,® where the K’s are compact and the W’s are open, win be called the 
k-topology for (.*° 


Derinirion. The topology obtained in C n taking the collection of all 
the sets (Ki,- © °, Kn; Wot > +, Wan) as neighborhoods ofany functions they 
contain,® where the K’s are closed and the W’s are open, and, for each 1, either 
K; or the complement W’; of Wi is compact, will be called the g-topology 
for C. 

We may adjoin a ae I to A, givingsA* = A + I, which is compact, by 
, defining the neighborhoods of Z to be the exteriors of compact sets of A 
[8, p. 23]. We may then regard any function feC as corresponding to a 
function f* defined on A*, but mapping J, and only J, on I. We thus arrive 
at a’class C* of continuous functions each mapping A* into itself, which is 
in obvious 1 — 1 correspondence with C. 


: n 
t Of: Montgomery and Samelson [10, p. 4551. 

8 We give an example of a compact subset of 3- -space for whose group of homeo- 
morphisms H the condition fails for every topology for H. 

? Or, equivalently, taking the sets (K, W) as a subbase [8, p. 6]. In proofs, when- 
ever it involves no loss in generality, we shall tacitly limit ourselves to the considera- 
tion of subbasie neighborhoods. 

10 This tcpology has been defined, in one way or another, for various special cases 


by many autaors, such as Banach [2, p. 11], G. Birkhoff, loc. cit, Fox [7, p. 429], 
Pontrjagin [12, p. 127]. 


é 
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Lemma 1. C with the g- topology, and C* with the Regy are homeo- 


~ morphic under the obvious correspondence. se 


The proof of this is rather obvious, and will be omitted. 
From this we can infer at once: 


THEOREM 1. The g-topologized group H of homeomorphisms of a locally 
compact Hausdorff space A is topologically isomorphic to the group H* of 
those homeomorphisms of the compactification A* of A which leave the ideal 
point fixed.” 


Of course, it is evident from the definition that the k- and g-topologies 


coincide when A is compact. 


8, A minimal property of the k-topology. 


DEFINITION. «A topology for C (cf. 2) will bé called admissible, if with 
` eA and fe, F(f,2) = f(x) is a continuous function on OX A into A. 


This is equivalent to saying that whenever f e C'and z e A, and a neighbor- 
hood W of f(z) are given, we can find a neighborhood V(x) and a neighbor- 
hood U(f) such that each function in U maps any point of y onto a point 
of W. . i 


DEFINITION. If t and ¢* are two topologies for the same set of elements, 
and if every open set of ¢ is an open set of ¢*, we shall say. that t is stronger 
than ¢*, and shall write t C ¢*. | 


THEOREM 2. Jf A is a locally compact Hausdorff space,.and Ci is a Class 


of continuous functions defined on -A, then the k-topology is the strongest, 


admissible topology that can be gwen to C. 
We refer the reader to [1, p. 482] for a proof. of Theorem 2. 


In particule, we can say that the group of homeomorphisms of a locally 
: compact Hausdorff space can be given a strongest admissible topology. 
To show the rôle of local compactness, we prove the following : 


Given any admissible topology for the group of homeomorphisms H of . 


the rational ‘number system, one can construct another admissible topology 
for H which is not weaker than the first. 


11 This correspondence is also an isomorphism if C, and thus ache are groups of 


homeomorphisms. 
12 This proposition was suggested to us by G..Birkhoff. 
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Proof. Let H have an admissible topology. Then one can certainly find 
a neighborhood U of the identical homeomorphism and an interval V about 0 


such that for he U and ae V one will have | (s)| <1.. Now let £ be an 


irrational namber lying between the endpoints-of V. Construct a new topology 


- for H by employing as subbasic neighborhoods sets of the form (F, W) where 


F is closed and contains no sequence (of rational numbers) converging to £, 
and W is open. This topology is clearly admissible. We shall show thai none 


` of the new neighborhoods of the identity, say U* = (Fa + , Fa; W1,-:-. Wn), 


is contained in U. For then surely we can find an open-closed interval 


-surrounding é, and contained within V, which does not meet Fiu’ © -v Fa; 


and a. homeomorphism 4 can be set up which interchanges this open-closed 
interval with a corresponding neighborhood of 10+ é, but leaves all other 
points fixed. Then h« U* but h certainly does not lie in U. 


4, Topologizing homeomorphism groups. 


THEOREM 3. The group of homeomorphisms of a locally compact H aus- 
dorf space, becomes, with the g-topology, a topological group; and the g- 


topology is the strongest admissible topology for which this is true. 


~ 


Proof. We consider first the group H of homeomorphisms of a compact 
space A*. In this case, the g- and k-topologies coincide, and the latter has 
just been proved to be the strongest admissible topology. Now let (K, W) be 
a neighborhood of a homeomorphism h. This means that h(K) C W, or that 
h(E’) D W’, or that h-*(W’) C K’, whence (W’, K’) is a neighborhood of 
h. Thus the process of set complementation in A* shows that group-inver- 
sion transforms neighborhoods into neighborhoods, in H, and thus that the 


* passage from h to hk is continuous. 


Now let f and g be homeomorphisms and let a neighborhood of A = fg 
(see °), (£, W), be given. This means that f(g(K)) CW, i.e., that 
g(K) C f(W). Since A* is normal, we can find an open set V such that 
g(K) CV,V-Cf*(W). Therefore (K,V) and (Vv, W) are neighborhoods 
of g and f, respectively, and it is easy to see that if g’ belongs to the former, 
and f to the latter, then f'g’ will send K into W, or f'g’ e (K, W). Thus the 
group operations in H are all continuous: H is a topological group. . 

If H is the group of homeomorphisms of a locally compact Hausdorff 
space A, then let us apply Theorem 1 and consider the corresponding group H* 


' of homeomorphisms leaving the ideal point J = A¥ ^ A’ fixed. Now H* is 


clearly a closed subgroup of the group of all homeomorphisms of A*, for if, a 


some h, h(I ) 4 I, then (Z,A) isa neighborhood of h not meeting H”. *, There- 
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fore, by the preceding case, H* is a topological group, and thus so also is H, 
with the g-topology. 

Now suppose that we have another topology ¢* for H, which is admis- 
sible and makes the passage h to h bicont:nuous in H. Let a g-neighborhood 
U = (K,W) be given. If this is not already a k-neighborhood, U7 
= (W’, K’) will be, and thus either U or U~, and hence both, will be open 
in the topology ¢*, since the k-topology is the strongest admissible one. 
Therefore the topology ¢* is weaker than the g-topology also. 


REMARK. If in the definition of k-topology, we merely require that the, 
set K be closed, we obtain a topology which makes the group of homeomor- 


phisms of any normal space into a topological group. The proof resembles 
that of Theorem 3. 


5. Homeomorphisms of locally connected spaces. _ 


DEFINITION. A locally connected topological space is one in which the 
connected, open sets form a complete system of neighborhoods. 


THEOREM 4. If H is the group of homeomorphisms of a locally con- 
nected, locally compact Hausdorff space, and H 1s gwen the k-topology, then 
h~ varies continuously with h in H, and H forms a topological group. 


Proof. The binary group operation will first be shown to be continuous; 
the local connectedness of the space A is not needed for this. Let (K, W) 
be a neighborhood of fg. This means that 9(K) Cf*(W). Since A is locally 
compact, we can, at each point v e g(K), find an open set V(x) whose closure 
is compact and contained in f*(W). This covering by the V’s can be reduced 
to a finite cover, and we have: i 


g(K) CVC V-C f*(W), where V = V (z1) vv V(£n), ti, aneg(K). 


Therefore (K, V) and (V-, W) are neighborhoods of g and f, respectively, 
and if g’ belongs to the former, and f’ to the latter, then (as in Theorem 3) 
fg’ must lie in (K, W). | 

Before proceeding to a discussion of h~*, let us establish that the sets of 
the form (L, W), where L is compact, connected, and has a non-void interior, 
‘and W is open, constitute a subbase for ths k-topology of H. Let he (K,W) 
where K is any compact set. As W is local-y connected, we can, for eachaweK, , 
find a connected open set V(a#), whose closure is compact, such that 
f(V(2)-) CW. Then m,-- -,2n can be found such that KC Liu: >u Ln 
where L; = V(2,)7~, which is connected. Clearly(Zi,° © +, Ln; Wist © +, Wr) 
C (K, W), as desired. 
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_ Now les (L, W) be a &-neighborhood of f*, where L is compact, con- 
nected, and has a non-void interior L’”. As demonstrated in the earlier part 
of this proof, we can find an open set G such that f7(L) CEGC EC, 
where G is compact. We may similarly select an open set V containing G”, 
with V“ compact and included in W. Then f(G’o V-) CL/of(W). We can 
also find a point z for which f(x) « L’. Therefore (z, @ o V-; LI, L’ a f(W)) 
is a k-neighborhood of f, which we shall refer to as Uo. 

Tf hel, then A(G’* V-) CL’-f(W). By taking complements and 
reversing the inclusion sign, Duf(W)’C k(G@u V7). Since A(G) and 
h(V~) are disjoint open. sets, and L is connected, L must lie in the one or 
the othér. It cannot lie in &(V~) because h(x) «L7 and g is not in V”. 
Hence LC A(G), or A7(L) CGC W. But this means that h-*e(L, W). 
Thus inversion is continuous in H when it has the k-topology. 

In other words, H forms a topological group. 


6. Convergence in the &- and ‘g-topologies. 


DEFINITION. A directed system A is a partially ordered class with the 
property that if 5, and 8 are elements of A, then there is a 8¢A for which 
ô >å, and 3 > &. - 


DEFINITION. A function # defined on a directed system and taking its 
. values in a topological space A is called a directed set. The value of Z at 
ôe A is usally written zs and not (8). When it causes no confusion, we shall 
call & “the directed set zs” a» will be said to converge to a limit re A 
(in symbols, zs —> v or lims eq ts == Hms ga —= +) when for every neighborhood 
V of x, there is a ĝo e A such that 6 > 4) implies vse V. 


: DEFINITION. Let A and N, and therefore 3—AXN, be directed 
systems.** Let æ be a directed set, and suppose that for each o = (ô, v), 
Z'o == vy where 8’ >8. Then we shall call s'e a directed subset of æ. The 
directed subset z'o will sometimes be denoted by the symbol zy. 

The utility of this definition lies in the following lemma, which we shall 
occasionally use. — 


pi Lemmas 2. If 23-2 and xy is a directed subset of xs, then ty > r. 
If x5 is a directed set in a compact space A, then some directed subset of 
e v5 converges. : 


Proof. Suppose that 23—>2a. Now, if a neighborhood V (a) is given, 


then, for some ôo, 8 > ôo implies we V. Let o == (8,v) with any ve N. Then 


—— 


P H ce, then o = (8,7); (8, v) > (bo ra) means 6 > ô, and r > ro 
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o > co implies g'se V, whence zy —>s. Now suppose that ase A, A being 
compact. Suppose that for each ze A, there is a neighborhood V(x) and a 8, 
such that if § > ês then xs cannot lie in V{x). Suppose that A = V(x) v- 
uV(z). Let > ss’, ôn Then zs cannot lie in A. This contradiction 
shows that for some we A, and any 8 and neighborhood V of z, then for some 
ò > 8, tae V. The Bere nerneods ot t forming a directed system, we have 
US > T. 

We can now consider convergence * properties of the k- and g-topologies, 


THEOREM 5. Let hy be a directed set in the group H of homeomorphisms 
of a locally compact Hausdorff space A. Then, 


i) hu->h in the k- -topology if and only if hy(xs) >h(x) whenever 
ag—>ain A. | 


ll) hy—>h in the g-topology f and only if hyv—> h and hy™ —> h- in the 
k-topology. 


iii) hv— h in the g-topology if and only if xs—>a is always equivalent 
to hv(as) —> h(x) for any directed set zs in A. 


Proof. If hv—h in the k-topology, then Av(2s) > h(x) whenever 
zë —> x, because the k-topology is admissible. And if hy(as) > h(x) whenever 
zs =g, one may introduce an admissible topology into the set {h, hy} = D 
by taking as the p»-th neighborhood of h, the set Up of all hy with v > p, 
and k. All hyh shall be considered isolated. This patently gives D an 
admissible topology, and one in which hy-—>h. Since the k-topology is 
stronger than any admissible tapolesy hy->h in the k-topology. This 
proves i). . 

For ii), suppose hv—>h and hyv+-—>h in the k-topology. Let any 
subbasic neighborhood of # in the g-topology be given, say (K,W). If this 
is not already a &-neighborhood, then (W°, K”) must be a &-neighborhood of 
ht, Hence, for some vo, v > vo will imply hy*(W’) C K, or bv(K) C W, 
whence hy— h in the g-topology. If (K,W) is a k-neighborhood, then for 
some vp, v > vo will imply hy(K) C W, with the same result. If hv converges 
in the g-topology, it certainly converges in the k-topology. Thus we have ii). : 


iii) can be obtained by combining i) and ii). 


14 One of the most important properties, but one which we shall not require, is that 
for any directed set f, of continuous functions f, f in the &-topology if and only if 
fp {©} converges uniformly, on compact sets, to f(w) [1]. The range space, of course, 
must be a metric, or at least a uniform, space. 
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An immediate application of this is a reformulation of the essential 
part of Theorem 4: | 


THEOREM 4’, If A is a locally aia, locally connected Hausdon ii 
space, and ij hy is a directed-set of homeomorphisms of A having the pr operty 
that hvy(as) > x whenever za — 2, then hy (2s) > @ whenever zi — «x. 

f 


_ We shail give an example showing that local connectedness is not redun- 
. dant here (nor in Theorem 4): 

Let A be the set of real numbers 0,1,2,: <- and 1/2, 1/3,- -. Then 

A is locally compact, but not locally connected at 0. Consider the sequence 

hy, ho, © © cf homeomorphisms of A where - : f 


| m if m= 0,1,2, +, k—1 
m—— 1 if m =k +i, k4 R, 


1/m if m = 2, 3,- > | 
1/m +1 if m=k,k-+1,-° - 


Since 1/m is the only converging sequence in A, we have only to note 
that he (1/m) —>'0 to see that hi converges to the identity in the &-topology. 
But hy? (1/e) = k, which diverges to œ. ` 

This-shows also that the k-topology does not generally coincide with the 
g-topology, for hx evidently does not converge in the latter. 


7. Uniform structures in Spaces and Groups. Let A be any space, 
eand let, as usual, A X A denote the class of all pairs (s, y), where z, ye A. 
Let Z denote the class of all pairs (z, æ). 


DEFINITION. A family A of subsets of AKA is called a uniform struc- 
_ ture for A if [Bourbaki 4, pp. 85, 86, and 92] 


“a 


I. Each #& « & contains f as a subset, and if z s£ y, then some R eù does 
~ not contain’ (z, y). 


II. If R and § belong to M, then so does Ro g. 
* III. IfR and g belong to A, then there is an S eM such that SSC R! 


15 By RS we mean the class of all pairs (#,z) for which there is an element ye A 
` such that (a.y)eR and (y,z) eS. We define 8", inductively, S” = S8(S**) and 
S? = SS. By S(s) we mean the subset of A consisting of all z'such that (2,2) eeN. 
By R~ we mean the class of all pairs in R, with the order reversed. 
6 f o 


i 


602 RICHARD ARENS, ` 


IV. E` = R, and the sets R(x) form a complete system of neighbor- 
hoods for the point v in A. 


For example, given any topological group H, one can define a uniform 
structure Q* by saying that (æ, y) «U* if sy*eU, and U is a neighborhood 
of the identity in H. Another uniform structure * can be obtained by setting 
(zy) «*U if atyeU, U being any neighborhood of the identity in H. One 
may define a third uniform structure *§* in which the relations are 
*7* = *UnU*, U* and *U being defined as above [ Weil, 15, p. 30]. 

A topological space A on which a uniform structure has been defined will 
be called a uniform space. 


. DEFINITION. Let A have a uniform structure Y, and let zs be a directed 
set in A such that for each Re W there is a & such that ô, 8, > ê implies 
(vs, 03,) R. Then zs will be called a Cauchy directed set (relative to M). 
If every Cauchy directed set in A converges (has a limit in A) , then A will be 
called complete (in the structure 2%). 

A topological group is ‘conventionally called complete if it is complete 
in §* or *G, for if it is complete in one, it is likewise in the other (Weil, 
loc. ctt.). 


THEOREM 6. The g-topologized group H of homeomorphisms of a locally 
compact Hausdorff space is always complete in *$*, but not generally com- 
plete in $* and *Q. 


Proof. It will suffice to consider the k-topologized group ot homeomor- 
phisms of a compact Hausdorff space 4, by Theorem 1, and the fact that the 
subgroup leaving a certain point fixed is always closed. 

Suppose that hv is a Cauchy directed set relative to **. This means’ 
that hv“Ryp—> identity and Avhy™ — identity. For any ce A, since A is com- 
pact, hv(x) will have a convergent directed subset hv (s). Combining hy (æ) 
—> y with hyhy — identity by Theorem 5, i), we obtain the result that h» (£) 
converges for each x. Let its limit be called h(x). We shall show that 
hv— h in the k-topology. Suppose that ss —> s. If hy(ws) h(x), using 
the compactness of A, suppose that hy (ze) > y h(x). By the previous 
reasoning, we have: 


limy,y,6 Repl thy (wer) = limps hp (aer) = y. | 
Now . ` 
limg hy(we) = hy(w) and hele) > h(s). 
Then 
limp lims a(z) = limye hulas) 
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since the inner limit on the left, and the double limit on the right have both 
been shown to exist [Cf. Bourbaki, 4, p. 49]. This leads to y == h(a), and this 
contradiction proves hy(zs) —> h(x). Thus by Theorem 5, i), hv— k in the 
k-topology. Let us also show that A is continuous.- We now know that if -> 
to—>%, then hv(ts) > h(x). Therefore this double limit must equal the 
iterated limit © 

lums limy hy (v5) = lims A (xa) 


since the inner limit exists, and hence h(zs) —> h(x). Because the condition 
on hy is equivalent to the same condition on hy*, we can conclude that hv (2) 
also converges to a unique limit for each æ, and defines a continuous function, 
h*(x). Applying Theorem 5, i) again, we have hyhv (s) > h(h*(x)). But 
since, by hypothesis, hy “fv — identity, we can conclude h(h*(v)) =s. Thus 
heH. This proves that H is complete in the structure **. l 

To show that H is not generally complete in §*, consider the sequence 
hy» of homeomorphisms of the closed interval [0,2] == A where 


tx, Srs] ; 
ha (x) = l , and t==1/n. 
(2 — t) (z — 14 41S ¢82, 


One can verify easily that nhm converges uniformly to the identity, but 
hyn(v) > 0 for each v in [0,1]."° o 

Remarks on the compact metric case: If A has a metric, m, then the uni- 
form stricture §* corresponds to the well known metric m, in H, where 
mi(h,g) = sup m(h(z),g(x)), ee A [Cf. 3, p. 872], while *9* corresponds 
to the metric m2 where ma(h, g) is the larger of m, (h, g) and m:(h, g>), 
, used by Oxtoby and Ulam [15, p. 879]. These metrics are of course equivalent 
(Cf. [15]; loc. cit.) (perhaps this can be seen most quickly by noting that 
both determine the k-topology). This shows that although H is not complete 
in the sense of van Dantzig [5, p. 612], i. e., in mı, it is of the second category, 
since it is complete in mz. 


8. Equicontinuous groups of homeomorphisms. The following is an ` 
obvious generalization of the concept of groups of isometries of a metric space. 


DEFINITION. An equicontinuous group H of homeomorphisms of a top- 
ological spaze A with a uniform structure 2 is one such that for each Ae W 
there is an SeN such that (s, y) e S implies (A(s), my) ch ai any he H 
and any, t, y in A. . 


26 By using the remark of‘*4, one may prove in general that if k, >f, where f 
is continuous, then hyhy” > identity, in the k-topology. a 
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Lemma 3. If H is an equicontinuous group of homeomorphisms of a 
uniform space A, then A can be given a uniformly equivalent [15, p. 9] struc- 
ture U*, which is invariant under H. 


Proof. For every R« U, let R* be the class of all pairs (u,v) such that 
for some he H and some (z, y) eR, u == h(x) and v = h(y). Since H has 
an identity element, R C R*. But as H is equicontinuous, there is an 8 
such that (z,y)«S implies (A(z), h(y))eR for every h in H, whence 
S*C RC R*, This makes A* uniformly equivalent to M. If (u,v) «R*, 
then, for some g, y, h, we have (x,y) cR and u= h(s) and v = h(y), and 
so for any ge H, (g(u),g(v)) = (gh(z), gh(y)) e R*. Therefore H sends 
k* into #*, and as H is a group, W" must be invariant. 


COROLLARY. If H is an equicontinuous group of homeomorphisms of a 
metric space'A,.then A can be given a uniformly equivalent metric which 
makes H a group of isometries.’ 


‘This follows from the fact that a countable uniform structure determines 
a uniformly equivalent metric, and conversely [ Weil, op. cit., p. 16]. 

The following is a generalization of a theorem of van der Waerden and 
van Dantzig [14, p. 374]. | 


THEOREM 7. Any equicontinuous group H of homeomorphisms with the 
g-topology, of a locally compact, connected uniform space A'is dense in some 
(equicontinuous) locally compact topclogical group H- of homeomorphisms 
of A. In H, hv converges in the g- PAR y if and only uf hy(x) converges 
for each x in A. 


Proof. Consider the set H- of all functions on A into itself which are, 


pointwise limits of directed sets in H. We shall prove that H- has the 
properties set forth. Let us show first that H- contains only homeomorphisms. 

Suppose that fe H-; then some directed set hy converges pointwise to f. 
Suppose that Re MW, and that S eM is such that (<, y) eS implies (a(s), 
h(y)) «E, and suppose that (x; y) eS. Hence (hv(z),Av(y)) ¢R and so 
in the limit (f(x), f (y)) e R? (see 1). This shows that the whole set H” 
is equicontinuous, and in particular, that f is continuous, © 

Given a relation. R as above, and using the same S «YU, we can find a vo 
such that v > vo implies (v(x), f(£)) «8, and hence that (z, hy 4f(z)) «eR. 


Thus f has an inverse f to which Av converges pointwise, and which is there- 


fore continuous. We need therefore only to prove that f(A) =A, and for 


17 Cf. Etlenberg, op. cit., p. 79, § 8. 
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this we interpolate a lemma. In it we suppose that Uf is invariant under H, 


which can always be done by Lemma 3. 


LEMMA 4. If hve H is a directed set, and ae A, and R*(a)~ is compact, 
and if h(t) converges for some be R(a), then for each ce R(a), hv(x) has 


` a convergent directed subset hv (x). 


Proof. Select » such that if v > p then (Av(b), hu(b)) e R. If (z, a) eR, 
then (A(z), hy (a)) «R. This is true-in particular if «== 6 and also then. 
for v==y. This gives four conditions which ‘¢an be combined to 
(hy (x), hu(a)) e Rt, or, hv(z) e R*(hp(a)) = hp(Rt(a)); and this last set 
has a compact closure because it is homesmorphic to #*(a). Hence hy(x) has 
a convergent directed subset, and Lemma 4 is proved. | 


Now v*(b) converges at some point be f(A). Let È, x, and a have the 


“meaning they have in Lemma 4. Such an # exists for a given a because A jis 


locally compact. Then f»*(2) has a convergent directed subset which con- 
verges to a point, say hy? (zr) —> c. 

Let Se be given, and select T eX such that T° C S. We can find a p 
such that v > p will imply ‘(A4y(c), f(c)) eT, and imply (hv (c), Av(o}) eT, 
and imply (hvt(2),¢) «ZF or (x, hv (ci) eT. This gives (f(c), z) «S, and 
therefore f(c) = z. 

Therefore « as well as b lies in f(A), which is therefore open. -On the 
other hand, the point a might have been taken as any point in f(A)~, ands 
taken as coinciding with a. Thus f (A) is also closed. Since it is not void, 
and since A is connected, f(A) = A 

Thus G- contains only homeomorphisms. 

Next we prove that convergence in the g-topology follows from ponies 


‘eonvergence | in H-. We already know that if Ay—>h -pointwise, then 


hy* -> h> pointwise. Therefore we nzed only check that Ay-—>h in the 
k-topology, by Theorem 5. ; 

Suppose that zs—> a, and let Re Sl be given. Select SeA such that 
SC R, and vo and 8 such that v> vo, 8 > ê implies (23,2) eS and 
(hy(z),h(a)) ¢S. As we have seen before, we can be sure that (Av(zs), 
hy(z)) « 8S? when (23,2) ¢S, and so (hv (25), h(x)) eR, proving hy—->h in 
the k-topology. 

Therefore H- is a closed subgroup of the g-topologized group of all 
homeomorphisms of A, and thus is a tcpological group. 

It remains to show that H- is locally compact. Let fe H~ and select 
any point ae A. Suppose that R(f(#))~- is compact. We shall show that the 
neighborhood U = (a, R(f(a))) of f has a compact closure. If Ay is a 
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directed set in U, thén (a) is a directed set in R(f(a)), and hence has a 
convergent directed subset, hv (a) . .The argument following the proof of 
Lemma 4 may be applied to show that hv (£) converges for'every x Thus 
U has a compact closure. | l 


REMARK. © H- is easily seen to be compact if A is, 


COROLLARY. (van der Waerden and van Dantzig, [14, p. 374])2° The 
group of isometries of a locally compact metric space which contains but a 
finite number of connected components ferms a locally caren topological 


group. 


9. Quotient Spaces. In this section, we shall develop some topological 
connections between groups of homeomorphisms and the regions over which 
they are transitive. - 

© Suppose that H is a group of homeomorphisms of a topological.space A, 
that b is a fixed point of A, that »H is the subgroup of H consisting of homeo- 
morphisms which leave b invariant, and finally that H(6) is the set of all 
points into which H can transform 6,—otherwise known as the orbit of 6 
(under H). Then there is a natural 1—1 correspondence between cosets 
‘ of ¿H and the points of H(b) (Cf. van Dantzig [5, p. 610]), 


$ : (Hg) =g (b). 


This correspondence is possible because g (b) depends only on the coset of sH 


in H in which the homeomorphism g lies. 


Lemma 3. If a group H of homeomorphisms of a topological space A 
has an admissible topology, and the- natural topology (Cf. [12, p. 58]) be 


y 


introduced into the quotient space Q = H/H, then ¢ is a continuous mapping. 


Proof. »H is certainly closed, since the topology of- H is admissible. | 


Then the natural topology in Q == H/H is as follows: Let U be.an arbitrary 
open set in H and let ¿HU denote the set of all cosets Hg where ge U. Then 
these sets ¿HU are taken as a basis in Q. Now let an element Hg of Q be 
. given, and a neighborhood W of ¢(:H9) —g(b) in A. Now (b, W) is a 
k-neighborhood of g e H, and thus an open set 1 n H (Cf. Theorem 2). Clearly, 
if he (b, W), then ġ (Hh) =h(b) W. Thus $ is continuous. 


. Lem™Ma 6. In order that p> be continuous, at 1s necessary and sufficient 
that for each neighborhood U of the identity in H, and for each be A, the 
set U(bd) TCA (that is, the orbit of b under U) have a non-void interior, 
relative to H (b), which contains b. 


18 The condition of separ PA N assumed by van Dantzig and van der Waerden follows 
from the remaining conditions (Cf. Sierpinski [13, p. 111])- 


A 
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Proof. Let ce H(b) CA be given, and also a neighborhood .HUg of 
the coset ¿Hg e Q, be given. Then ¢(o.HUg) = U(x) and by hypothesis there 


is an open set W in A such that coe H oe Obviously 


e*(W) CoHUg. = i 


Conversely, suppose that ¢7 is sont ust Then ¢(.HUg) = U(g(b)) 
is an open set (relative to H(b)). 
Combining these, we infer 


THEOREM 8. If H is an admissibly topologized group of homeomorphisms 
of a topological space A, and if for every neighborhood U of the identity in H, 


we have U (b) open relative to H(b), for bin A, then the quotient mance ú 


is homeomorphic to the orbit H (b). 


COROLLARY. If H is a locally compact, admissibly topologized group of 
homeomorphisms of a topological space A, and if H has a denumerable basis 
while the orbit H (b) is not the sum of countably many sets which are nowher e 
dense on H (b), then the e space. H/H is homeomorphic to the orbit 
H(b).° 


Proof. Let U be any neighborhood of the identity in H, and let v be 
a neighborhood of the identity whose closure is compact and contained in U. 
Now H can be covered by a countable set Vi, Vo, Vs,- © © of neighborhoods 
each a translation of V, since it has a countable basis, and so the orbit H (b) 
is covered by the sets V,(b), ¥2(b),- + +, which are all homeomorphic to 
V (b), which is closed, and hence nowhere dense if it has no interior (all 
relative to the orbit H(b)). Now select V so that VFV CU (Cf. [12, p. 
541). Then there is an open set W, and a point s in H(b) such that 
ceWoH(b)C V(b). Suppose w—g(b), where ge V. Then bDeg?(W 
a H(b)) C g*V(b) CU(b). Thus the hypothesis of Lemma 6 is fulfilled. 

We shall now give an example of a compact metric space A with a locally 
compact group of homeomorphisms H fcr which the hypothesis and conclusion | 
of Theorem 8 fail to be fulfilled. 

We use cylindrical coordinates (r, 6.2) to describe A in Clean 3-space, ` 
Let Sx be the closed segment connecting pn = (1,7, 0) with gn = (0, 0, 1 — 2**) 
when n = 1, and connecting Pa == (1,7,0) with ga = (0,0,2"—1) when 
n <= — 1, and let So connect po ==-(1,0,0) with the origin go = (0,0, 0). 
It is essential that 6 be measured in racians so that the points (1,7, 0) shall 
be all distinct and dense on the circle r= 1 in the (z, y)-plane. i 


12° This covers the important case in which H is a transitive Lie.group of trans- 
formations. The proof is an obvious modification of [12, p. 65] (Theorem 13). 
. i 
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Then A is to be the union of all the sets S» together with the segment 
connecting (0,0,—1) with (0,0,1) on the z-axis, and the double conical 
mantle enclosing all the segments whose equation can be written as 
|z|-+ r=1, r being always = 0. 

It is readily seen that A is closed, and hence compact. But now observe 
that a homeomorphism % which leaves the end pa of a segment Sn fixed must 


leave the other end gm fixed also. For each n, a homeomorphism An can be 


constructed which rotates the mantle of A through n radians, and sends each 
Sm into Smin, Pm into Pminy Qm into Quin and acts linearly on the segment 
connecting qm with qm. Then H = {fn} is a group homeomorphic to the 
group of integers. Only the identity‘ leaves po fixed, and yet the orbit of po, 
viz. (°° *5 P-15 Po) Piy Po,’ ` *) is dense on itself (hence, by Theorem 8, 
Corollary, must be the sum of a countable number of nowhere dense subsets of 
itself). Nor can this situation be patched up by choosing a different top- 
ology for H, for the orbit of go is horaeomorphic to the set of integers.?° 


10. The topology of Lie groups. The question arises: suppose we take 
a Lie group of transformations, G, and, ignoring the topology of G inherited 
from its parameter space, introduce the g-topology into G, then how does this 
topology compare with the original? -We shall first introduce the concept of a 
Lie group of transformations, limiting ourselves to the analytic case (Pon- 
trjagin, [12, p. 287]) : An 7-dimensional Lie group G is a topological group 
for which some neighborhood of the identity can be homeomorphically mapped 
on a neighborhood of Cartesian 7-space in such a vay that the group operations 
in G are analytic when expressed in terms of the coordinates (t1,: °°, ar), 
called parameters, thus introduced into this neighborhood of the identity. 
G is a Lie group of transformations if each g«G determines a bicontinuous 
transformation T of an analytic manifold A, such that if coordinates 
(4%,° © *,&r) are chosen locally in A, then this transformation T can be 
expressed by % = fi (£1 ` ` En; da ' - *,@na) where fs is continuous in all 
its arguments simultaneously, and analytic in each.” One also demands that 
-T leave each point of A fixed if and only if it corresponds to the identity. in G. 





20 Eyen under the group of all homeomorphisms of A, the orbits of p, and q are 
not homeomorphic, being the same as under H. And yet the subgroup leaving po 
invariant coincides with that leaving qo fixed. Thus we have a counterexample to a 
theorem of van Dantzig [5, p. 610], which says, (using the terminology of our Lemma 
5) that if A is locally compact and H contains all homeomorphisms of A, then ¢ is a 
homeomorphism. 

*t One may define all this with functions s times continuously differentiable, rather 
than analytic. Theorem 9 would require only s Žž 2. 


pe 
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THEOREM 9, Suppose that G is a tne group of transformations. Let the 
topology in G be. replaced by the g-topology, giving a topological group H. of 
transformations. Then, if Gis a compact Lie group, H and G are topologically 
isomorphic, and, in general, when G is locally compact, the maaimal connected 
subsets of the open sets of H form. a basis for G. 


Pr oof. In the first place, the topology of G is always admissible, and 
‘therefore weaker than the k- or g-topclogies, which are equivalent heré, of 
course. Therefore, if G is compact,,H and G must be homeomorphic (see 
[12, p. 65]). | 


For the general case where G is locally compact, we suppose that a 
neighborhood U of the identity in G be given, such that U~ is compact. 

Since, by definition, no element on U-* U’ leaves all points of A fixed, 
and since U-9 U’ is compact, we must be able to find a finite set of paints 
P1>° ‘‘;Pm in A together with open sets V:,---+,Vm' where pre Vu, 
k=1,--++,m, such that if g lies on U-9 U’ then the corresponding T drives 
some px out of its Vx, for the following reason: the subgroup pG of G leaving 
peA fixed is closed: therefore some finite set of such subgroups must have a 
void intersection on the set U-9 U’. This gives the points pi,---,pn. To 
get the V,,: - +, Vm, one observes that the sum of the distances the pr are 
moved by g on the compact set U- ^ U” is bounded away from zero by a positive 
number d, and that. spheres of radius d,/m about the ps will serve. i 

It is not hard to see that if U is sufficiently small then this means that ` 
if the matrix M is composed by placing m blocks B,,B.,: © -,Bm together . 


M = | B, B, my - Bm | 


where 
fı (prz) . _ , Ofn( pr; @) 
da, Oa, 
By == 
| + | Of: Cpe3a@) Of (pe 3 @) 
Oy dary 


then M will have a minor or rank r which does not vanish on U. 


This means that we'can solve for the (a:,---,a,-) in terms of some 


. set of r coordinates of the transforms p, of the px, this inversion: 


Qi = di (Dis ens 3 jim ) 


being continuous and valid for pw e Vx, where perhaps the Vs must be dimin- 
ished in radius. 
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Now suppose that L is a connected set in H lying in the k-neighborhood 
(P` ` ts Pm; Viz**-,Vm), and containing the identity in H.- Then 
L( pr) C Vz, and hence, by the inversion a; = $:(f:,° * *, Pm), determines a 
connected set S in G, containing the identity. If S. met the set U- 4 U’, some 
pe would be driven out of. its Ve, whence SC U. This means that the 
connected component of (pa` °°, Pm; Vast t, Vm) les in, U, thus proving 
the theorem. ; 


REMARK. The part of this theorem relating to compact Lie groups of 
transformations can be extended to any compact, effective (i.e. only the 
identity of the group leaves all points of A fixed) group of transformations, 
provided its topology is admissible (this is sometimes included in the concept 
“transformation group” (Cf. [9, p. 365])), since the proof for that part 
involves only the admissibility and compactness of the topology. 
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_ON A CLASS OF PARTIAL DIFFERENTIAL EQUATIONS 
| OF EVEN ORDER.* 


By Joaquin B. Draz. 


1. Introduction. In this paper, we consider linear partial differential 
equations of the form _ ` : 
g. 1) Lu = 0, 


where u = u(z,y) and L is‘a certain linear partial differential operato? of 
the.second order. The most important special ‘case is that of 


(12). oa Lu = Au + (atte + Y (Y) uy, 
where A==7°/ér? + 0?/dy?; then (1.1) becomes 
. iy == ANu -+ lower order terms = 0. 


Our main purpose is to construct a sequence of particular solutions of (1.1) 
having the following properties: (a) In the neighborhood of each poini at 
which a solution of the equation LYu == 0 is analytic, this solution can be 
expanded in a uniformly and absolutely convergent series of linear combina- 
tions of these particular solutions; (b) Each particular solution is defined 
and analytic in the whole plane and can be obtained by quadratures from the 
coefficients of L. Furthermore, all of these particular solutions are linear 
combinations of certain functions independent of N. 
‘ Our method is based upon the solution of partial differential equations 
, with constant coefficients by the methcd of hypercomplex variables. [See 
Scheffers (3) 7, and Ketchum (2); Ward (5) gives an exhaustive biblicgraphy 
on analytic. functions of linear algebras.] This method involves replacing 
e the given partial differential equation of higher order by a system of partial 
differential equations of the first order. Sobrero (4) has treated in detail 
the equation A*u = 0 from this standpoint. For the equation ~ 
"-(1,.3) ANy & = () 


Cea 


4. the procedure is as follows. Formally,- we determine the hypercomplex 


* Received September 13, 1945. 

1 Presented to the American Mathematical Society, September 17, 1945. The 
problem was suggested to the author by Dr. Lipman Bers. 

. 2 Numbers in parenthesis refer to papers in the bibliography. 
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- we obtain 
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unit jy so that every function u = f(z, y) = f(s + jyy) shall be a solution 


2N 
of (1.3). By direct substitution, setting je Petia’ we obtain 


N /N NF. N 
Nf — 4 ee — FCN) i Paral 
A f È ( ] ) Oy? N- gy2 f > ( 1 ) ir ° 


Thus, the necessary and sufficient condition that every function f(x,y) 
= f(x + jyy) be a solution of (1.3) is that | 


(1. 4) | (1 + jn?)* =0. | É 


From (1.4), it is seen that any power of jy greater than the 2N-th may be- 


expressed as a linear combination of 1, jy,- :-, jx’. The hypercomplex 


2N-1 , 
valued function f(s, y) = È a(z, y)jyt is said to be analytic at (£o, Yo) 
:=0 


provided there exists a neighborhood of (20,4 Yo) such that if te yx) is any 
point of this neighborhood, the difference quotient 


f(z, y) — f(t, 2 Y1) | 
(z — 21) + jn (y — 91) 


approaches a limit independent of the mode of approach of the point (x,y) 


to-the point (zı, yı). Letting (x,y) approach (21,41) in the directions . 


parallel to the z and y axes, and equating the results, we obtain r 


0f/ðs = (1/jx) (0f/ðy) 5: 7 
that is : | 


2N-1 a QN-1 
x li rI y’ = (1/jx) > ai sin f, 


where tis = 0ai/dr; ete. Multiplying through by jy in the last equation and 
employing (1.4) in the form 


p= N-1 
p> [aats g — ay- 1,2 ( 1) list > ilok ane 


N-1 


= A lor yin” I- > foks, ja ai a 


To simplify the writing, we set d- = 0. This device of introducing zero terms 


will be used throughout, without explicit mention. Equating coefficients of 


like powers of jy, we see that 


t 
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deka == leks» 


N 
Lok,y == Gox-1,2 T AgN-1,2 z , 


(k= 0,:: +, N — 1). The system (1.5) bears the same relation tc (1.3) 
as the Cauchy-Riemann equations bear to Laplace’s equation. To complete 
the analogy, it remains to show that each of the 2N functions ar satisfies 
(1.3), and that given any solution ù of (1.3), there is a solution ai, 
e i=0, <- , 2N—1, of (1.5) such that a = u. 
M now to (1.2), we rewrite L in the form 


(1. 5). 


(1.6) Lu == ss | (ottc/t) 2 + (etty/7)y], 
where 
' omexp (foda), == exp (— f Ydy). 


Actually, we shall consider the more general case 


` 


` (1.7) Lu (71/2) [ (o1tte/71) 2 (a2ty/T2) y|. 


If c; and 7; do not change sign, the o;’s have the same sign, and the r.’s have 
the same sign, then (1.7) .can be transformed into (1.6). by the change of 
variables 


= f (ox/o,) de, n= f Gea/ns dy, 


We prefer to treat the general case because no additional difficulties arise and 
the formal part of our considerations remains valid even when the o’s and rs 
change sign. In particular, this is true when L is of hyperbolic or of mixed 
~ “type. : 
The system of first order equations connected with (1.1) is 


T: (T) aoko = T1 (Y) Conary 


e (1.8 l 
> K ) To (T) dot,y == Ta (Y) [Ge%-1,¢ — Gen-1,0 G ) J; 


(k= 0,- - +,N—1), which arises in a natural way from (1.5). 


Bers and Gelbart (1) have studied the system of equations ° 


3A system of equations of the form (1.9), with c, == 6, = tr, = l,`anë which 
appears in the theory of compressible fluids, has been discussed independently by 
Professor. S. Bergman, who introduced an operator analogous to the “formal powers ” 
employed by Bers and Gelbart [1]. See S. Bergman, “The hodograph Methoc in the 


> 
Theory of Compressible Fluids” (Supplement to R. V. Mises and K. O. Friedrichs, 
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. o1 (@) Us = 71(Y) Vy, | 


(1.9) 
o2() Uy = — Ta (4) v2, 


which is obtained from the Cauchy-Riemann equations just as (1.8) is 
obtained from (1.5). By eliminating v from (1.9), we citai the equation 
‘Lu =Q., " 

To simplity the writing, we use the following real functions 


X (0) = f Aa F) =f" Oal) 
(1.10) 


OTO E O EAO 





and rewrite (1.8). in the form i 
Aer, X == Aek+1,¥; ` ' r, 
(1.11) ; ( N ) 
2k, y+ == Qok-1,X* — GeNn-1,X* kJ? 
(k =0,:--,N—1), where as x = Oae./dX, etc. We shall refer to (1.8), 


or (1. D as the system E(3, N}, where 3 is the matrix of the coefficients 
of (1.8) 


(1. 12) a des 














We remark that if u—u(z,y) has continuous. second derivatives, then 
Pu/OXOY. =— 0u/0YIX, but that in general Ou /OXOX* A Hu/dX*0X, ete. 
With the aid of (1.10), the operator L of {1. 7) may be rewritten in the form 


Lu = uyr. + uy-y. 
Together with (1.8), we shall be led to consider the system 
(1/o2(x) ) tox, = T1 (Y) diay, o . 
(1/6 (2) Jassy = 7e(9) [tate — tar- (X) | 


(k= 0; : :*, N — 1), which may be rewritten in the form 


f 


1. 18) 


Aak, X* == U2k+1,Y; 
(1. 14) | 
= lok y* == Qok-1,X% — Ge2n-1,2 ( ke ) ` 


Fluid Dynamics), mimeographed lecture notes, Brown University, 1942, especially pages 
23-24; and “A Formula for the-Stream Function of Certain Flows,” Proceedings of the © 
National Academy of Sciences, vol. 29 (1943), pp. 276-281, by the same author. 


~ 
& 
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(k= 0,: : -,N— 1). We shall refer to (1.13), or (1.14), as the system 
E(X, N), where X is the matrix of the coefficients of (1.13) 








, (1/02) Tı 

I; 15 a — . 
l l i 5 2 | (1/01) Ta 

It will be assumed throughout that the functions o, (£), o2(x), r:(y), and 

to(y) are positive analytic functions defined for all values of their respective 

real variables, but it is clear that some of the results hold under weaker 

hypotheses, All the hypercomplex valued functions we shall deal with are 


 2N-1 
defined on the (x,y) plane. Accordingly, we shall write f(z) == © ajy? for 
i ` i=O 


a typical function, where z= (#,y)—2x-+w is a variable point of the 
(z, y)-plane and a; == a;(z,y), and speak of the domain in the plane on 
which f is defined. By |z | is understood the distance of the point z from the 
origin and by a domain is understood an open connected set. | 

In order to construct a function theory for (1.11), it is first necessary 
to study the algebra generated by the unit jy of (1.4). This is done in 
. Section 2. The real algebra of order 2N generated by jx is shown to be 
isomorphic to a certain complex algebra of order N; and a criterion for a 
number of the algebra to possess-an inverse is given. In Section 3 (3, N)- 


, ae 2N-1 
monogenic functions are introduced. These are functions f(z) == > ify’ 
£0 
such that the a;. satisfy the system E(X, N), and they take the place of 
analytic functions. For these functions, the processes of (3, N’)-differentia- 
tion and (X, N)-integration are defined. These two processes transform 


, (4, N)-monogenic functions into (3, N)-monogenic functions [see (1.14) 
and (1.15)]. The process of “contraction,” which transforms (3%, N )-mono- 


` genic functions into (3, Ñ — M)-monogenic functions, Is treated in Section 4. 


The relations between (X, N)-, (3’,V)-, (3, N)- ; and (3,’, N)-monogenie 
functions are discussed in Section 6, where the matrices of coefficients X, and 
3’, are defined. In Section 5 it is proved that if f(z) is (3, N)-monogenic, . 
then the real functions ax, satisfy. the equation LNu--0. The process of 


. .(%, N)-integration enables us to construct special (X, .N)-monogenic func- 


tions, called “formal powers,” which bear the same relation to #(%, N) as 
the powers of r + ty bear to the Cauchy-Riemann equations. By means of 
these “formal powers,” it is possible (Section 8) to characterize completely 
all (2, N)-monogenic functions for which one of the functions a; vanishes 
‘identically (“null” functions). It is then proved (Section 9) that every 
analytic function satisfying LNu—=0 is an “even component” of a (3, N)- 


é 


616 JOAQUIN B. DIAZ. 


monogenic function determined to within a “null function.” The main 
result concerning (3, N)-monogenic functicns is the expansion-theorem proved 
in Section 10, which states that a (3, N)-monogenic function may be expanded 
uniquely in a formal power series in the nzighborhcod of any point at which 
the function is (2, V)-monogenic. Using this expansion theorem, we construct 
the sequence of particular solutions of ZNu = 0 mentioned at the outset. 


2. The algebras Asy. 
A. For W =1,2,3,-- - let Ay denote the algebra of order 2N over the -~ 
real field, whose elements are the polynomials 
; 2N-1 
(2.1) >, tijyt, 
=0 


~ 


where the a; are real numbers and the unit jy satisfies the equation ` 
(2.2). (1 ++ jn?)* = 0, 
Equality is defined by postulating thas 
2N- . NA 
> lj y? = È dij’, | 
if, and only if, ag = b; for n = 0,°- +, 2W—l1. 
Addition is defined by the identity 


2N—1 


> tjn? -+ z bijn’ = E (a + 5; Le 


Multiplication is defined by the identity 


S -1 


3 ae È Bae) = = vo: È mbr) jn! = > >, Cjn’, 


where the cs are obtained by ee the relation [see (2. 2) | 


. Qos N-1fN\. 
© (2.3) pÈ ( e) ja”. 

For each N, the system ua the identity i 1. If a number 
of Ay has an inverse, then the inverse is unique. _ 

Let z- be an indeterminate over the real field. Then, for any ° 


N =1,2,3,- °° 


i i N-1 . N-1 N-1 ; i 
- (2.4) DS aa + Z daeng = 2 (a +h) (1 +)’ 
ie=0 kz =G : 


\ : 
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where the real numbers ar and 1 are uniquely determined by 


N-1 k 
gı = X (—1)*! ( ) Baie 
k:t j; . 


N-1 ke l 
= 2(— yet (| ) Goket) 


(I=0,1,---,N—1). Thus, we have 


(2.5) 


i 2N—-1 . ° 
THEOREM 2.1. Every number ©, dijn of Asy may be expressed in a 
i=0 


N-1 
unique way in the form > (a: + ingi) (1 + gn”)? 
l=0 ; 


~ 


B. In what follows, we shall make use of the fact that jy? has an inverse. 
In order to obtain this inverse, we need the binomial identity 


(2. 6) | B EEA 


where N = 1;2,--- and 1 Sq S N— 1.. Using (2.6), we verify that 


(2.7) E Vist =— S(t i 


C. Let the sequence -of positive real numbers pi be defined by the 
equations 


(2. 8) > pip l, pl, 


itl=k 


bead l 00 
k=0,1,2,---. It follows that p; = (—1)? ( a1, since (2 pizt)? 


= 1/l1—z Tii | x | <1, but the exact values of the p: will not bs Ta 
We define 


N-1 
(2.9) is = in EO F) 
for N = 1,2,: : -. Employing (2.7) and (2.9), we have 


, THEOREM 2.2. The numbers iy and — iy of the algebra Asy satisfy the 
equation z? = — 1, 


N-1 
THEOREM 2.3. Every number = (as + jnBx) (1 + jw?)* of Aan may be 
sai) : 


a N-1 e ba r Ld * 
expresed in a unique way in the form > (yr + tox) (1 + jn?)*, where iw is 
f k=0 


given by (2.9); the real numbers y and 8 are given by 


a 
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` “Yk = Gk 
(2.10) i 
2 ipi = fr, 
i+l=k 


(k= 0,1, > N — 1), and the pı are given by (2.8). 


This may be seen at once by direct e The. last result may 
be stated in another way. For N = 1,2,3,- + - let By denote the algebra of 
order N over the complex field whose elem2nts are the pormo 


N-1 ; 
> bw x 
i0 


where the b: are complex numbers and the unit wy satisfies the equation 


(oy) N = 0. 
Equality is defined by postulating that 
l N-1 N-I 


2> bion? = >) wyt, 
i0 


if, and only if, b; = c; for i = 0, 1,---,N— 1. Addition and multiplication 
are defined by the identities : 
N-1 _ No N i p 
2 biwy? T > Cywyt = > (b: + ¢) oy’, 
Gary) N-1 N-1 N-i 
(È biosi) (È cort) = 2 (È Bice) on’. 
, =0 i=0 i0 kzi 
Theorem 2.3 states that for N = 1,2,3,- - - the algebra Ay of order 2N » 
over the real field is isomorphic to the algebra By of order N over the complex 
N-1 
field. In this isomorphism, the number = (as -+ Inpe) (1 + jx)" of Aan 
=0 
N-1 
corresponds to the number Ð (yx + i8:)ox* of By, where the ys and 8 are 
k=O.’ | 
` given by (2.10) and i = j, = å is the ordinary complex unit. 


D. Using the same notation as above, let 
Na N-1 N-1 : i À 
2 @oxjy™ -+ 2 Sakja = 2 (a + înbr) (1+ jn?)*, 


be a number of Asy. -Recalling (2.5) and n 10), and SEDE? in mind that 
po = 1 from (2.8), we have : 
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Nt 
Yo == Qo = >, (— 1)*dex, 
(2.12) _ k=0 


; N-1 
bo == Bo => (— 1) las. ‘ 


QN-1 N-1 
THEOREM 2.4. The number © ajy? = X (ye + tds) (1 + jn)" of 
i=0 k=0 


Aoy has an inverse if, and only if, the ordinary complex number yo + 18, does 
not vanish. 
t 
Proof. In view of the isomorphism between Azy and By, it suffices to 


show that ie asserted condition is necessary and sufficient for the number 
N-1 
2 bioy? = > (yr + 18) on” of By to have an inverse. 


Suppose that bo = yo + 18) == 1/c and define the complex numbers c; by 


(2. 18) a L; 
> bit, = 0, 
L+k=é 
(i= 1,2,--+,N—1). Then, by sa 11), F cori is the desired inverse. 


Conversely, if = bijwy? has the inverse by Coy? then, fom (2. 11), equations 


(2.13) hold and Go is the inverse of be. 
2N-1 
Taking (2.12) into account, it follows that the number $ aijy*t of Aow 
0 


has an inverse if, and only if, 


° (2. 14) rS(— 1) *ao;, |? + S(— 1) *Gonss |? > 0. 
k=0 k=0 


QN-1 
THEOREM 2.5. If a number > aijvt of Aay which is the sum of even 
=0 


(odd) powers of jy has an inverse, then its inverse is also the sum of even 
(odd) powers of jy. 


Proof. Let 


N-1 N-1 N-1 eee 
” (2.15) È tarja + È Akn jyt — 2> (% + jwBx) (1 + js)" 


N-1 A 
=a (yr pi indr) (1 + Jy?)*, 
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in Asy and let 


N-1 Nl 
(2. 16) 2 biwy* = 2 (yx + 18:) ox", 
i= =0 


be the image of X ujv in By. 

We note that all the ga = 0 in (2.15) if, and only if, all the b; are 
purely imaginary in (2.16). Analogously, all the dsx = 0 in (2.15) if, and 
only if, all the b; are real in (2.16). 

For, if all ax = 0 in (2.15), then all «y = 0 from (2.5), and all ys == 9 
from (2.10). Hence, all the b; of (2.16) are purely imaginary. Conversely, 
if all the b; of (2.16) are purely imaginary, then all ye = 0 in (2.16), all 
a;==0 from (2.10), and all a = 0 from (2.5). Similarly for the dens. 


N-1 | N-1 
Let the inverse of È biwy? be denoted by È ciox?. To complete the proof, 
120 1=0 


it is merely necessary to notice that in view of (2.11) and (2.13), if all the 


b; are real (purely imaginary), then all the c; are also real (purely imagi- 
N-1 , 
nary), and to apply the above reasoning to > ciwy’. 
i=0 


2N-1 ror : 2N-1 : 
E. THeorem 2.6. If f= DS aijnt and g = juf = X bijnt, then 
=0 i=0 


; , N 

(2. 17) ‘ box == lja ( J OoN- 
boks = ok, 

(k = 0,- -, N — 1), and 


ask == Dok41s 


(2.18) N 
- ote == Okr — k+ 1 bo, ` 


(E20 E E N41), 


(2.17) follows by direct computation, and (2.18) is obtained from it 
by observing that for k == 0 the first equstion of (2.17) gives 


Do <= eN-1+ 


We remark that if g = jf, then f = g/jy. since jy has an inverse, by (2.14). 


2N-1 | 
Let f == $ ajy? be a number of Asy. We shall use the following notation: . 
i=0 


Re[f] = k, "i 


29) init a. 


\ 


l 2N-1 l 
THEOREM 2.7. Let f= S\aijv* be a number of Aen, and define 
: i0 


(2. 20) 
ne 
(2.21) 
(b—=0,°°-°,N 


=i 
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N. (N 
In == oe > ( ) gx? mer 
l=zk+L l 
Pua = Ky xf. 


Then 


Re [Fyz] = lox, Im [Fy] m= (Loked, 


i, 


Proof. From the definition (2.20), we have at once 


, . N 
= 2K Lhaa 
Kyx = IN N,k+1 IN € | a > 


(2.22) 


Che OA en 


ae) 


The proof of the theorem now follows by an 


induction on k. First, Ky,» for k= N — 1, has the desired property (2. 21), 


by (2.20) and (2.18). 


The induction is completed with the aid of these 


same two equations plus (2. 22). 


THEOREM 2.8. Ky „œ has an inverse in Asy which is the sum of even 


powers of jx. 


Proof. The existence of the inverse follows immediately from (2.14), 
the definition of Ky,x, and the identity 


(k=l 
from theorem 


wr 


. Q. 


ee 


-3, (7) c9- (7). 


That 1/Ky,x is a sum of even powers of jx is seen 


F. In later sections, we shall employ the concept of the “ absolute 


2-1 


value,” or norm, of a number of Aay. Let a == 3) aijy? be a number of Aey. 
| i=0 


The absolute value of a, denoted by || « || , is a non-negative number such that 


(2. 23) 


(2.24) 


(2.25) - 


V-I 
DESY 


aa 


* From this definition, we have the “ triangle inequality ” 


iIlel]—Ielisie+e@lsiel+ el. 


* If cisa real number, then 


| ca] = |e] lal. 


' There is a useful inequality which gives an upper bound for the absolute 
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value of the product of two numbers of day. There exists a positive constant 
Ty such that [see (2), page 643] 


(2.26) Peel ST lal isl, 
for any a and 8 of Asx. Therefore 
(2. 27) Jar | Syn a]. 


G. Any hyperccmplex number in the algebra Ay may be written as a 
polynomial in jy of degree at most 2N —1. - It is desirable to have a formula ° 
giving the powers of jy greater than the 2N —1-st as sums of powers of jy 
ranging from 0 to 2N—1. We have 


N-1 
or d \ Nevt1 á v—l—k > 2K 
p= iori (2) (SAT) ae 
(2. 28) mo 0 w=N, N 4-1, >) 


N-i EE e 
PFEIL see (| Ar á p = ia e+ 
p= (rye (p) (poe) A 
Only the first formula of (2. sap need be proved, since the second is a con- 


sequence of the first. 
The proat is by induction, ang the binomial identity 


am (424) GTD + (°F) 3t) = (2s) G) 


' H. Expanding (x-+jyy)? by means of the binomial formula and 
replacing the powers of jy above the 2N — 1-st by powers of jy from the 0-th 
to the 2N —1-st (using 2.28), we obtain 


l N- lpia} . —fp— 1I a oh 
(z+ jng)? = È (E) yar (ee Qe ( TR — 
(2. 30) 


pes, 2h+1 Aii $ S^ 1 N+v+2 P p paee 
+ 2a) a a a A ER C) (=a P 


yr ge amet HW y Shel | 


For later reference, we shall write down (2. a) for even and odd p 
; 2 S 2 2K p2q-£k Neve t ee co 
(w+ jay = 3 (GB) xia “+ 3 ((— 1) “ee k oo ai 


| 2y mn 20-21] 42k S q ke 2q~2h-1 ee Neve 
(2.31) yra e] } jy SA) yeng Ae D [C 1) 


vyv-— ķk— i PEE TONS 
(AGE eres 


v 
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1 Bea iat ae fig 
2.32) (wt jn (EE) gor S peye (PO) 
y a a 2Y.2Qt1~2r - le ie iy 2h+1,-29-2k 
(7) (2—1) yt J} ju +3{ ok +1 x 


qe re ag + 1 P p 2p+l 2q- 2k+l 
+ Stem (S77) C) (=) prt] jy 


To simplify the writing, we set 


. 2N-1 p f : ` 
(z+ jiny) = D [DB Ain yar], 
i20 i=0 
(2. 38) 


ta 


2N-1 p , 
— n(e + jury)? = 2 LÈ Bir y'a tla’, 


where the Aim are given explicitly by (2.30) and the Bip) may be 
obtained immediately using Theorem 2. 6. 


3. (3,N )-monogenic functions. Differentiation and integraticn. 


A. For each positive integer N, we consider the system of equations 
(3, N) 


(3.1) 01 (T) Gox,2 = T1 (Y ) Coks1,y, PE 
O2 (©) Gox,y = t2(y) [ @ok~1,2 ~——~ G2N-1,2 ( I. |i 
(k= 0,: - +, N — 1), where ai = a: (£, y) for +==0,°--,2N—1 and 
ay =O. 
The system (3.1) may be written in a different way. For k= 0, the 


second equation of (3.1) yields 


os (2) to,y = — Te (Y) don-a.e- 


_ With the aid of this last equation, (3.1) becomes 


i N 
(3.2) Ta (Y) davere = oa (T) [taty — Gow (a -+ „o 
Ti (y) Goxety == OF (T) ak, «5 
(k = 0, ana -,N—1), where dey == 0. 


To simplify the writing, we shall use the condensed notation introduced 


in 1 and rewrite the last two equations in the form 
f. 


(3. 3) l lok, X == Geke1,¥> 


N 
lok, ye == Cox1, x¥* — Gey-1,Xe ( E 
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(k == 0,; - -, N — 1), and 


N 
(3. 4) ox41,X* = hok+2,¥* amg lo, Y* € at :) 3 


loka, ¥ == Gok x; 
(k=0,:; <, N —1). 


By analogy with the theory of functicns of a' complex variable, we lay 
down the following definitions: 


2N-1 
DEFINITION 3.1. A hypercomplex valued function f(z) == X, aijn’, 
i i=0 


where aı = a(x, y) for i= 0,' + +,2N — 1, is said to be (X, N)-monogenic | 
at a point z == (x,y) if there exists a ne.ghborhood D of z such that the 
functions a; belong to class OC in Dand satisfy the system E(3, N) in D. 


| 2N=1 
We shall say that f(z) = È a:jx? is (3, N)-monogenic in the domain D 
, - 7 
if f(z) is (3,N)-monogenic at all points of D. With this understanding, 
. we have tke 
2N-1, *“ 3 è 
DEFINITION 3.2. If the function f(z) = © ajx? ts (3, N)-monogenic 
i0 

in a domain D and all the a; belong to class C® in D, then the function 


ZN-1 . . 
fEl (2) = X u™jyt, where 
. 60 i 


Agyt == Aok, X == Azk+1,Y; 


2h +1, Ft, r k + 1 3 


(k-==0,-- -, N — 1), is said to be the (3, N)-derwative of f(z) and is 
denoted bu dgn) f/dx,ny)2 or more simply by dyf/dy z when no confusion 


as to the value of N might arise. , . 


From (8.5) and Theorem 2. 6, we may write 
N-1 | E > N- P 
fl (z) = > ox, XIN” +. 5 dokn, x0 jy ntt 
k=0 K=O ; 
N-1 : ” N-1 N : ‘ 
= Bi lorn, yj” T dy [aks Yt — o, y” ( line 
k=0 kz0 k -+ 1 


N-1 N--1 j 
= (1/jr)[ X tw vjn™ + 3 dwa rjr], 


i ` 
The following remarks are immediate consequences of the ‘last two. 
2h-1 

~ definitions: Any hypercomplex constant > bijy* is (3, N)-monogeriic, and- 


i= > 
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conversely any (3, N)-monogenic function whose (X, N)-derivative vanishes 
identically is a constant. Furthermore, if f and g are (X, N )-monogenic, and . 
a and 8 are real constants, then af + Bg is (3, N)-monogenic, and 


[af = Bg] = af™ + Bg 
We also have 
l 2N-1 x 
THEOREM 3.1. If the function f(z) = = ijy? is (3, N)-monogente and ` 


possesses a (3%, N’)-derivative f™ (2) in a inaa D, then fUl(z) is (¥,N)- 
monogenic in D. 


Proof. From (3.5), it follows that 


aay xe => Coki1, 7X4, ql loks, Y= Aaka, AYYs 
allen ye = ok XF” git Joga, x= skis, Yx — Aoy+x Fe a J 
(k =0,: + -, N— 1), and since 
asya X = — ho, Y "X, 
we obtain — ` 


allok, y [== a Tony, 


N 
Woy ye = ay ey — ays x ( pj’ 


(k= 0, N — 1), which is E(3, N), by (1.14). 
Next, we e proceed to the definition of higher gi n ) -derivatives of a 


(3.6) 


(3, N phage function. If the function F(z) = = wijn? is (3, N)- 


monogenic in a domain D and all the a; belong to class C im), m = 2, then the 


2N-1 
“higher (3, N )-derivatives f™ (2) = $ ajy? are defined by 
i=0 l 


f(z) = f(z), | = 
d zn fle (z) 
d (x,n) 2 
d czy fi"! (2) 
d (3',N) 2 


(n = 1,2,---,m—1). Obviously, . fer {z) is (3%, N)-monogenic and 
feliz) is (Y, N)-monogenic. 


uf n is odd, 
BD Pao = 


if n is even, 


2N-1 
B. The (3, N)-integral of a continuous function f(z) = X, a:fyt over 
` i20 an 


‘a rectifiable curve C is defined by 


` 
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&N-1 
(3. 8) o f, Fdan = 3 Adis 
i= ; : 
where l l l l 
5, N l 
Ao% = f lok A” -|- [ Gox-1 — on-1 ( I ) |dY* 
- c. | 


(3. 9) = f gemis + Ta | dok- — Q2N—1 a) |dy, 
4 : - 
Åk = Í lzk10 A +- axd Y 


= Í (1/e1) deride + (1/11) doxdy, 


_ 


EEE. aay. 
. Introducing the ordinary complex-valved functions 


; N 
(3. 10) hoy (2) = Colley — Te [oss Ei Qeon-1 P i 
hoxs1 (2) == (1/11) dex -+ i(1/0:) Qok+15 


(k = 0,- Sady = 1), and recalling the 2xpression for i g(z)dz, where 
C 


dz = dz + idy, (the ordinary complex integral over Č of the continuous 
function g(z) = s + it), equation (3.8) may be rewritten in the form 


(3.11) f Hod coat X (Rel f f hor (2) dz] } ja 


© Nl ; 
+ 2m] f, hani (2) dz] jj. 
; ! 2N-1 P 
From (8.8) and (3.9), it follows that, if E 2 ijy’ and 


To == > bia! are continucus on C and « and £ are real constants, then 


f, ortama fyteam es, gd (3,N) 2. 


Also, over C 
b c c 
f jiamz+ Í fd (x,¥) 2 = f fd (xn). 
a b a 


Let Z be the length of C; A, a constant such that for all points of ©, ° 
[e| SA; |y| S4, and m,(A) the ncn-decreasing function defined by 
ms (A) = max max max {o;{t)',7.(t)*}. The ea inequality holds ` 


=1,2 i=l IEA 
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(3. 12) | f fd ma | 5 (R7 +2N)ms (4) -max | ffl. 


For, from (3.11) 


; N-1 N-11 
| f, £@)d cena |S (X max | ha | + E max | hora |)1 
c k=0 C k=0 C 
while from (3.10), letting M == max || f || and m—ms(A) ` 
C r 


| har | S 2mM, : 
(k==0,:-+,N—1), and 

| ho | S 2m, i 

| hoz |< MM (2 + (J). 


| 2N-1 
THEOREM 3.2. If f(z) = 3 ajy? is (3,N)-monogenc in a closed 
=0 


- simply connected domain D bounded by a rectifiable curve C then 


(3.13) f, fedem =t., 


Proof. This follows immediately upon observing that the line integrals 
in (3.9) are all zero in view of (3.1) or (3.3). 


In view of the independence of the path asserted by Theorem 3. 2, we 
may consider the function 


f z 2N-1 ; 
F(z) -f fd mz = DX Asjnt, 
; Zo 4=0 


è 2N-1 
where f= $ ajy* is (3, N)}-monogenic in D. It is easily shown that 
20 s i 
THEOREM 3.3. The (3, N)-ntegral of a (3, N)-monogenic function is 
(3’, N)-monogenic. 


For, from (8.9) 


A ox, x* = Ook; A oka, Y == Ook, 


s 
N 
(8. 14) Aor ye — ak- s loxi G , l Åk, X — Aetk+15 


“ (k==0,'-+,N—1), and since 


ÅN, X = UoN -13 


we obtain E (3, N) from (3.14). 
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From (3.14) and Theorem 3.3, by a simple ‘induction, we may prove 
the following corollary 


- 


COROLLARY 3.3. Let f(z) = a tjn? be (3, N R in a simply 


connected domain D and define 


Pa(2) ai f(z); 


| f Fna æn é Yn is odd, 
(3. 15) Pale) = 
” Pya(é)d (ENE if n is even, 


2N-1 
for n= 1, where a is a fied point of D. Then Fa(2) = D, Ag jyt ts 
i=0 


(3, N)-monogenic for n even and (3’, N)-monogenic, for n odd. Furthermore, 
the functions A;™ belong to class C™ and for q = 0,1, > > 


yi == lok, | | odai == (lok+1; 
(3. 16) a  (0X0X*)s 
92I A yp PD J201 A og, (2042) 


(k=0, --,N—1). 


4. Contraction. In the preceding section, we defined (3%, N)- and 
(3’, V’)-differentiation and integration. By repeated application of these 
processes, we can obtain new solutions of tha system F(3,.N) from any given 
solution of this system. Here, we shall be concerned. with a process which e 
enables us to find solutions of the systems Æ (3, M ); 1= Ms N — 1, given 
a solution of the system #(3, NV). > 


2N-1 l | 
Lemma 4.1. IF f(z) = $ aint ws (3, N)-monogente in a domain D 
i=0 


bo 


X N-3 
then $(2) = D> aijvat, where 
i=0 


" N — i1 j 
op S (bop mee (lays 
2k : 2h k aN 23 3 


(4.1) 
N—1 i 
Cokes = loki } &2N-1; ° 


k 


{k —=0,: - -, N—2), is (3, N—1)-monojenie in D. 


a 


r 
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Proof. This is easily verified using (4.1) and the binomial idəntity 
N—1 N—1\ _(N 
aes k =G) 


; N1 N -1 
THEOREM 4.1. If.the function fy(2).—= Y, aan” + D doragy’* k 
k=0 k=0 


(3, N)-monogenic in a domain D then for each i= 0,; >°, N —1 the 
function 
N-i N-1 l 
fn-i(2) = D aajn- + X loray- 
G : k=0 A=0 
(4. 2) 254 +3 { (— 1) Noise ) v—k— i ) dev} | in ng? 
l g k=0 i poN~t k N g a es | AE E 
oS i G 1) N-itvst ”) y — k — I ] oo 
cess ~i+pt a 
+ 2 [ama t =U ) ke Nei Way -} | JN- ; 


is (3, N — i) -monogenic in D. 


A skezch of the proof is as follows. First, using (2.28), we varify that 
the formal substitution of jy; for jy in fy(z} yields the expressicn on the 
extreme right of (4.2). To prove that fy-s(z) is (%,N —1+)-moncgenic, we 
proceed by induction, employing Lemma 4.1 and the binomial identity 


y v — feed ) + v ( p= p=] ) 

k Cerrar k N—i—k—8 
aa Te ( y ). 
— k N—i—l1 


In particular, we observe that taking i == N — 1 shows that 
N-1 N- 
f(z) = D (— 1) ao + ji È (— 1) ttn, 
' k=0 k=0 
is always (X, 1)-monogenie. l 
5. The partial differential equations of the 2Nth order. The main 
2N-1 
purpose of this section is to show that if f(z) = © aijn? is (3, 27)-mono- ` 
i=0 


genic in a domain D, then the real functions əx (k = 0,---,N—-) satisfy 
in D the partial differential equation of the 2N-th order 


ĝ2 0? N 
(ar i r) T 


-and the real functions dei (k= 0,::-,N —1) satisfy in D tha partial 


differential equation of the 2N-th order 
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. 92 gz N 
(mr ii rar) Moo 
In addition, it will be‘shown that al the theorems of Section 3 hold 
_inder the sole assumption that the ftnctions a; belong to class 0), ` 


l 2N-1 
Lemma 5.1. If f(z) = X jst is 03, N)-monogenic in a domain D 
i=0 


2N-1 
wnd the a; belong to class C® in D, then the function g(2)= > bijx?, where 
i ' ; g 320 


box = (l2k+1, X*Y == (73/ T 2) Aok+1, 24) 


N 
bory = Uok+2, XY* 7 lo, X¥* (5) = (01/72) [azs — lo,zy G TE ro) |, 
(k =0,---,N—1), is also (3, N)-monogenic in D. 


Proof. It is readily verified, from (3.") and (3. 5), that g(z) = f"! (z). 
That g(z) is (3, N) -monogenic follows from the remark immediately after 
aquation (3.7). 


h 


- QN-1 
THEOREM 5.1. If f(z) = E aijnt is (2, N)-monogenic in a domain D 
i=0 . - o 

qnd the a; belong to class CCM) in D, then 


i l -LN dok a 0. j 
i os : ` 
5 ) MN tony = 0, i 
(k = 0,' N — 1), in D, where L i M dre the linear one ential 
operators defined by 


lve (aie [ (o1tte/71) 2 + EPEE = Uxx -+ Ury, 


(5.2) Mu (01/71) [ (t2tle/0) 0 + (17-tty/01)y] = Uxx + Urr», 


Proof. We proceed by induction. Æ(3,1) is the system of equations 
considered by Bers and Gelbart (1) i 


Tilos = Tili,y di - Go X= M,F, | 
2h0,4y = — Teth,z;5 flo, ¥* == — @1,X*, 
Assuming ihat (4 and ao belong to class C(?, and eliminating a and a in 
turn, we obtain 
Lao —= 0, 


Ma = 0, 


and the conclusion of the theorem has beer. verified for N = 1. 
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Suppose now that the conclusion is true for N—1=21 and let 
2N-L 
f(z) = 3 aijyt be (2, N)-monogenic, where the a; belong to class COM). 
#=0 : 


We have E(3, N) 
eo <3 l ok, X = l2k+1,Y; 

(5. 3) 

lak, ye == (lok-1, Xè — Gon-1,X* x)? 

Í a 2N-3 * = 

. (k&=0,-:-,N—1). By Lemma 4.1, the function (2) = $, ay? is 

| i=0 


(2, N — 1)-monogenic, where 
Zok = lek — A QN -23 


Zok == Aky j @2N-15 


(5. 4) 


(k = 0,: : -,N — 2). -Consequently, by the induction hypothesis, since the 
a: belong tc the class CCM in D ; 
INg = 0, 
(5.5) 
j MN-¢52.1 = 0, 
(k= 0,: : -, N —32). Since L and M are linear operators, (5.4) and (5.5) 
imply 
A ra ; ) EE ans 
N—1 
k 


° (k = 0,;: - -,N — R2). It is obvious'then that to verify (5.1) it suffices to 
show that LYaəy-2 and M™a.yw_, are both zero. 
From (5.3), for k = 0, 


DN a,, — ( 


(5.6) 


l O S = ( ) MN“ Goy_1, 


do, X = fli Y; 
(5.7) 
tbo, Yt = ~~ en-1,X*, 
f Using the definition of L, (5.2) and (5.4), equation (5.7) yields 
(5. 8) : Lito == % X*Y, 
g Since 
Lao = (lo, xx + do ¥*Y 
N—1 
f= h1, YX? "Gena ey == [as n 0 Cox | wey. 
@ : 
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From (3.4) for k == 0 


Oy, x* = Ue, Ye — loye ( N — 1 
(5.9) ); 
li, y = fo, xX. 


Using the definition of -M, (5.2), and (5.4), equation (5.9) yields 


: Wa 
(5. 10) Ma, = Q XYY — ( 1 ) Xo XY», 
zince 


Ma, = ay, xx + h, EF” 


= ha yx — lorra (N — 1) + to xy» 


N— 
= [a3 — ( 1 ‘) lol xve, 
and from (5. 4) 


Nae N—i N— 1 
Rg mee ( 1 ) Xo == | a2 — ( 1 ) tan» | —( 1 ) [ao 
- (77). | = d — V—1\ | 
0 2N-2 | == te 1 sad : 


On the other hand, since N = 2, we may apply Lemma 5.1 to (z) to 
_ 2N-3 
prove that the function $!(z) = © Flix is (3, N — 1)-monogenic, 
i=0 
where 
Qop l = Cones IY, 


[2] i 
Zoki © == Goris, XY* — Go, XY* 3 


k-41 


(k= 0,: : -, N —2). Consequently, by zhe induction hypothesis, inasmuch 
as the æ; belong to class CCN-»9, we have | 


(5. 11) 


IN-1g,5,[21 = 0, 


5. 12 
( ) MN -taap 71 Ea C, : g 


(k= 0, - -, N —2). 
But a comparison of (5.8), and (5.10) with (5.11) gives 


Lao = 2”, 


(5. 13) Ma, = a., 

and, in view of (5.12), (5.13) yields 

(5. 14) a 
Aa, = 0. 


The desired conclusion, (5.1), follows from (5.6) and (5.14). .- 
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then 
YY 


- 


L 


It is now possible to remove most of the differentiability, assumptions 
made on the a; in the hypotheses of several theorems. It will be recalled that 
01, G2, 7, and 73 are positive analytic functions of their respective real variables. 
Hence, the operators L and M are of elliptic type with analytic coefficients 
and any function u of class CCM satisfying either LYu = 0 or a Ny = 0 for 


a fixed N == 1,2,- -, is necessarily analytic, ia f(z) = S aijn’ che 
' i=0 i 


(3, N }-monogenic in a B domain D and consider the function 


— 


Fax (2) = >X Az) jyt, 
m > 
(the ‘functions Fa(z) were defined in B. 15)). From Corollary 3.3, it 
follows that F2y(z) is (3, N)-monogenic and that the A;'°%) belong to class 
CN), Hence, from Theorem 5. 1 : 


LN Ao, N) — 0, 

MN Asi?) = 0, 
(4 =0,--+,N—1), and consequently the A;'*”) are analytic. But from 
(3. 16) | | 


JEN A pN) on PPN A op, CAD ee 
(@X*9X)N e (AXOX*)N 


(k= 0,: > +, N —1), which shows that a:(z,y) is a linear combination, 


with analytic coefficients, of Ai@’)(z,y) and its partial derivatives with 
respect to æ up to the 2N-th order. Thus the functions a:(z,y) are analytic 
functions of æ and y and we have the 


THEOREM 5. 2. If f(z) = p aijxt is (2, N)-monogenic in a oma D, 
then the functions a(z; y) are aa functions of x and yin D. 


Using this result, we see that unlimited successive (3, V)- and (37, N)- 
differentiations of a (2, N)-monogenic function are possible. 
Theorem 5.1 may now be restated in the form 


2N-1 | l 
THEOREM 5.3. If f(z) = 3 ajy? is (X, N)-monogenic in a domain D, 
, i i=0 | 


LN ox, == 0, " 


i aa 
i MN lory = 0, 


(k=0,: < -,N—1), in D. ' 


8 


H 
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We remark that (3%, N)-integration and (3, N)-differentiation, as well 
as (3, N)-differentiation and (3’, N))-integration, are inverse processes. That 


2N-1 
is, if f(z) = $, jx? is (3%, V)-monogenic, then 
i=0 


(5. 15) ane f f(£)d m € = fe), 
and f 
(5. 16) f fO)d eanb = ie) — H), 


Next, we prove the analogue of Morera’s theorem. 


2N-1 
_ THEOREM 6.4. If f(z) == È aijy? is continuous in a simply con- 
i0 
nected domain D and for every simple closed rectifiable curve C in D, 


f f(z)d æm z= 0, then f(z) is (3, N)-monogenic in D. 


Proof. Consider the function 


z 2N-1 MPS 
F(z) = fd (£N = 2 nue 
Zo 2120 , 
By (3.14), as in the proof of Theorem 3.3, we see that f(z) is (3%, N)- 
j: E 
monogenic. By (3. 14) and (3.5), Gas oa ae 
(2',N) 2 


» 


THEOREM 5.5. Jf a series of (3,N ERA functions È falo), 


ee) 2N-1 
where fn(z) = > Gnijn*, converges uniformly to f(z) = F, asjy* in a ‘domaine 
n=O ; i=0 


D, then f(z) is (3, N) monogenic in D. 


6. The associated matrices. The system Æ(3, N} has 


Gi Ti 


>= 


bd 














, T2 T2 
as the matrix of its coefficients. Together with E (3, N), we shall be led ta ° 


consider systems whose coefficient matrices are 


1/c2 Ti 
1/o; T> 


to | 1/o. 1/2 
. | 1/oy 1/ry 











| oy i/r 
a l/r 








(6.1) e 
Obviously, 


[> È, = 








ł 
| oe 
D = Er = Dr” = 2. 
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It has already been shown that the (3, N)-integral and the (3, N)- 
derivative of a (3, N)-monogenic function are. both (3, N)-monogenie func- 
tions. We now prove two theorems concerning the relations between (3, N )- 
(3’,N)-, (3, N)-, and (z, ’, N)-monogenic functions. 


THEOREM 6.1. ‘If f(z) = = a is i, N)-monogente, then g (2) 
= = yf (2) is (3; N ) anagem. 

Letting g(z) == = bijn? and using Theorem 2. 6, the result is immediate. 

COROLLARY 6.1. If f(z) is (3, N) -monogenic, then jn™f(z) is (3, N)- 
monogenic and jn***f(z) is (%,’,N)-monogenic, where k is any integer. 


The proof follows for positive k by repeated application of Theorem 6. 1 
and then for negative k by using Theorem 2. 5. . 


2N-1 i 
THEOREM 6.2. If f(z) = D aint is (3, N)-monogenic, then 
| i=0 


dzs [nT] — dami 
6.3 GML jy CNT 
( a ) l a(n ae d (2,2 ` 
an ~ l 
- z SEES z 
(6. 4) f infa 2N) 2 = jy Í fd (3,n)2. 
Zo ' 20 


l 

Proof. (6.3) is a consequence. of the definition of the (3, N) -derivative 
equation (3.5), and Theorem 6.1. As regards (6.4), both sides of the 
proposed equality are (%,,.N)-monogenic functions.. In addition, both func- 
tions vanish at 2 and, by (6. 3), the L N)-derivative of he difference 
vanishes identically. 


o 
nore 6.2.. If f(z) = E aint is (3, N)-monogenic, then 
= 


dai F] e n emf 


6.5 
i ) dN) 2 IY dean) 2’ 
g az 
(6.6) f: gu*fd ien = jn™ f fd (ÉN) 2, 
A 20 Z 
(6. 7) d-(3,,N) a meg 2k41 dam 
d (3,,N) 2 dN) 2” 
z l z O z 
(6.8) f gy fdin == jy f fd (s,n)%, 
s Zg zo 


« where k is any integer. 


“ 


i 4 


-~ 


636 JOAQUIN B. DIAZ. 
7. The formal powers. 


A. Any hypercomplex constant is a (X, N)-monogenic function; hence, 
we may construct (X, N)-monogenic functions by successive (3, N )- and 
(3’, N)-integrations of a constant. Accordingly, we define [see Bers and 
Gelbart (1), Section 4] 


a-ZO(N; 2032) =a: Z(N5 252) =a, 
(7.1) a ZO(N 52032) =n f (a-Z-4)(N 5 2532))d N, 
zr : i 


a: Z (Maas =n Sa (a: Z0 (N; 202))d em 2, 


QN-1 
for n =È 1, where a= 2 ajv* is a hypercomplex constant and the point Zo 


is fixed. In this om æ: Z is one symbol and doeg not denote ordinary 
multiplication of a by Z, since no meaning has been attached to Z by itself 
as yet. In addition, we have 


(7. 2) a- Z (N; zo; 2) —a-Z™ (N; zo; zo) = 0 


and l ; 
. Fin) “ae = 
PNG) gid ON CEG), 
WEN) 
(7.3) l Fm l 
, ~ Zn - 2° 
o dæ (a: 2 (N ; zo;z2)) = na ZD (N; 2932). 
A&N)? o 


In this section, we shall keep N fixed. To simplify the writing, we set 
1-Z™ (N ;z0;2) = Z™ (2932), a 2 (N53 2632) =a: Z (20; 2), 


and similarly for the Zs. Also, we shall write 3-monogenic instead of 
(3, W)-monogenic, and use j in place of jr. 

At first glance, the iterated X- and -integration of the 2N constants 
1,7,7°,° °° PNT might be expected to yield 2N different functions as the 
. result of each integration operation. However, each time, essentially only 
two new functions appear, because 


jæ - Z (n) (203 2 ) oo PREZ! (255 a), ~ 


(7. 4) eke - Z (n) (20; z) = aa Bi -Z (Zo; z) l, 
and Ea 
ae Gh F(a) (203 2) = FZ! (253 2), 


fer Z0) (zo; 2) = j; - 2 (2032)] a 


. 
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where k= 0,1,2,- -. Obviously, (7.4) and (7.5) hold for n=0. And 
if they hold for n— 1, then they also hold for n, since in view of (7.1) 
and (6.6) 


-~ 


Z 
gk. Zin) (20; z) == IY f (47 - Zi (r-1) (zo; 2) jd Z 
Zo 
2 æ 
PER f pag ad) (205 z) dy Z 
Zo 


a2 : 
=j”n f L'") (zo; z)dxz 
zo 
= PL (2932), | 


which verifies the first equation of (7.4). A similar reasoning yields the 
second equation of (7.4). The two equations of (7.5) may be derived 
analogously, or obtained at once by noticing that if the formal powers 
formed with respect to the matrix 3%’ are denoted by a: 2’), etc., we have 


a Z (2932) =a: Z™ (2932), 


(7.6) : 
a Z in) (20; z) —=— QA Zin (Zo; 2), 
and that (7.4) written with respect to 3’ is (7.5). 
2N-1 
Clearly, for a = J, aij, the a being real constants, 
‘ - 2N-1 . 

(7. 7) a: 4 {a52) = Z [j 2 (2052) ], 
i=0 


and similarly for a- 2 (2932). 


-= With the aid of (7.4), we obtain, from (7.7), the formula 


‘ 
2N-1 | N-1 
[Saat] ZO (zo; 2) — [ E arj] Z™ (203 2) 
7=0 k=O 
(7. 8) ` _N-I1 
e a L 2 Msn JF] 2 (4052) J, 
which gives @: 47) explicitly, once Z@ and j: Z0 are known. 
° We call a- Z0 the “formal product ” of “a” and the “formal power ” 
ZO), | 
2N-1 
` B. If f(z) = © aj’, ai = a(x, y), is 3-monogenic, then the a; satisfy 
l = 


E(3, N). Consequently, the formal powers a: Z% (z;z) furnish us an 
. infinite number of particular solutions of the system E(3,N). In order to 


f ł 
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~ 


further identify these particular solutions, end to obtain formulas which are 
formally equivalent to the binomial formula’ for a(z— zo)”, we use the | 
following real functions (1): [See (1.10)] 


XO (s0; 2) —X* (a9; 2) = YO (gos y) = Y* 0 (yo; y) =1 


‘i f * xa-ugy Tanoit 
Zn) (to; 2) = 


Zo 

z = a . . s 
n f X (a-D g XY if n is even, 

To ' a 
t É v t, e . 
n | X*nDq4X* . if nm is odd, 


-So 


X*() (4930) = . 
AL : 
(7.9) n J AFD GY if n is even, 
vo ` 


| n j ” yin gy if n is odd, 
<  ¥(yosy) = is | 
n f Y (a- qG@y* if n is even, 


Ya 


= ` wy = f 
n f Y *(n-) q@y* if n is odd, - 
Y*) (yo; y) = . 4 
| j l te 
z n Lele gy if m is even. 
Yo , 


A 
In other words: 


“ 


X (2:2) =n! f EA f gris f A f da/o, (n integrals, n odd) 
. To Tea £o o EE : i 


T s i ' 
XM (ao32) =n! f Tə f l/oy* f Ge f da" /e, (n integrals, n even) 
To do ' Z Zo To a 


and similarly for X*™, YM, Y*. If so == 0 (or yo = 0), we write simply 
XO (x), X*™ (v), (or Y™ (y), Y*® (y)). It is to be noticed that the 
‘definition of these functions is independent of N. l l 
Making use of the functions introduced in (7.9), we shall be able to 
obtain an analogue of the binomial formula for (x -+ xy)’, by replacing the ` 
` powers of. and y in (2.31) and (2.32) by the appropriate functions of l 
(7.9). We have, for g = 0,1,2,: - +, in tae notation of (2.383), ~ , 


Z2N-1 2 


: q i 
(7.10) -ZOD (z052) = B [È Airra PO (yor y) XOH (ato; 2) ]j? 
gp em , 


Pai 


èe `: 
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he 


2N-1 2q+ 
elt): Ae aoe) 2 | S Ai,t2an™ Y (y0; y)X¢ CAD (To; “Ir 
i=0 
2N-1 2q 
(7.12) 7 200 (2052) = S [È Borsa” ¥* © (yo; XCOPY (0452) ]F 
a 2q 


(7, 18) j ZOO (z9; 2) = 2 [È Bitam MY” ) (Yo; y) LPC) (g0; 1 ]7*, 


Equation (7.10) may be verified by induction, employing the binomial 
identity (2.29). (7.11) is then obtained by 3- and %’-differentiating 


ESIC ES LAR coe C, 12) and (7.18) follow immediately, 
T 


after observing that if we introduce the formal powers a- Z, ™, ete., which 
are formed with respect to the matrix %,’, we heve : 


f j: Z (z0; z) = jZ (205 2). 


C. Itis possible to obtain a simple inequality for the absolute value of 
the formal powers. We have 


(7.14) a Z™ (2952) 5 2 | a | Tw [2t Tums (| zo | + |2|) |z—z |1", 


- 2N-1 
where a = 2 aiq* is a hypercomplex constant, oe is the constant occurring 


in (2. 26), a | zo | 2 = 2° + yè, |2 |? == a? + y. 
First, we obtain inequalities for Z% (zo; z) and for j: Z%™ (2.32). Using 
.the non-decreasing function mz (A), defined by | 


m;(A) == max max max (o-(4)! 7; (t) 4, 
=1,2 I=*7|t|SA 


we have thet [see (1), page 75] 


(1.18) men(lz0| +12) = Go Saria +e), 


with similar inequalities for X*, Y and Y*. We also know [see (2.31) 
and (2. 32)] that | 


$ 4 XONV Os - ifn ig odd, 


z i-0 4 
Z (z272) = < * ; 
l afn E ESE EE ee 
>, (7) A (mt) yi gi if n is even, 
i=0 i 
(7.16) i 
| P> (7) P a E if n is odd, ` 
n ‘ 0 i 
J A (293 2) == f 
' i> 7) Xod Pee gt if n is even. 
zo \4 | 
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Consequently,- 
| Z% (203 2) | 
7-2 (2032) 


since by (2.26), (2.24), (2.25), plus (2.27) with a = j, we have 


(7.17) S2"/T ym s "(| 29 | +] 2|)|2—20 | % 


refit PS (2) orso] 
EADIE k 
reli 1S (7) zereo] 


~ n i 
Sty 3 (7) mon(| sol + lalea |= | y— y | Erë 
. = . = 


S myz"(| zo| + | 2[)Tw*[] £ — aoe] + | y— yo |T" 
< 22T yam z" (| zo | + }2 D| 2 — zo |”. 


The first inequality of (7.17) may be verified similarly. 
But from (7.8) and (2.27). 


N-i pA 
| a: 2 (z352) STw'| > aJ ™ || |] Z™® (zo; 2) | 


(7.18) , + Ty [È anj” LG Z® (zl 
ETs | a | [El AE se k aa i, 
Equation (7.14) then Eor from (7. 17) and cz. 18). 


8. ie functions. There are certain (X, V)-monogenic -functions 


f 2) Se such that one or more of the real, functions a; vanish iden- 
i20 


tically. This section will be devoted to the determination of all such “ null 
functions.” l 


 THroREM 8.1. Let D be a domain containing the point zo If 


q : ` ns * = 
f(z) = Dujyt where 0 S q S 2N — 2, is (3, N)-monogenic in D, then 
. 7-0 ‘ 


(8. 1) f(2) =$ a Z (2952), 

: where > ' 
(8.2) as =- anja E 
(i = 0, ae ‘5q) are hypercomples COSL (Conversels A any function: 


defined by (8.1) and (8.2) is of the Tanin f(z) = = asjast, where: 
lq == agez FF 7 dox == 0). a 


t 


+. 


+ 


e 


` 
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Proof. Given any matrix X, the conclusion is true for q = 0. For then 
f(z) is merely a real constant. Suppose that for any matrix 3 the assertion 
is true for g and let 


2N-1 , 

(8. 8) f(z). = 2 tijxî, Qg = lg == ° t t == May, == O, 
i=0 ¢ , 

be -(3, V)-monogenic in D. Then 
' lok, X == l2k+1,¥Y 

(8. 4) Da 

lok, y+ = der-1,Xs; 


(k= 0,: < -,N— 1). If q+ 1= 2k for some k, then, in view of the irst 
equation of (8.4), | 


: asi, X = lq, Y = 0, 
If q + 1 = 2k + 1 for some k, then, in view of the second equation of (8.4), 
| 0 == lg, y = Ag+, Xto 


From Definition 3.2, we see that 


7 8 d EIEN 
(8.5) demf Š bijyi. 
dN ŽŽ 0 


, AIEN) f + x 3 + l 
The function, ee is ( 3’, N )-monogenic; hence, by virtue of the induction 





` hypothesis, (8.5).and (8.1) give 


d(3.N) EN 
, (8.6) , awl — $ ZO (a52), 
2 Where 
3 qi 
(8. 7) Bim È Buin’, 
$= 
(t= 0,: + -,q) are hypercomplex constants. 
Equation (8.6) may be rewritten as follows: 
a NT gel 5 z ai, oe 
. (8. 8) Aen? —2 Bi 2% D (4952) ee (orah, 
_ by defining 
i 
e (8:9) = T 
PE Oe PO ag 4 
af ee nae ; a 
l (Q—1,:-‘,¢-+1). Setting 
\ E 
t Zij == Pieni 3 
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for Q= 1,- ‘4+ 1), eee ‘,g—1?), es 

qti-i ` 7 
(8. 10) j ay == 3 Gaertn! > 
(@—=1,-+-,¢g+1).. : 


The function f(z) of (8.3) is obtained by (3’,N)-integrating (8.8). 
[‘Phis (3, V)-integration is possible whether D is simiply connected or not, 


since the function given by (8. 3 is (¥, N) magnogente at all points of the 


plane.] The-result is 
is q+1 : +L 
(8.11). f(2) = Sag ZO (2932) + t= S u: Z (2032), 
it ; iz0 ] 


where 


qil , ' l 
a 12) Zg = 2 toja’, : i 
i 
is a hypercomplex constant of a nature determined by the condition (8. 3) 


on the functions a;. The last three equations serve to verify the ae 
for g-+1. ` 
Lemma 8.1. For each n Z 1, let En be the set of 2n functions 
l Pik = X (2h) 


Ppa = X* (2741) : 


r 


(8. 13) 
(k= 0,;:- -,n— 1). En is a linearly incgependent set of functions on any 
interval a < g <b. p 


The proof is by induction. 
THEOREM 8:2a. Let D bea domain and Zo be a point of D. It 


2N-1 ! 

f(z) = 5 ajxt is (3,N)-monogenic in D and ax = 0, for some fixed k, 
i=0 ; | 

where 0 k= N — 1, then 


2N-2 $ 
(8. 14) f(z) =1/Kyx D %7 2 (203.2), 
2 E0 
where ; 
© 2N- À 
(8. 15) i == 2 Aii jnt, 
=] 


(i = 0, 1, -< -, 2N — 2) are hyper complex constants and the Ky, are given 
by Theorem 2.7%. T any function defined by (8.14) and g 15} 


is of the form f(z) = = ju" , where do, == 0.] 


¢ 


I Sar 
s 


if 
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Proof. The function : 


2N-1 
(8.16) `: F(z) = 2 Asist = Ky xf (2), 


is (3, .N)-monogenic and Ay == dọ == 0. In view of the second equation of 
E(3,N), 0=Aoy= Aoy-s.x. Hence, the (3’,.N)-monogenic function 


damt, has the form 
d (2,N) 2 
° n 2N-2 : 
(8.17) dam E = D Ajy, 
ee dama o 
' By Theorem 8.1, we have 
d & (ZN) E F (4) 
(8. 18) a i 3 Bi’ -ŽW (z0; 2); 
where 
aN} ` 
(8.19) ; ĝi = 2 Biijn’, 


(i= 0, - -, 2N — 2) are hypercomplex constanta, 


In addition, Ao! = Ao, x = 0, since Ag=0. Recalling (7.8), and- by 
ANirtue of (2.31). and (2.32), for 0 &q S N—1 © 
Re[Z (9 (a9; 2) ] = X00) : 
(8. 20) 5 (0; )] ? 
Rel ju» 2°” (29; 2) ] = 9, 
and for 0 5q <N — 32 


Re[Z Ca) (2052) ] = X* C, 


| an ` 
p Re[ju ŽD (295 2)] = 0, 
we obtain from (8.17) and (8.18), by equating the real part a 
(2N) 
to zero - 
e (6.22) A = = BoneX 4S Banot ox 0, 
. =0 h=0 em = ; 
By Lemma 8.1, (8.22) implies 
ag | Bi o = 0, j 
“M= Re + -,2N—2). Coma: Bey-2 = 0 in “8 19) and equa- 
* tions (8. 18) § a (8.19) become 
) o demb M8) o3 
8. 23 sa 6° ZD (zo; 
va 3) AEN 2 È B (2052), 
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and 
2N-2-i >; 

(8. 24) B= 2 Biju’, 
(t==0,:--,2N—8). F 
`. Let 

Ioe * Bier 2N-2-(i-1) E 
(8. 25) aga t/t Bija 
(i= 1, -,2N— 2), and = 
(8. 26) | ait = Biri/i, o- 


for i= 1, - :,2N—2, l=1,---,2N—1—i. Then,. from (8.24), 
(8.25), and (8.26) 
2N-1—i $ 

(8. 27) Qa D djy’, 

~ I=] ` 
(i= 1,- -, 2N — 32). 

Using (8.25) and (8.27), equation (8.23) may. be rewritten thus 

damFP W2 | 


= 2N -2 2 
= Ñ Bia ZO) (2;2) = D ia Z (z9;2). 


8. 28 
en dam? A ES 


F(z) is found by (¥, N)-integrating (8. £8). 

2N-2 7 C  ON-2" \ 
(8.29) F(z) = $ x ZO (293 2) + te J a: Z (2932), 
il ~ > 0 


where 
F QN-1 
(8. 30) Go = X, Sorin’, 


is a hypercomplex constant of a nature determined by the éondition that 


Ay = 0 in (8.16). Equations (8.29) and (8.16) yield (8.14), and equa- ~“ 


tions (8.30) and (8.27) yield (8,15). 


By a similar reasoning, we obtain 


ks 


THEOREM 8.2b. Let D be a domain and let 2 be a point of D. If 


2N-1 | 
f(z) = D jyt iè (3, N)-monogenic in D and torn == 0 for some fixed k, 
i=0 , 


where 0 S k 5 N — 1, then 


2N-2 
(8. 81) F(z) = 1/E ual È a2” (2052) + aa], 
where 
2N- 
(8. 32) «i= D agin’, 
t=2 


-¢ 


t 
t 
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. | 2N-1 
(i = 1,; + -, 2N — 2) are hypercomples constants, % == $, doriy! ts a hyper- 
=0 
complex constant such that %, 0, and Ky, is given by Theorem 2.7. 
(Conversely, any function defined by (8.31) and (8.32) is of the form 


2N-1 
f(z) = X aijy?, where dorn = 0:) 
i=0 


: 2N-1 ; 
THEOREM 8.3. If f(z) = > aijnt is (3,N)-monogenic in a domain D 
=0 


pa 
and one of the functions a; vanishes identically in D, then f(z) is defined, 
single-valued, and (3, N)-monogenic over the whole plane. 


Proof. In D, f(z) must coincide with either a function of the form 
(8.14) or a function of the form (8.381), and has the desired properties. 
‘Since the “components” a; of a (3, N)-monogenic function are analytic 
functions of æ and y, they are uniquely determined by their values in any 
neighborhood. 


9. (3, N)-monogenic functions with prescribed a;.. If f(z) =u + ùv 
is an analytic function of a complex variable æ -- ty, then u and v, the real and 
imaginary parts of f(z), satisfy Laplace’s equation. The analogue of this 
proposition for (3, V)-monogenic functions was considered in 5. Again, 
given a harmonic function u = u(x, y) there exist two analytic functions of 
v -+ iy, one having u as its real part and the other having u as its imaginary 
part. This section will be concerned with the analogue of this “ inverse ” 
problem for (X, N)- monogenic functions. (A special case has already been 
treated in 8.) l 

To facilitate later computations, we note that 


ad ; 
wu (aa + apr)" À (e) cramer 
(9.1) , Me E 
i mu (aF + rr) ÈN) TEOT 
: We treat first the case when the real part ap is prescribed. 
ae LEMMA 9.1. Suppose that u = (2,y) of class CC® satisfies the equa- 


IN~] 
tion [Nu == 0 in a domain D. Then, there exists a function f(z) = X, aint 
i=0 


which is (3, N)-monogenic in D and such that ao = u. 


Proof. We shall prove our result first when D is a rectangle with sides 
' | parallel to the axes. For convenience, we suppose that the origin is an interior 
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point of D. The proof is by induction. The conclusion is true for N = 1 
for any matrix 3. In what follows, we suppose that the conclusion is true 
for N —1 for any matrix 3, 

It follows that given a function v = (a, y) of cai QEN- satisfying 


MN4y—=0 in D, there a a function g(z) = = bijn- which is 


(3, N —1)-monogenic in D and such thet b: =v. ee for the matrix 
x,’ of (6.1), we have = 
L’ == Yyex -+ Vyys = Mv 


and consequently LN- == MN-ly = 0 for ie given . function v. Hence 
by the induction hypothesis, there exists « function T(z) SS dijn- which 
is (3, N— i a in D and such that dp = v. From Theorem 6. 1, 
it follows that = bijn = = 9 (2) == jy- (2) is (3, N ay aa and 


from Theorem 2. 6 that b, = h = V, 
Now, let u= u(z,y) of class C2’ satisy INu =0 in D. Writing 
llo = i we seek to construct 2N —1 Junctions @o,' ` -,@2n-1 such that 


f(z) = = jyt is (3,N Jonai in D. „In ‘order to do this, we shall . 


T i auxiliary functions o(s, 4), w(x, y), and (z, y); define 
a(z, 4) and dey-1(2,y) ; and from the three functions do, di,.and @ey-1 deduce 
the rest. The restriction that D be a rectengle appears in the definition of g, 
and azy- 

Recalling that p `- dX* == f+ -oa(s)ds and f:+'dY=f--: 
(1/7: (y) ) dy, we set | 


v da 
"F o(ey) = f ar ay, 
-(9. 2) aa 
h ees bet A 2 
ws (,y) = > 0Y” ax”, 
and 
* (9.8) p(z, y) =M (o, + o). 


-It will be shown immediately that 


(9. 4) p(z, y) = A(z) + yy). 
Since (9.2) yields | _ = 
Ow; _ aay Ours ae 0a, | 








OY = ax’ | OX* aY* ? 
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we may use the identities 


oti ĝ2p-2 ô 
(OY*0Y)e ~ GY” (0YðY*)r => OY’ 
ĝ2? a â gep 


(3XIX*je X T aX (BEX)? 
to obtain from (9.2) 





N-1 I ee ea R 
i vs eS ( k | (@X6X*)" (OP 0Y) N1 
- eS (77) Nay a 
T IXY" i k ) OXOX (050 N 


OO Pra 
oF J," JOLI AA 
Performing a similar simplification on MN-lwes, we obtain from (9. 3) 
02 Neal @2N-4g, 
o(%.9) = grape S ( ? 7 (0X 0X) (00 NA 


- PAd 
ze S LOEAN f 


j 92 N LAN at §2N-4q, 
POG 


a NAG , 
ü S Irar jna “*" 
Hence ` 
$ ms CS) a oe ee 
TE aN e ) OOY TEE 
32Na 
+ XAY 
N-1 N —1 PN 


32Nao 
E rary 


-S (321) gem 
~ fe \k—1/) OXOX OY) 
PN ay \ 


t XoY 


| A-1 N eat gon 
Tia ( k ) (0X "0X )* (YOY *)N-* 
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IN ato 
t (vareyN 


_¥ N aN a, 
fo \k Ox ‘OX)* (@YOY™ "k 
a TN oie aes , 
by (9.2) and the hypothesis concerning . Since xey = (11/o2) ey and 


xy = 0, we have zy = 0 and (9.3) follows. 
- Now, let the functions A(x) and BC y) be defined by the equations 


d2N-2 4 (x) - | 
Ny (dXdX*)N- ace i 
an 

PN°B(y) 
(9. 6) (d¥*dY)N- = — (4). 


It is easily seen that such real functions exist, See they are not uniquel y 
determined. 


It is now possible to define (z, i ane daN- (2,1 y). The system £ (3, N; ) 


lok X == Dons Ys 


7 
lok y* com Qos1,X* —— AlN, Xe ( ke ) 3 


(k==0,---,N—1) gives for k = 0. take 


(9. 7) 


_ i io X — hi ¥s 
(9. 8) l 
Qo, y+ == ~~ A2N-1,X*, 


In ses to satisfy (9.8), we define [see (9. 2) | 
a, (T, y) = Wy (4,4 y) “| A(z), 





9.9 

ey aax- (æ, y) = — w(t, y) — Bly). 
We have that 

(9. 10) MN-1 (a, — doy-1) = 0, 


for, using (9. 9) | $ 


T d2N-24 (2). 
MA NEVE a N 
| d?"-2B (y) 
-+ MN- lea -t (d¥*d¥)N- 


=p — A(s) — y (y) 
` == 0, | ) 
by (9.3) and (9.4). 


* (9.14) 


è 


Cd 
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Since, in view of (9.10), we have one`function satisfying MY- = 0, 
we may use equation (4.1) “backwards” to produce the missing functions 
ü2,' * *,@2n-2. By the remark made at the beginning of the proof, there 


2N-3 
exists a (3, N — 1)-monogenic function g(z) = 3 aijv-1* such that 
i=0 


Qı = Qı — deny. Define dey-2(v,y) by the relation 
Aen-2 == Ap — Zo. 


Since azy- and as- are known, we may define do, and dan for k= 1, 
- -,N — 2 by the relations [see equation (4.1) | 


l N— 1 
m= an ( % ) aes 


es 
hokey, == Soke: -i k eNn-1- 


i 


(9.11) 


| 


Equation (9.11) also holds for k == 0, and for k= N —1 provided Gano 
and ew, are taken as zero. We must now show that the a; thus defined 
satisfy (9. 7).° In order to do this, we remark that the a; satisfy E (3, N — 1) 


” Gok, X = Sons, Ys 
(9,12) N—1 / 
Gon, Y* == Qok-1,X* — Aon-3,Xe 3 


7 k 
(k=0,: <- -,N— 232). 


First, as has already been pointed out, in view of (9.9), the pair of 
equations obtained by setting k == 0 in (9.7) are satisfied. That is 
o, X == @1,¥, 
(9. 13) i 
lo, ye == —~ Mon-1,X% 


On the other hand, (9-12) gives for k 2e 0 


Zo, X = GLY, 


Zo, ys == — Gon-3, X*, 


"and using (9.11) for k = 0 and k = N— 2, (9.14) becomes . 


è 
e 


@ 


lo, X — @en-2,X == Q1, Y — Gey-1y; 


a laN-2, Ys = — [de a ae ] 
0, Y * 2N-2,y¢« == 2N~$, X* 2N~1,4* N ran 9 3 


(9. 15) 


which, in view of (9.13), simplifies to 


9 
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QeN-2,X = has 
(9.16) ee E ( N ) 

2N-2,Y 2N-3,X ST EEN E 

the pair of equations obtained from (9.7) by setting k == N —1. 


To prove that (9.9) holds for k= 1,: - -, N —2, we first substitute 
into (9.12) the a;s as given by (9.11). The result is 


N =i : i N =l 
_ Qk, Xo A Q2N-2,X == lek Yf — i: Qen-1,¥5 


| Naty. 2 « se 
(9. 17) lok, ya =— ( I ) QoN-2,¥* = Qok-1,X8 1m ‘eae: on-1,X* 


N—1) _' aa. 
— ( I ] [ @en-a,x* — ean Qon-1,x01, 


(k= 1,--+,N-—2). In view of (9.16), (9.1%) becomes (9.7): Thus 


2N-1 
f(z) = x aijx* is (3, N)-monogenic and a =u inside the rectangle D. 


t= 


For convenience, if a domain D is such that Lemma 9.1 holds for D, 
then we shall call D an adequate domain. To obtain the lemma for a general 
domain D, we verify the following statements: 


(1) If D, and Ù, are adequate domains and their intersection D,- D, 
is a non-vacuous connected set, then their sum D, + Dz is also an adequate 
domain. 


(2) HED, Do, and Ds are adequate domains, D,- D2 and D.: D; are 
non-vacuous connected sets, and D, and D; are mutually exclusive, then 
‘D, +- D2 4+ D; is an adequate i 


(3) Let a domain be said i be of class n, (n= 1,2,- -), if its 
closure is the sum of n mutually exclusive rectangular interiors, plus their 
‘boundaries, the rectangular boundaries having their sides parallel to the 
z and y axes and such that if two of tke boundaries have a common part, 
then the common part contains’ more then one point. For each n, every 
domain of class 1 is adequate. - 


(4) If a domain D is the‘sum of a ‘monotone ascending sequencé ' 
D,C D.C DC- - - of adequate domains, then D is an adequate domain. 


. To prove (1), let fi(z), for i-=1, 2, be (3, N)-monogenic in D; and 


such that Re fi(z) =u in Dy. f,(z) differs from f(z) in Dı- De by at most ~ ) 


a null function (see Section 8), since Re[f.(z) —f2(z)]—=0 in Dı: De. 


w 


$ 


b 
a 


i’ * 


i 
N 
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Hence, the function g(z) = f(z) — f(z) is defined over the whole plane 
(see Section 8), and the function 


í f 1(z ) in D L , 
P= atoe in De 

is (3, N)-monogenic in D, + D, and Re[F(z)] =u there. (2) follows be 
applying (1) first to Dı and Dz and then to D, + Dz and D3. (8) is proved 
by induction. A domain of class 1 is the interior of a rectangle; hence, it B 
adequate. It is easily verified that the closure of a domain of class n is the 
sum of the closure of a domain of class n— 1 and the closure of a domaia 


- of class 1. The induction is completed by introducing a suitable rectangle 


[to play the role of Dz in (2)] and reasoning as in the proof of (2). (4 
follows by applying repeatedly the same argument used in the proof of (1), 
in order to extend the definition of a (3, N)-monogenic function f,(2) suca 
that Re f.(z) = u in D, to all domains of the ascending sequence. 

That Lemma 9.1 holds for any domain D follows from (4), since ever~- 
domain is known to be the sùm of a monotone ascending sequence of domains 
each of which belongs to class n for some n. 

We remark that if D is simply connected, then the (3%, V)-monogeniz 
function obtained above is single-valued, by the analogue of the monodrom~ 
theorem for (3, N)-monogenic functions. If D is not simply connectec, 
then the (3, N)-monogenic function obtained above may be multiple value 

From Lemma 9.1, in the same way as was pointed out for N— 1 iz 
the course of the proof of that lemma, we have 


Lemma 9.2. If v=v(a,y) of class QCM) satisfies the equation 
MXy =0 in a domain D, then there exists a (3, N)-monogemc function 
2N~-1 
g(z) == >. bijxt such that b, =». 
- 50 
The preceding considerations enable us to give a complete solution t- 


the “inverse problem ” for (3%, N)-monogenic functions by means of the 


THEOREM 9.1. If u= u(z, y) of class OC’) is such that either (1 


* DNu==0 or (2) MYu =Q in a domain D, then for each integer k= C. 


2N-1 
>, N— 1 there exists (1) a function f(z) = 2 arij? which is (3, N)-. 


eE 
monogenic in D and such that axo = U or (25 a function gr(2) = à S Beja 


. which is (3, N)-monogenic in D and such that Up or == U. 


; 
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We prove only (1), the proof for (2) being analogous. Let u satisfying 
2N-1 
INu==0 be given and let fo(2) = J asjxt be the (3, N )-monogenic 
i=0 
; - l ; 3N- 
function given by Lemma 9.1, with ao==u. Then f(z) = Ð arijy' 
i=0 


== (1/Ky,x)fo(z), k= 0,--+,N—1 are the desired functions, where the 
Kyx are given in Theorem 2.7, By Theorem 2.7, ax, ok == Boo = th By 
Theorem 2.8 and Corola 6.1, it follows that the fx(z) are (35, N)- 
monogenic. 


Finally, we sola that to obtain the most general (3, N }-monogenic 
function F(z) = = Awijx* such that Ar, == u, we merely add to the f(z) 


the aie «yall functions ” from 8. 


10. Formal power series and the expansion theorem. An expression 
of the form 


CO : Í 
(10. 1) l tn © Z™ (4932), 
n=0 
2N-1 
where G@== 3) Gnijné are hypercomplex constants, will be called a formal 
i=0 


power series. Our primary objective in this section is to show that if 
2N-1 
f(z) = S, ajn? is (3, N)-monogenic at a point Ze then it ean be repre- 
| 0 ; 


sented uniquely by a formal power series (10.1) in a sufficiently small 
neighborhood of 2. Preliminary to this, we shall establish the existence, under 
certain conditions on the coefficients ¢,, of a domain of convergence of (10.1) . 
and also show that a (3, N)-monogenic function in a domain D is uniquely 
determined by the value of the function and of all its (3, N)- and (3’, N)- 
. derivatives at a point of D. 


In 3 the higher (3, V)-derivatives f™ (z) = > “ally! of a (3, N)- 
"monogenic function f(z) = = ayn’ were defined, ad it was shown that 
fem (z) is (3 N ee aad f@nl(z) is (3, N)-monogenic. 
Equation (3.5) gives that fEl(z) == a L -S ai] jyt, where . 
aop — Age. X = Ofek, 2 : 


(10. 2) 


ory H = ok41,X* == (1 /o2) azka, 23 
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(¢=0,--+,N—1). Repeated application of (10. 2) gives immediately 


O°" dor raok 
A E i NENE a a | ee on 


Paoay 


. (n = 0, 1, - +), (k= 0,: ° -N — 1). 
We shall employ a lemma given ty Bers and Gelbart (1) 


O7**1 ony 


~~ OX* (@XX*) ? 


dopt] = [2n+2] 


Lemma 10.1. Let F(z), G(x), H(x) be analytic functions of the recl 
variable x in the neighborhood of z= 0. Derne 


(10. 4) Fal) = F(a), 
dE'n-i AR 
G(x) Tz if n is odd, 


rH (x) ea -if n is even. 


Then there exists a constant O > 0 such that a, 


(10. 5) | Pn(0)| < nl Cr, 


for all n. 


The following lemma will be used in the proof of the expansion theorem. 


kanhi 2N-1 |, ; 
Lemus 10.2. If f(z) = ©, ajy? is (3, N)-monogenic at z = zo, ther 
i=0 
there exists a constant C > 0 such that 


(10. 6) | F™ (20) | < n! Or, 
for all n. 


Proof. Without loss in generality z) may be taken to be zero. Applying 
Lemma 1C.1 for each k = 0,-: -,N—1, with | | 


hasa 


F(a) = ax (8,0),  G(£) =o (2),  H(2) = 1/0:(2), 
and using (10. 3), we see that there exist N constants Cex such that 
(10. 7) 
0b 2 Wa), 

Similarly, there exist N constants Cox, such that 


` (10. 8) 


don!) (0,0) | < n! Cox”, 








ox (0,0) | < n! Cora”. 
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But, by (2. 24) and (2. 25) ' 
2N-1 - 
(10. 9) IPO TS a | a™ (0,0) | I jx? i, 
and || jx? |= 1 for 0 =i 52N — 1, so that from (10.7) and (10.8) 


(10. 10) | F900) | <a! CX OW) 


r 


2N-1 
THEOREM 10.1. If f(z) = © aignt is (3, N)-monogenic at z = 2 and 
i=0 


(10. 11) f (zo) = 0, n = 0, 1, >>, 
then - 
f(z) =0. 


The proof is by induction on N. For N == 1 the theorem has been proved 
by Bers and Gelbart (1). Suppose that the conclusion is true for N —1, 


and let f(z) =o asjy' be a (3, V)-monogenic function satisfying (10. 11) 
at Z = Zo. Equation (10.11) implies that 

(10. 12) a;l” (zo) = 0, | n= 0,1; =, 
(¢=0,- > -,2N—1). 


' ` 2N-3 
By Lemma 4. 1, the function ¢(z) == 3) aijy_,', where 
, i=0 


N —1 
Qop == haz, — k leN-25 


N—1 
Coke, == Doky, T7 ? GoN-15 


(k=0,:++,N—2), is (3, —1)-monogenic in a neighborhood of zo. 
From (10.11), we have that 


(10. 13) 


(10. 14) š p (20) = 0, n == 0, 1, ae ns 


since (10.13) and (10. 3) together give 


Aari” (zo) = doz!" (z0) — “~~ doy-2'") (zo) = 0, 
(10. 15) ae 
Gores!) (29) = dor"! (20) — ( k ) day-1™ (Z0) = 0, 


(k =0,:: +, N— 2), using (10.12). 


f 
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\ : TE 2N-3 
By (10. 14) and the induction hypothesis, we have that ¢(z) = 2 Ajy- 
= 0, and from (10. 13) 


7 l N—1 
lsk = i 2N-15 y 


; EN-1 . ; 
‘ (k=0,--+,N—2). Since f(z) = J, jyt is (3, N)-monogenic, then 
E0 


(10.16) 


aok, X == Geke,¥> 


r 


10.17 
(; ) ok ye == Gok.1,X* ~~ GeoN-1,X* k 3 


(k =0,: > -,N — 1). Replacing ax and @ə-ı'in (10.17) by their values 
from (10.16) yields : sf, 


2N-2,X == GN-1,¥) 


(10.18) = 


UN -2, Y% == ——~hoy-1, X= 


Rep acing @ey-2 and an-ı in (10.18) by their values from (10. 16) gives 
Í ; Qk, X == Q2k+1,Y; 
(10. 19) 


lok, ye == — I2k+1;,X*; 


(k= 0,: +, ŅN— 1). This last equation shows that the N functions 


` ; 
(10. 20) falz) = da + jilm, i 
(k = 0, : +, N — 1), are (3, 1)-monogenic. But from (10.12) and (10.3), 
~ we Lave that . = 
(10. 21) fet (29) == 0, Lo n = 0,1,» > 


(k= 0,: : -, N — 1). Hence, a; = 0 for t= 9,: : -, 2N — 1 and f(z) = 0 


r Returning to the consideration of the formal power series (10.1), we . - 
.  Temark that such a series represents a (3, N)-monogenic function in any. > 

domain in which it converges uniformly, and may be (3, V)-integrated term 

 • by term in any such domain. We shall show that a domain of uniform 


convergence of (10.1) is determined by the sequence of coefficients ap. 
2N-1 i 


® THEOREM 10.2. Let an == J, Gnityt be a sequence of numbers of Asx | 
; i=0 
-` and z= % be fixed. If 


1 
S a = h, 
lim ¥ | æn | : 





. (10:22) 
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does not vanish, then there exists a neighborhood D of zo such that the formal 
power series 
(10. 23) f(z) =J a Ze) (2332), 


3 


and all the formal power series Bina by successively (3, N)- and (¥, N)- 
differentiating (10. 23) term by term converge uniformly and pa in D, 


Proof. Let D be the domain 


10. 24 — es SEEEN 0 : 
(20,24) e781 S item (Tee PED inden 
From (10.22), it follows that D has the een property, for the menuli 

(7, 7 implies l 


z | an Z® (zo; 2) <£ Tr $ | æn || p”, 


and similar inequalities hold for the derived series. 


Successive termwise (3, N )- and (3, V)-differentiation of (10.28) and 
evaluation at z of the resulting formal power series gives the “ Taylor 
formulas ” z5 at 
(10. 25) fll (20) = nl an, ' 

7 = 0,1l, °° 


THEOREM 10.8. Let f(z) => dijn’ be (3,N)-monogeme at z = zo 
i=0 : 


Then f(z) can be (uniquely) expanded at z = zo in a formal power series of 
the form (10. 23). 


Proof. Let the sequence of hypercomplex numbers @, be defined by 
(10.25). By virtue of Lemma 10. 2 





lim WI a, | SC. 


Hence, by Theorem 10.2, the formal powez series 
CO 
g (2) = Z an’ 2 (252), 
n=O l 
converges uniformly and absolutely in a neighborhood of zo and 
gil (zo) = 0! an, 


n= 0,1,---. Then f(z) —g(z) =0 br Theorem 10. 1. 


t 
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ane 10.1 and 10.3 serve to show that the class of function 
f(z) = > aijn? which can be expanded in a formal power series of the form 


(10. 1) in a neighborhood of zp) coincides with the class of functions whica 
are (3%, N}-monogenic at z according to Definition 3.1. This corresponds 
to the equivalence of the Cauchy and Weierstrass definitions of an analytiz 
function. - ` i 

11. Complete systems of particuiar solutions of LYu == 0. We defin- 
(11.1) = Unw(2o Yo; BY) = Relja” Z (2932) ], 


where z =£ + ty, Zo = £o + to, n= 9, 1,- ‘y= 0, 1,: -,2N—1. Ob 
‘viously, each U is a (real-valued) iene solution of the ee INu = 0 
‘analytic in the whole plane. Notice that for n < N some of the function: 


(11.1) vanish. The sequence {Uwnv} has the completeness properties men 
tioned in Section 1. We, have 3 


THEOREM 11.1. Each solution u ==u(z,y) of the equation LNu = 0 
which is cf class CC’) in a domain containing the point 2, admits the 
expansion 

co 2N-1 


(11: 2) ` ult, y) = > > dnvU yav (Xo; Yo; €, y), 


n=0 v=0 
where. the «s are real constants and the series converges untformly anc 
absolutely in some neighborhood of zo. 
Proof. By Lemma 9.1, there a in a suitable neighborhood of Zo- 


a GLN )-monogenic function f(z) = = jx? such that a = u. By Theoren: 
10. 3, we have 


l oO 
(11. 3) T F(z) = X dn: 2") (z0; 2), 
n=0 : 
where 
2N-I . 
Gn == >, Gavi y’, 
p= 


= 0,1,» +, in a sufficiently small neighborhood of zo (11.2) follows 

upon equating the real parts of both sides of (11.3), using (7.8) and (11.1). 

The sequence of real functions (12.1) depends upon the point Zo In 
order to prove a more general expansion theorem, we establish 
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THEOREM 11.2. Let z and b be pocnts of the plane and let a be a 
number of Aon, then 


/ l 
(11. 4) 7 a Z™ (z052) =$ (7) Au: Z (b; z), 
where 
(11. 5) p reem j a: Z™® (z0; b) -if kis even, 
a: Z (2; b) if k is odd. 


Equation 11.4 is another analogue of the binomial formula. This 
theorem follows immediately from the expansion theorem 10. 3, with the aid 
of (7.3) and (10.25). We note that since (11.4) is a relation between 
iterated integrals of the functions o; and r;, the equation. holds independently 
of the expansion theorem and of the analyticity of the o; and 7%. 

We now define . 

(11. 6) Owav(Z,¥) = Unnv(0,03 2,4). 


From Theorem 11.2, taking the origin as b, we. obtain from (11.1) and 
(11. 6) , 


(11. 7) U ynv (To, Yos 7s y) zp = = T T y), 
m=O u=0 
where n = 0,1,- ; v= 0, 1,- , 2N — 1, and the 6’s are real constants. 


Hence, we have the 


THEOREM 11.3. Hach solution u—u(z,y) of the equation INu = 0, 
which is of class C?™ in a domain containing the point zo, admits the 


expansion 
co 2N-1 n 2N-1 


(11. 8) ulay) = 3(E > > Cxomull wmu (2, 9) } 


n=0 v=0 m=0 p=0 


where the c’s are real constants and the series converges uniformly and 
absolutely y in some neighborhood of ze. 


Finally, we observe that by (7. 4), (7.5), and (7.10) to (7.13), the 
*" Uxa are linear combinations with real constant coefficients of the functions 
given in (7.9), which are independent of J’. 
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ON HIGHER NORMAL SPACES FOR Vn IN Sp.” 


By ABRAHAM SCHWARTZ ° 


C. Segre has proved that a real V» in S» whose points are all axial 
points is either contained ix a geodesic Vm. or has a second fundamental » 
tensor of rank 1.7 N. Cobum has studied the case of a real Vm in Sn whose 
points are all planar. C. E. Allendoerfer has pointed out that if an open, 
simply connected domain of a Riemanrian manifold imbedded within a 
Euclidean manifold is of “ype” = 3 at every point, then the second and 
higher normal spaces vanish.’ 

In this paper we consider a Vm in ar Sn, and let the first normal space . 
be of k dimensions at a partizular point P. We prove first 


THEOREM 1. If the second normal soace is of 7 dimensions, then 
jEpa +) (+2) +u +1), 


where t and u are integers dztermined by k in accordance with the following 
insqualities : 


HHI Sk 441) +2), u=b—-Ht+1). ¢ 


Then we prove 


THEOREM 2, Itther 


` 
1). The second normal space at the point P vanishes, or; 
` 1 
2) The three index curvature tensor, Ha‘, is of rank Sk with respect 
to the index a at P, or; : "i 


3) The Vin can be imtedded in a V miy O <r < k, m such a way that + 


* Received April 22, 1946. i 

1 Schouten and Struik, Hirfuhrung in die Neueren Methoden der Differential- 
geometrie, vol. 2, Groningen, p. 9. 

2N. Coburn, “ Vp in S, with planar points (m =3) 


- 


Bulletin of the American ¢ 


» 
t 


Mathematical Society, vol. 45 (1939). pp. 774-783. on 
3C. B. Allendoerfer, “ Rigidity for spaces of class greater than one,” American —. - 
Journal of Mathematics, vol. 61 (1939), p. 636. = 
i . 
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Hep, the three index curvature tensor for the Vy. in the Viner, ts Of rank Sr 
with respect to the index a at P4 


Note that if the first normal space is everywhere of k dimensions and that 
if the second normal space vanishes everywhere, then the Vi» can be imbedded 
In an Smite | 


1. If k and 7 are the dimensionalities of the first and second normal 
spaces, one of the Ricci equations for a Vin in an S, can be written in the 
form’ 


r 


1 2 1 2 ? 
(1. 1) Aa? Hey = Hey Ha, ay b, G = Ly” M V AT i, -esf 


P 1 = 
where the rank of Ha,” with respect to the index v is k, and the rank of Her 


1 
with respect to the index A is 7.° Since Hav is symmetric with respect to its 
first two indices, (1.1) says that the tensor 


ee 2 
(1. 2) Jaros = Haw Lev, 7 


which is of rank j with respect to the index A, is symmetrie with respect to 


its first three indices. Because of this symmetry we get the bound 


(1.3) GS dm(m +1) (m +2) 


. immediately by considering the number of combinations of m things taken 3 


Ç 


at a time, repetitions allowed, but this bound can be improved considerably. 
Whenever 


1 1 1 
(1. 4a) Ha = tH ea + yHep t Hu" > 


Wwe have 


. Ł 2 
(1. 4b) Jan = Har H pò — ad cag 4- yd eto T are + ad sig? 


One can select a set of & independent vectors of the first normal space from 


4 
the set Hay, a,b = 1,:°-,m. Let a be the number of these vectors which 
have 1 as one of their indices. By interchanging indices if necessary, we can 
«be sure that no greater number of these vectors have some other integer as 


‘For the definition of the three index curvature tensor see Schouten and Struik, 
vol. 2, p. 80. For the definition of rank with’ respect to a particular index, see Schouten 
and Struik, vol. 1, p. 19. 

5 See Schouten and Struik, vol. 2, pp. 119, 122, and 124. 

* A better bound than that given in Schouten and Struik, vol. 2, p. 116. 
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. one of their indices. Let 8 be the number of the remaining k-æ vectors which 
have 2 as one of their indices. Again we can assume that no greater number 
of the remaining vectors have some other integer as one of their indices. We 
repeat this process until the k vectors have been exhausted, and men) we can 
list our & independent vectors as 


t 1 1 
H aby’, abe 3 H 2bg 
(1. 5) 
1 1 1 
Hsn’, Hens $ , Heny ? 
where 


(1.6) aÈ8B2Zy= -vn apB+yt e trk. 
7 1 
‘Consider the vectors J abi* of the second: norma! space. Because Hay. is a 
linear combination of ‘the vectors in list (1.5), the vectors Jand are linear 
combinations of the vectors 


) oer | na’ N Vianu Wis. we 
(1. 7) dima J 1051”; 3 Jaan J 2041 3 > J avg: 9 3 J sn 3 3 J envi's 


Consider next the vectors Ja». They are linear combinations of the vectors 


A 
(1.8) J 10,2, Jia `, Jiag 
and . | 
. A H F} = =. œ 
(L 9) J 20,2"; J ote”, eS J avga", J sea 5 |» J nyo; ? Jenya- 


Because Jiao == Jac: the vectors of list (1.8) are dependent on those of list 
(1.7), but those of list (1.9) are perhaps independent. Similarly, when 
we consider the vectors Javs* we will introduce the new vectors 


_« 
(1. 10) Jass’ j -J 3ey3™, ° ` oda j " , Jany”, s 
and finally, when we consider = vectors Jase’ we will introduce the new , 
' vectors 
(1. 11) Jens’, J gigs” Pee Ts J snys™ 


But any vector Jabe is linearly dependent on the vectors Jie E PS 


Jiane, Jobo * * *y Jeny, Which are in turn dependent on the vectors of lists 


(1.7), (1.9), (1.10), (1.11) beceuse of the J tensor symmetry. Thus, e 


counting the vectors in (1.7), (1.9), (1.10), (1.11), we have 
3 P 


(1. 12) i< lat 28+ 8y+-- +45. a 


= 
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We shall show below that a coordinate system can always be found in 
which we shall have not only (1.6), but 


(1.13) 2 Sy See 


Theorem 1 now follows from (1. 12) and (1.13). For, to make the right 
hand side of (1.12) a maximum, one must choose ) 


(1.14) g = $ -+ 1, 8 = t, y=t—l,--+‘,emt+2—u, € =t -+ 1— (u+ 1), 
n =t -+ 1— (u +2), nrp 


where the integers ¢ and u have been determined by & in the following way: 
(L15) HOH) SB < FELD (E+), - u—k—4t(t +1). 
The maximum value of the right hand side of (1.12) is then 


(1.16) Sn(t+-2—n) -+ > n(t+1—n) 
= H(E+1) (+2) +3u(u +1). i 


2. Tə complete the proof of Theorem 1 it is necessary to demonstrate 
(1.13). 


Lemma 1. We can always assume that the index a, in the set (1.5) is 1. 


The lemma is obviously true if H aoe 0. at Hy == (0, we can assume 
that H -=° =~ 0 and choose 2 so that the coordinate transformation 

E 1 if d =a 
(2.1) Aat = < g if d = 1’, a =z 


0 | otherwise 


will carry us into a new coordinate system in which the lemma is satisfied. 


Lemma 2. We can assume that the indices bı, b2, + °, bg in the set 
(1.5) are included within the indices ai, * +, aa ’ 
For, suppose that bı, b2,- - +, bi are not included in the set %, tto,° © *, Qa 


Then the zoordinate transformation 
1 if a =a 
(2. 2) Aat = d x if d =], a=? 


0 otherwise 
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1 $ 
will leave hang any i Ha pi which nerpa a nor b 5 1, and vii 
Tepate Hi by He H = a + Hna =i— 12H, Hut by Oe = Ha 
+ alas ,a~1. The ee x can be chosen so that there are g + t nie 


pendent vectors in the set Hon? > Hand ar E Huat eee ee 
and Lemma 2 holds in the new coordinate eee: 


+3 ; 
These lemmas, together with the fact taat Hy» 12 == Ha^, make it possible 


to assert that « > 8. By proceeding in a similar fashion we can show that 
all of the inequalities of (1.13) hold. 


3. The Ricci equation (1.1) can be rewritten in the form 
Q 7@Q } 

(3.1) havo — Roivas p= 1,: ; -,k; Q= 1,- -,4; 4,b,c—1,---,m," 
p 

Q * r . ' 

the vanishing of the ve being a necessary and sufficient condition that the 

P 
second and higher normal spaces vanish. Let the index Q be fixed and write 


Q r z 
ve= Ve. If the rank of the matrix 


p p ; 
Ui V1 * * Wy 
1 2 k 
Vo Va * * Vo 
1 2 k 
(3.2) 
Um Um” ` * Um 
1 2 k 


is 0 no matter what index Q has been chosen, then j==0 and the second 
normal space vanishes. If for some choice of Q the rank of (3.2) is r, 
O<r<k, then one can find m—vr linearly independent vectors i 
i= 1,: : -,m—.r, with the property 


' (8.3) AVe = 0, t= 1," : -,m—r; p= 1,- :,k, 
ip 7 
and it would follow from (3.1) that 


Pp 
(3. 4) A Vahob =Í. 


4 p 


7 Apply equations (13.47) and (13. 45), p. 126, Schouten and Struik, vol, 2, to , 
(1.1) of this paper. Equations (13.53c), p. 128, Schouten and Struik, vol. 2 are 
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; l >. P 
But we can alwavs replace the second fundamental tensors hab by a new 


P 
set lg» derive from the old by using n orthogonal transformation on the 
index p. Since the matrix (8.2) is of rank +, it is possible to choose the 
index @ in (3.4) in r essentially different ways and to find a new set of 


Po 
second fundamental forms, lab, such that 
a 
(3. 5) Alon = Q, g= l eri o m mar: 
t 


If r= k, (8.5) becomes 


r l 
(3.6) Atlan = 0, v= 1; k; i= 1, m —k. 
5 $ í 
Since 
i p 
(3.7) Ha” = lav’, 
p 
we have 
1 
(3.8) | A gy” = 0, -t= 1,- m — k. 


1 
Hence, in this case, the rank of Ha,’ with respect to the index a is at most k. 


If r < k, the local Rù and the r unit vectors t of the first normal space’ 


a 
which correspond to the 7 second fundamental forms le» mentioned in (3.5) 
will determine an (m +- r)-dimensional direction at the point P. A Vins 
which contains the Vm and this (m + 7)-dimensional direction at the point P 


1* 
can then be found, and if we let Hav be the three index curvature tensor of 
`- the Fam with respect to this Vmr, we can write l 


i ' 1* c 
(3.9) Ha = ig’ 8 
a 
(3.5) can then be written as 
, 3* 
(3.10) At Hav" = 0, i= 1,- m —rT, 
' i 


1* ee 
and hence the rank of Hay” with respect to the index a is at most r in this 


case. Theorem 2 has now been demonstrated. 


correct only for the cases y=3. Equation (3 1) of this paper is the correct statement 


`- . for the tase y == 2 if the Va is an 8). 


8 See Schouten and Struik, vol. 2, p. 91. 
oa 10 l | 
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4 


4. Allendoerfer has shown that the second normal space vanishes at a 
particular point if the “type” there is = 3. When the type is = 3, one 
can find a coordinate system in which the matrix 


1 1 x 2 2 2 . k k k 
li box bax bia boy lsi a an bit bor boy 
1 1 1 2 2 2 Eo k k l 
lia la Ugo dli’ l lat + the dla da 
(4. 1) « > . =.” . 
1 1 3 2 2 2 i k F k 


lim lom lam bam lom lzm A : Lam lom lami 


is of rank 3h.° It would not now be possible to find a set of. vectors A’, 
4 


t= 1,-++-,m—-+r, rk which satisfies (3.5), for if such vectors existed, 
(3.5) would say directly that the matrix 


to 


ł 
r 


1 1 1 2 3 
Lia bos bay bay lor ler 7... bas 


z 
bos bey 
1 1 i 2 2 2 r r F 
lie daz Iga lio loo bso -hie loo Iso 
(4. 2) 
d 
L] 
1 1 1 2 2 2 F r r 
lim: lom Lom Lian lom lam S Say AN bion lom ‘lam 


was of rank 7, and hence that (4.1) was of rank < 3k. Thus, whenever 
Allendoerfer’s theorem predicts the vanishing of the second normal space,. 
so does Theorem 2. l 

On the other hand, there are cases where Theorem 2 predicts the vanishing 
of the second normal space at a particular point while Allendoerfer’s theorem 
does not. The simplest such cases arise when k == 2, m == 3. In these cases, 
the “type” would be =1, and hence Allendoerfer’s Theorem would make 
no prediction. But one can easily find two three-rowed symmetric matrices 
-* for which vectors AS, gee, + +81, f < 2, which satisfy (3.5) cannot 


be found, and in these cases Theorem 2 would predict the vanishing of the ae 
second normal space. 


THE PENNSYLVANIA STATE COLLEGE. 


°C. B. Allendoerfer, “Rigidity for spaces of class gréater than one,” American ; 
Journal of Mathematics, vol. 61 (1939), pp. 635 and 636. 
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CONCERNING CONTINUA IRREDUCIBLE ABOUT n POINTS.* 


By R. H. SoRGENFREY. | 


It is zhe purpose of this paper te characterize, in terms of combining 
properties of subcontinua, continua in metric spaces which are irreducible about 
n points.’ R. L. Moore has proved? that if a’plane atriodic continuum contains 
no subcontinuum which separates the plane, then it is irreducible about some 
two points. The present author later generalized this result by showing * 
that if a unicohérent continuum fails tc be a triod, then it is irreducible about” 
some two points. The conditions of the hypothesis of this theorem, although 
sufficient for irreducibility, are not necessary, as simple examples exist of non- 
unicoherent continua which are irreducible. ’ In this paper a condition is given - 
_which is both necessary and sufficient for irreducibility about n points. 

A finite number of subcontinua of a continuum M will be said to form a 
proper decomposition of M provided that their sum is M and that no one of 
them is a subset of the sum of the others: 


THEOREM. Jn order that the convinuum M be irreducible about some n 
points, n = 2, it is necessary and sufficient that for every proper decomposition 


of M into n+ 1 coniinua, the sum of some n of these fails to be connected. 


The necessity of the condition is obvious. The proof: of its sufficiency 
will be shortened if the condition is formulated as follows: The continuum M 
will be said to have property Ba provided that for every decomposition of M 
into n + 1 continua, the sum of some n of these fails to be connected. A 
proper decomposition of M into n + 1 continua, the sum of each n oz which 
is connected, will be called a Bn contradicting decomposition of M (abbre- 


* Received May 14, 1946. Presented to the American Mathematical Society, 
November 24, 1945. l l i . 
1 The term “ irreducible” as here used pertains to subcontinua: A continuum M is' 
irreducible about the n points Pa Pa» - -,P_, provided that the only subcontinuum of M 
containing all these points is M itself. A characterization of connected spaces irre- 
ducible about n points relative to connectel subsets was obtained in 1931 by E. Cech 
' (“Sur les ensembles connexes irreducibles ertre n points,” Casopis, vol. 61, pp. 109-129). 
: *“ Concerning compact continua which contain no subcontinuum which separates, 
the plane,” Proceedings of the National Academy of Sciences, vol. 20- (1934); pp. 41-45. 
3“ Concerning triodic continua,” American Journal of Mathematics, vol. 66 (1944), 
pp. 439-460. ) 
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viated B» c.d.). Thus a.B, c.d. is simply a decomposition of M into two 
proper subcontinua. The proof of the sufficiency will be by induction. Two 
lemmas will first be established. 


LemMA 1, Suppose that the continuum M has pr oe By (n Z 2) and 
that the continua Hy, Ho: ++, Hn forra a Bua c.d. of M. Denote by S, the 
sum of all the continua H,,H2---,4H, except He, and let D, = M—S,. 
Then (a) D- is connected, (b) there does not exist a decomposition of D, 


into two proper subcontinua each of which intersects Sr, and (c) tf Dy is 


indecomposable, not every composant + of D, intersects Sp. 


Proof. The set D, cannot have infinitely many components for if it did 
it would be possible to construct a Bn c.d. of M into continua ® of the form 
Sr + U; (g=1,---°+,n-+1) where the U;’s are mutually separated sets 
whose sum is D, and whose components are components of D,. Hence each 
component of D, is open in M. Suppose that D, has more than one component 
and denote the closures of two of them by E and F. Let R be the sum of all 
components of H, — (E + F) which have limit points in FẸ and let T be the 
sum of all those which have limit points in F. Then E — È and F + 7 are 


‘distinct continua whose sum is H,. But these two continua, together with 


all the continua H,,- © -, Hx, except H+, form a Ba cd. of M.. This 
establishes (a). 
To prove (b) suppose that D, i is the sum of the proper subcontinua F and 


_ F, each of which intersects S,. Since neither £ nor F contains D,, each of 


them contains an open subset of D, not intersecting the other. Hence an 
argument identical with the one given in the paragraph above will lead to a 
contradiction’ 

Tó prove (c) suppose that D, is indecomposable and that each of its 
composants intersects Sy. Let G be the upper semi-continuous collection whose 
elements are S, and the individual points of Dr, let W be the hyperspace of 
the decomposition G, and let f be the associated transformation. Then f is 
continuous and monotone. The continuum M’ is not indecomposable since 


_,each two of its points lie on a proper subcontinuum of M’. It is therefore 


the sum of two proper subcontinua W’ and F’. Let f*(#’) =F and 
fo(F’) =F. Then E and F are proper subcontinua of M each of which 


. + By a composant of an indecomposable continuum is meant a subset which is 
maximal with- respect to the properties of keing continuumwise connected and proper. 

5 The fact that S, + U; is a continuum follows from a modification of a theorem of 
W. A. Wilson: If K is a ae subset cf the continuum M, then every component of 
M — K has a limit point in K. This theorem will be used repeatedly in the proof. 
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contains Sr. Since M — E can have only a finite number of components, each 
of them is an open subset of D,. Let U be ona of these components. Then 
U is a proper subcontinuum of D, which contains an open subset of D, which, 
since D, is indecomposable, is impossible. 


LEMMA 2. If M has property B. and H and K-are subcontinua of M 
such that M—H and M— K are connected and H:-(M—K) and 


K-(M—#H) contain open subsets of M, then any subcontinuum L of M 


which intersects both H and K contains M —— (H + K). 


Proof. Suppose that the lemma is not true. The set U — M — (H 4+ K 
+ L) is connected by Lemma 1(a) (for n = 2, taking Hi =H +4K++L 
and HM == M — H). The continuum U cannot intersect both H + E and 
K + Ł for, if it did, these three continua would form a Ba c.d. of M. Hence 
U fails to intersect H -+ L, say. But then M — K,`which intersects both U 
and H -+ L and is a subset of their sum, would fail to be connected, contrary 
to hypothesis. 


Proof of the sufficiency of the condition. The proof will first be given 
for n == 2, that is, it will be shown that if the continuum M has property B», 
it is irreducible between some two points. Since every indecomposable con- 
tinuum is irreducible about some two points, it will be assumed that M is the 
sum of two proper subcontinua H and K. Let M — K = U and M — H = V. 
It will now be shown that there exists a poinz X of U such that any sub- 
continuum of M containing X and a point of K contains U. Suppose that no 
such point exists. | 

By Lemma 1(a) U is connected. Denote it by Ue and U- K by No. 
There exists a countable set O = Py + P.+--- of Uo such that C= Up. 
Denote P, by X,. There exists a subcontinuum H, of Uo irreducible from Xi 
to No. Let Vi = No + Ay. I£ Us — N, is non-vacuous, it is, by Lemma 1(a), 
connected ; denote it by U;. Let ns be the smallest integer n such that P» 
belongs to U,, and denote Pr, by X. There exists a subcontinuum H., 
of U, irreducible from X, to Ny. Let Nə = N, + H». This process may be. | 
continued unless for some integer +, Uo — N, is vacuous. Suppose this to be 
the case and denote X, by X. Let L be a subcontinuum of M containing X 
and a point of K. Since Hs is irreducible from XY to N,-ı, it is a subset of L, 
and since, by Lemma 2, L also contains M — (K + H,), it contains U. 
Therefore it follows from the initial supposition that the process described 
above-is an infinite one. 

Suppose first that for each t there exists a j such that Ni: U; = 0. The 
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set Xı + X.--- has a limit point XY. Under the initial supposition there 
exists a subcontinuum L of M containing X and a point of K but not all of U. 
If, for each i, L contained N;— No, it world contain C. But since C=U, 
L would then contain U. Hence for some i, L fails to contain N: — No. 
There exists a j such that N: - 0; = 0. The point X belongs to Uj; since all 
but a finite number of the points A3,42,- °° belong to U; and hence, by 
Lemma 2, L contains M — (K + U;) which zontains N: — No, a contradiction. 

It therefore follows that for some i, f/,-U;=40 for each 7. Suppose ` 
that the continuum U; is the sum of two proper subcontinua E and F. By 
Lemma 1(b) one of these, say F, fails to intezsect V;. For some k, F- N ny 0. 
But Nx does not contain E; for if it did, Ux would be a subset of F and hence 
Ni: U,=0. But then E, F+ Nx, and K + Nx form a B: c. d. of M. It 
follows from this: contradiction that 7; is indecomposable. By Lemma 1(c) 
some composant of U; fails to intersect K + N;. Let X be a point of such a 
composant and let L be a subcontinuum of M containing X and a point of K. 
Then Z contains U, and, by Lemma 2, also contains M — (K + Ui) and 
hence U,.a contradiction of the original assumption. 

It follows that there exist points X of U and Y of v such that any 
subcontinuum of M containing both X and Y contains U + V. But, by 
Lemma 2, such a continuum also, contains M — (U + V) and must therefore 
be M itself. This completes the proof for the case n = 2. 

Assume now that the sufficiency has been established for n = k — 1 and 
assume that it is not true for n = k. Let M be a continuum having property 
Bz which is not irreducible about any k points. Then it does not have 
property Br~ since any continuum irreducible about k — 1 points is irreducible 
about k points. There therefore exist continua Hı, H.,- - -,H which form 
a Br c.d. of M. 5 

By Lemma 1(a) (using the notation of that lemma) each of the sets 
D, is connected. It follows from Lemma 1(b) that D, has property Be, for ` 
if K,, K2, and K; form a B» c.d. of D,, at least one of them, say K, intersects 
r and then Kı + K > and Kı + K; would form a non-allowable decomposition 
.of Dy. Hence, by the sufficiency for n = 2, D, is irreducible between some 
two points. 

If D, is indecomposable one of its commposants fails to intersect 5, by 
Lemma 1(c). Hence it is irreducible between a point XY, of such a com- 
posant and S,, and every subcontinuum of M containing XY, and a point of S» 
‘contains D,. Jf D, is not indecomposgable, let # and F be proper subcontinua 
whose sum is D.. By Lemma 1(b) one of these, say F, fails to intersect Sp. . 
Then D, is irreducible between some point X, of D-—-F and a point of E. +, 
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Let L be a subcontinuum of M intersecting both X, and Sr. Let I te the 
closure of the component of L—L-S; which contains X,. Because of the 
irreducibility of D,, L’ contains D, — E. It must also contain E for other- 
wise the decomposition of D, into the continua E and L’ + D,— E would 
contradict Lemma 1(b). In either case, therefore, D, contains a point X, 
such that any subcontinuum of M intersecting both X, and 8; contains Dr. 
By the initial supposition there exists a proper subcontinuum L of M 
which contains X, + X:+: ++ Xz. By the preceding paragraph L con- 
tains D, +--+ Dr. Since the number of components of M — L is finite, each 
of them is open in M. Denote one of them by Drs, and let Ska = M — Dra. 
For each r (r==1,: >+,k +1), let O;” be the closure of the sum of all 
components of S- — (Di +--+ Dra -+ Dra toeo Deus). which have 
limit points in D; (7-—=1,---,r—1,‘r7+1,---,e44+1). Then K; =D; . 
+ Op ++- ++ 0744 Of A O ((=1,---,4 +1) is a con- 
tinuum not intersecting Dı +--+: -+ Dja + Dia +--+ + Deu. Moreover 
Kite t+ Brat Bra +: +4 Kea = 8, (r= 1,-+-, &+1) end is 
therefore connected. Hence the continua K.,:- -, Kx. form a Br c.d. of M. 
This contradiction justifies the induction process and therefore establishes 
‘the theorem. | | 
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THE COEFFICIENT OF VISCOUS TRACTION.* ? 


By M. REINER. 


a 

1. In the first paper the rheological equation of a special case of the 
generalized Newtonian liquid—the Reynolds Liquid—was derived. While in - 
the generalized Newtonian liquid the tensors of stress and velocity-strain are 
connected by means of three scalar functions Fo, Fa, Fe (or F o Fi, Fo) of all 
three tensor invariants, in the Reynolds liquid these functions are independent 
of the third invariant and subjected to certain other limitations. The thus 
specialized functions allow of physical interpretations through “ rheological - 
coefficients,” viz. the coefficient of dilatancy 8, and the viscosities yv and 7 
(or fluidities dy and ¢). We found: 


F, (0, I’s, D= 5; Fy(e, 0, 0) /Be— ws FLO T'a 0)/2=7; Fać0, I'a, 0) = 0 


(78)? 
or i 
J (0, AN 0) = 0; ma 0,0)/T = dv; 23 (0, T’s,0) = 4; F 2(0, T’s,0) = 
(79) ? 
_ where 
gv = 1/3 b= 1/y = (30) 


from which we see that in certain cases the generalized Newtonian Liquid 
will behave not differently froni the Reynolds Liquid. These cases cover the 
standard tests of viscometry i in the tube- and rotation viscometers from which 
the rheological equation of the Reynolds liquid was derived in the first paper. 
In other words: -If no other tests were available, the existence of any viscous 
liquid more general than the Reynolds liquid could not be detected. ` There ' 
exists, howaver, another basic test with whizh we did not deal in the first 
paper and which yields ‘additional information as will be shown. 





* Received October 10, 1945. 

1'This paper forms a continuation of niy paper “A mathematical theory of dila- 
tancy” in a JOURNAL, vol; 67 (1945), pi 350-362, which will be quoted as “ the 
first paper.” : 

°? By a slip of the pen in the first paper 7, was written when the intention was to ` 
write 37, and Py was written for ¢,/3. This has now been’ corrected. The present 
notation makes the analogy of n, with the bulk modulus (x) perfect and is in agree- 
ment with the notation used by others, 
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2. For highly viscous substances to the order of 10° to 10*° poises suci 
as pitch, shoemaker’s wax and others, the standard “shear” methods cf 
viscometry cannot be used. Trouton formed such substances into cylindricel 
rods which he subjected to pull and observed the rate of elongation.. Let T= 
be the tractional force per unit area of cross section and ezz the rate of 2longe- 
tion per unit length, then Trouton defined a coefficient of Viscous Trastion 
à* by the equation a 

zz == À” Caz, j (81) 


The coefficient A* is the viscous analogue of Young’s modulus and there mus 
be some relation between A* and 7 similar to the relation between Young’s 
modulus end the modulus of rigidity. Trouton attempted to show by rea- 
soning and experiment that A*/y = 3, but his not very numerous experiments 
actually gave an average of A*/y = 3.16 and in his reasoning he overlooked 
that not one of his materials was a simple Newtonian liquid. We shall there- 
fore take up the problem as one of the rhedlogical behavior of a generalized 
Newtonian liquid. 


3. We have to distinguish in Trouton’s experiment two stages. The 
stress due to the pull Tz. has an isotropic component Tzz/3 <8". When ths 
pull is applied, there will be an initial stage which starts with an accelerated 
and ends with a retarded movement of the particles, with between— 
generally—pulsations. During this initial stage the material expands, tha 

. measure of the cubical dilatation at every moment being 3e. This cubical 
dilatation produces an elastic reaction (hydrostatic tension) 3xe. It is accom- 
panied by a viscous resistance 3yve due to volame viscosity. -When e has se 
much increased that 3xe == T'z-/3, the elastic reaction balances the isotropie« 
component of the pull Tzs. The cubical dilatation then ceases to increase anc 
e ultimately vanishes. With this the second stage sets in, in whieh the 

- movement is steady. 

The experiment is arranged in the same way as experiment (iii) of the 
first paper :—Tzz is kept constant and observations start after the steady state 
of continued elongation at constant rate has been reached. Let A be the 
coefficient of viscous traction in this state, then A=A(0,1’s,/’s). We are 
interested in the rheologics of the second stage of steady flow, but it will be 
profitable to include in the considerations the first stage also. 


4, If we neglect the stresses due to the sii of the cylinder anil tc 
the inertia of its parts, in short if we neglect in the stress equations all terme 
'+ in which the density p appears as a factor, a homogeneous stress distrioution 
JS possible and viscous traction may be defined by 
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0 0 0 
T*" = Tz 0 0 0|. (82) 
- 0 0 1 


It will be convenient to introduce an axial unit tensor 


0 0 0 ! 
ys = 0 0 0 > (83) . 
0 0 1 s 
the first invariant of which is 1/3 and whose deviator is accordingly 
— Í 0 0 
ye? = ys’ — 1/3 - 8,7 = 1/8 0 — 1 0 (84) 
0 0 2 
having the invariants i 
: DT’ yo = — 1/3; Lys = 2/27. : (85) 


From (84), since ya"ys% = ys"; 
Yayat = 1/3- yo" + 1/9- 8t = 1/3- Ys" + 2/3- 8s”. (856) 
We now write (82) 
EF aE P xz s (87) 


and have, considering (8), 


T == T zz/3 mt OKE 5 Te si Trey a (88) 
from which ' 


TaT t = T*ss(1/3 + y's” + 2/9- 8a"), T'a = — Tre/3; T's = 2T"::/2Y. (89) 
This gives (compare (49)) | 

of me Tee( Fs + F2T on/3) Yo. (90) 
The coefficient of viscous traction as defined by (81) would therefore be 


(A*I = e/T ee + 2/8 > (Fa + FT 22/8) (91) 


which makes (90) 
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e's = 3/2- (Tez/A* — 2) y's". (92) 
In the second stage, wan e vanishes, these expressions are reduced to 


eae il (Fi A FaLa); df = 3/2 + Tee/d- y = 8/2eazy’s". (93) 


5. Before elaborating these general equations, it will be useful tc 
examine the conditions prevailing in the first approximation of the viscous 
liquid, namely, the simple N ewtonian liquid, the Theological equation of 
which is 


, Ee” = B (xe + qe) ds" -H ea". (94) 
From this k 
T* = 3 (ke + we). = (95) 
On the other hand from (82) l 
' T* == Tz2/3 | {96) 
and therefore | 
e = (Txz—9xe)/Iny. (97) 


Comparison of (94) with (41) gives 
Fall) = Byve; Fi (1’) = 2n; Fa( r) =0. (98) 


‘These expressions are of the same form as (78), but it should be noted that 

in the present case no restrictions have been placed on the arguments of the 

functions F nor on the. coefficients n and q», which need not be constants. 
Introducing F, and F, from (98) into (£3), we find 


F, = 1/27; F2—0 (99) 
which makes (91) 
(A=) = 1/3 -q + e/T zz i (100) 
and considering (97) | l 
nv 
AF ar 9y ie (101) 
v 
aT a 1 — 9xe/T ze 
while, when e vanishes, : 
À == 3y: (102) 


‘ (101) is the viscous analogy to the classical relation between Young’s modulus 


wwe 


aa 


~ 
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(E), the modulus of rigidity (#) and the bulk modulus («), viz. 


B= 9uk/ (u 3x). It should, however, be noted that the analogy is not 


exact. While E = 3p for x = œ and only in this case,* the situation is very 
different with regard to 4*, as will presently be discussed. __ 

In interpreting (101), one should keep in mind that 1 — 9xe/Tz. = 0, 
where the sign of inequality is valid in the first, the sign of equality in the 
second, stage of Trouton’s experiment. For the volume viscosity we have 
0=yw=o. It is clear that the volume viscosity cannot be negative as 
“otherwise the more alternate expansion and compression, alike in all direc- 
tions, of a fluid, instead of demanding the exertion of work upon it, would 
cause it to give work out” (Stokes). As can be seen, in the first stage, if yv 
vanishes, A* also vanishes. On the other hand A/y=3 in both stages if 
nv = œ and also in the second stage whatever the magnitude of yv. Because 
nv cannot be negative, A*/n cannot exceed the value 3. Therefore 0S A* S38, 
while A = 3»: 

These results are. of interest in.connection with the rheological equation 
of the classical viscous liquid or what may be called-the Stokes Liquid, for 
which T*," = — (p + 2y@)8s" + Ryes”. This was derived by Stokes assuming 


„v = 0, but in the first stage of the Trouton experiment a vanishing volume 


viscosity would mean vanishing viscous resistance against extension of a 
liquid cylinder, no matter how high the ordinary viscosity ņ of the liquid— 
a result at variance with our ideas of viscous flow. ‘Tisza has recently drawn 
attention to the following quotation from Stokes: . . , “of course we may at 
once put mv = 0 if we assume that in the case of a uniform motion of dilatation’ 
the pressure at any instant depends only on the actual density and temperature 
at that instant and not at the rate at which the former changes with the time. 
In most cases in which it would be interesting to apply the theory of friction 
of fluids the density of the fluid is either constant or may without sensible - 
error be regarded as constant, or else changes slowly with the time. In the 
first two cases the results would be the same and in the third nearly the same 
whether yy were equal to zero or not. Consequently, if theory, and experiments 


should in such cases agree, the experiments must not ‘be regarded as con- 


firming that part of the theory which relates to supposing yv to be equal to 
zero.” Examination of (101) shows that Stokes was mistaken in equalizing 
the influence of either e = 0 of my = 0 on experimental results. We see that 
the same result follows from either e = 0 or m = & and not ny = Q. 

It therefore appears that there does not exist a real viscous liquid for 


* Excepting the degenerate case y = 0. 


XN. 
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which the Stokes liquid can serve as a suitable approximation. The first 
approximation for a viscous liquid. is the simple Newtonian liquid possessing 
two constants. This liquid.behaves in the more primitive way of the Stokes 
quid when e==9 and the Stokes liquid does not represent a type of liquid, 
but rather a rudimentary condition of another type (the simple Newtonian). 
The Stokes-Navier differential equations should therefore be used only for 
e= 0. The equation e = 0 is called the equation of continuity of the incom- 
pressible liquid, but it should be noted ‘that while. it is true that e = 0 is valid 
for every kind of flow of an incompressible liquid for which e= 0, it also 
applies to certain kinds of flow of compressible liquids, e. g., to laminar flow 
where e == 0, while the liquid is not incompressible, and also to such kinds of 
flow, as in the second stage of Trouton’s experiment, where e£ 0. 


=> & Itis thought that in view of the standard treatment in most text- 
books, this question of the legitimacy of the concept of the Stokes liquid and | 
therefore also of the Stokes-Navier differential equations is important enough . 
. to warrant some further. discussion from another angle. Touton’s experiment 
is the viscous analogy to the Young’s modulus experiment dealt with by 
‘ Murnaghan. We may start, as he does, from the kinematics of the case and 
assume . ; eo 
“= qr; è= qy; w= rz. (103) + 


If we introduce these values into the Stokes-Navier differential equations, we 

find that the three components of the acceleration as, Qy, @z must vanish or, 

alternatively, that paz, pay, paz should be negligible. If this is the case, the ' 

stress will be homogeneous, so that the assumption (103) corresponds with 
the assumption (82). 

. From (103) we find ~ 


q 0 90 
ef =|| 0 g 0 j|; e= (2g +r)/3; es = (r—q)ys. — (104) 


0 0 r 
For the simple Newtonian liquid ' 
T*a = [— p + q(2q + 1) 18s" + rag)" (105) 


The numbers q and r must be such that the PAESE on the right side a 
(105) and (82) can be equated. 
This requires 


+I have replaced Murnaghan’s p by q, having disposed of p before. 
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C= (3p $ Tex) /Sqv — T aa/ 6r; T == (3p a Tae) /Sy + Pex /3n 
e = (8p + Tee) /Iqv; E — Tra/2 y's; 7 - (108) 7 


g/t =, [2y (3p + Tee) — 8m T z] /[2q(8p + Tee) + 6pTee] (10% 


The quotient q/r is the viscous analogy to Poisson’s ratio. , If we assume 
vanishing yv, we find q = ©, r= œ, e = œ, q/r = 1. The expansion of the 
material in the first stage would be purely elastic, instantaneous and be com- 
pleted in no time, This is what would ke expected in the absence. of the 
damping influence of a volume viscosity. If, on the other hand, ny would 
be so great that it may be put = œ, we find q = — Tzz/6q; r= T 22/34; 

e = (0; g/r = — 4 and the expansion would be infinitely delayed so that the 
sead stage would never be reached. It may be mentioned that Tisza deduces’ ` 
from observations on supersonic absorption in certain liquids for nv/y a value ` 
of 2000. This, for the purpose of our calculations, is practically infinite. 

Applying (104) to the Stokes. liquid, we get 


PE R E (108). 
from which 


q — r — Tas/20; E E A E g/? isn ing A" == 1.2/1. (109) 


If inertia terms are neglected, there is no way of determining r and the ` 
problem is indeterminate. It becomes determinate'if e vanishes, which gives 
r = Tzz/37, q/r = 0 and A= 3y. If the meaning of Trouton’s experimental. 
- results is that in a viscous liquid in a first approximation A/y = 3, this shows’ 
that Stokes’ relation between stress and strain makes sense only if e is assumed - 
to vanish. This does not mean that the lquid mist be incompressible, but 
only that it is considered in a state when no change of volume takes place 
or after all such change has taken place. | 

7 We may now take up the general problem where we left it at the end 
of 4. We shall, however, in the following deal with the second stage only, 
when e vanishes. 
i In viscous traction, while stresses may be high, the rate of strain is sae 
As a matter of fact this test was devised for such materials where large stresses 
produce small velocity strains only. In order to make use of this fact, we have 
to express A in terms of strain. 

For this we use (41), which gives, ccnsidering the second of equations 7 
(88), the second of equations (93) and (€6) and (85), ; 


Tezy Pi — F(T) -8/2 z Tee/X ° yar + P(T) a 3/4 j T?za/A? 3 Y's" ` (110) | 
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This yields ° ` 
=a (PAO Jats) + $F. (0, ine T jeah, (111) 


E Considering ( 78), we now develop the functions F, and F, into power series 
of the argument J’, as follows 


F,(0, La, I's) = 2(9 -+ mls + qad’? -+ z :) ; Fa (0, Iz, 3) = cl’; -h Cl’? E eau 


(112) 
so that generally 


o PE Bg tls bes e HLH e E23 Ta 8) > (118) 


The coefficients y and c will generally be functions of the velocity strain-com- 
‘ponents through the invariant I». However, if we assume that these are a_l 
of the same order, or if they are constants, we may neglect the terms in J’.? 
.and higher powers and postulate a liquid which we may call the Troutoa 
Liquid, with a rheological equation accordingly. 
Tts coefficient of viscous traction is from (111) and (112) 


à = 8y(1 + m/n Ts + c/4n ` l’; ' Ezz) l (114) 


or introducing I’s = ez2*/4, aes , 


X/y—= 3 (1 4 1/4- m/n" ez + 1/16 - c/q" ezt) . (115) 


We have seen that for:the simple Newtonian liquid, even should th= 
coefficients. of viscosity be not constant, A/y cannot surpass the value 8. Ths - 
is also the case with regard to the Reynolds liquid. Should, therefore, tha . 
average value of 3.16 found by Trouton be of significance, which it is difficult 

o to judge, fhis would -indicate the presence of the. rheological coefficients yı 
or c-or both. The term to which m is attached changes its sign with the 

"direction of the traction. In contradistinction the term to which ¢ is attached 
does not do so. Experiments of viscous traction in push instead of pull, whica 
Trouton did not carry out, would accordingly furnish criteria for the retention 
of one or the other of the two coefficients peculiar to the Trouton liquid. 


8. Conclusions. The rheological equation of the most general New- 
 tonian liquid so far suggested by experimental evidence is 


T* == (Be + Byve + SI’ s”) 85" H(A mil’s) e's” + ele + 2/8 Tad) 
-which may be called the Trouton Liquid—where 7*." is the total stress 


“(elastic and viscous), 3e the cubical dilatation, 3e the rate thereof, e's” the 
. deviator of the velocity strain and x, mv, 8, 7, m, C are six rheological coeffi. 


s 


wan 
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cients. If a cylinder of the material is subjected to a simple axial traction 
Tzz and extends with the rate ezz, the coefficient of viscous traction aiter a a 
steady state has been reached, i. e., when e = 0, is ; 


A = Teef eze = 34 (1 + m/4q* ez + 6/16q eat). 0 


When 7: and c vanish, the liquid is a Reynolds Liquid. The Trouton 
Liquid behaves in the same way as the Reynolds Liquid in tests for which J’, 
vanishes, e. g. in laminar flow. When, in addition, è vanishes the liquid is a 
simple Newtonian Liquid. For cases of flow in which e= 0, the simple 
-Newtonian Liquid is reduced to the Stokes Liquid. The rheological equation 
T”; == — (p + 2ne)83" + 2ne." from whica the Stokes-Navier differential 
equations in their general form are derived leads in viscous traction to 
unacceptable results. The Stokes-Navier differential equations ee there- 
fore be used in conjunction with e = 0 only. 


THE STANDARDS INSTITUTION OF PALESTINE, 
TEL AVIV. l 
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AN ARITHMETIC CHARACTERIZATION OF PROPER 
CHARACTERISTICS OF LINEAR SYSTEMS. 


By G. B. HUFF. 


Introduction. A linear system X of algebraic. curves In a plane Ik may 
be given by an equation of the form 


(1) | MA en Í -+ Mafa = 0, 


where fofi fot + tafa are d+ 1 linearly independent ternary polynomials 
of order ao, and Ào, A1," © +, Ad are parameters; d is said to be the dimensioa 
of the system. This article is concerned with linear systems which are defined 
by giving the order 2 and the multiplicities £, £o,’ --,@p at a set of > 
general points Pi, P2,-°+,Pp» called the base of the system. If a system 
contains all the curves of order z, with the stipulated multiplicities at the base, 
it is said to be complete. If the conditions imposed by the base are inde- 
pendent, the system is said to be regular. Suppose, further, that at least one 
curve ofthe system is_irreducible, has no multiple points outside the base. 
and is of genus p. For such a complete and regular linear system, its charac- 


teristic w == {%3%1,%2,‘ ` *,%p} satisfies Cremona’s equations [2]: 
BLy — Tı — Tr —' * Lp = d— p+ i. ) 


Since there is an irreducible curve in the system, a line through P, Pz: 
may not meet this curve in more than zo points; a conic through Pi, Pa +>, Pe 
may not meet the curve in more than 27o points, ete. Thus the characteristic 
of a linear system satisfies the inequalities [3}: | E 


To — Ti- Lo -= 0 


. 209 — Tı — Tz — ` ° ‘ts = 0 
(3) ` 329 — Tı — Lo — ` 7 -— To = 0 
BL) —— AL, Lo * —— Tr = 0 












“ Raceived April 3, 1946. pereer to the American Mathematical Society April 
‘26, 1946. 
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. It is understood that this system of inequalities includes all those of the form: 
(3) l Yolo —— YU, — Ysta — '* ` "` — YpTp 2=.0, 


where y == {Yo3;¥1;° °.°>Yp} is the characteristic of a curve (linear system 
with d = 0) of lower order than zo. If these inequalities hold for x so ordered 
that 2, == t Z- - - == gp and-with all the characteristics y similarly ordered, 
it is clear that they hold a fortiori for all other orderings. - 


In 1934, Coble [2] gave a determination of all the integer solutions of 
Cremona’s equations (2) for any given values of p, d, p. He used the word 
characteristic for any solution of (2) and characteristics were classified as 
proper, degenerate or virtual according as the general curve of the system ‘is 
existent and irreducible, existent but reducible, or non-existent. 


These results underlined the: need for arithmetic criteria for proper 
characteristics. In this paper that problem is investigated and it is in fact 
shown that, for early values of p, d, every set of integers satisfying (2) and 
(3’) is the characteristic of a linear system. 

A basic tool is the notion of the image of a characteristic x under Ais. 
Let a quadratic transformation be set up between the plane II and a plane I’, 
with fundamental points at Pı, Pa, Pa in H and call the fundamental points 
in W, P,’, P,P. Designate the images of Ps, Ps, ©, Po in Y DY Lu, 


P;',- + +,Pp,’. The image of 3 is a linear system 3’ in II’, determined by a 
characteristic a’ at the base Py’, Px, Px,’ © +, Pp’; and 2 is given by 
ei = vi p lo —~— t — T — Ty) i = 0, 1,2,8 
(4) lis : 
ALn E ee E. 
Tj = Tj I= t t, 9 P- 


Given a proper characteristic, the linear transformation Ai2.3; may be used to 
construct a new proper characteristic; moreover, if « is proper, it follows 
that æ is proper. i 

Since the points of a base may be numbered at will, the image of a 
characteristic « under any permutation of t, %2,' °°, p is proper if and only 
if wis. Thus A1 and the interchanges (T182), (%1%3),° © <, (218p) generate | 
a linear transformation group, 9p, with the property that if æ is a proper 
characteristic and Se&p, then g= S(x).is proper. The bilinear form | 
Yoto — Yi%1—* ` *— Yptp of the inequalities (8^) is invariant under Ars 
and hence for any Se &p. 7 

The line L through P,, Pa, a linear system of p= d = 0 and a 


A 


` 
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teristic J = {1;1,1,0,-- -,0} is a principal curve for the quadratic trans- 
formation with fundamental points at Pı, Pe, Pa. Its image under this trans- 
formation is the set. of directions about P3. The image of I under Axes is 
{0;0,0,—1,0,---,0}. This special charactaristic is defined to be proper. 
and to represent the directions ahou Pe 


1, Tae iiequality Xo — Xı — Xə — x, = 0. Two characteristics æ, s 
are said to bè of the same type if z’ is the image of x under a permutation oi 
€1,U2,' + °,%p. If œ has the property £o — a," — x2’ — a,’ = 0 for all v’ of 
the same type, it is clear that its Image under A123 is of the same or higher 
order, and that the same would be true for any x’ of the same type. Such a 
characteristic is said to be of, minimal order. Noether [7], Bertini [1], 
Guccia [4], and others have obtained a variety of results along these lines. 
Since in each of these papers the characteristics were all assumed to be proper. 
the theorems as stated are not directly applicable here. The arithmetical 
results were obtained on the assumption that to, %1,° ` `, p were non-negative. 
Jf we call such a characteristic non-negative, the results may De stated as 
follows: 


~ 


(5) <Noether) The only non-negative characteristic of minimal order 
„for p==0, d= 2,15 {1;0,0,° + -, 0}. 


(6) Noether) The only non-negative characteristics of mitimai order 
for p==0, d= 1 are of type {1;1,0,°--,0}. 

(7) (Bertini) There is no non-neg. «= characteristic of minimal order 
for p = d = 0, but those of type {0;0,- - -,0,—-1} are of minimal order. 


(8) (Bertini-Guccia) The only non-negative characteristics of minimal 
order for p= 1, d = 0 are of type {3p; p 0°}. 

(9) (Guccia) The only non-negative characteristics of minimal order 
for p= 1, d=1,2,-- -, Y are of type {3;1°4,0,- - -, 0}. 


These are readily proved without reference to the original papers by the 
:-following device, (which is essentially what all these early workers used): in 
TR) set To = Tı + T2 + 2 + 8 and then subtract s, times the second from 

pate first, getting: 
Wo 
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(*) 8 -+ (aaa e ea 
F a(t — 24) + EA U p+ 1). 


Now if x is non-negative and ordered sc that Tı = t =: - = g’, the results 
(5),° + +, (9) are easily established by substituting the values ofp, d in (*) 
and making quite elementary arguments. 

_ From the arithmetic proposition (7) Bertini obtained a geometric theorem 
which will be stated as follows for use in the next section: 


- (10) If lis a proper solution o? (2) for p= d = 0, there exists an 
Se Bp (i.e, an S which is the product of transformations Ais, and permu- 
tations) such that S(1) = {0;0,0,---,0,—1}. -> 


The curve defined by a proper 7 is a rational curve determined by its 
behavior at a base, a Bertini L-curve. The totality of L-curves for a given 
base is the same as the collection of all principal curves of homaloidal nets 
defined at that base. | 


i 


2.- Property A and arithmetic inequalities. In a recent article [6] . 
this writer studied characteristics œ with z; > 0 and p, d non-negative. This 
was designated as property A. Of the results obtained there, the following 
ones are needed. 


(11) TF «* is obtained from x by setting Xp = 0, then l 
p* = p + tp (tp —1)/2,  d* = p+ £o(zp + 1)/2. 


é 


If x has property A, then so does a*. 


(12) If x has property A and c +s the characteristic of a homaloidal net, 
then Coto — Cti — bofa —' ` ` — Cptp Z 0. Moreover, the equality sign holds 
only for the characteristics of the principal curves of the homaloidal net. 





These will be used in establishing the theorem below, which is a sub- 
stantial generalization of Theorem 3 of the earlier- paper [6]. 


(13) If x has property A and lis a proper characteristic of p = d = 0 
and lito — ya: — let, —+ + > —Iptp < 0, then to = lo Moreover, to = bo. 


only if «= 1. : 


If æ is a proper characteristic of p = d == 0, the case is quickly settled. = 
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æ and 1 both represent irreducible Bertini Z-curves which meet at more than 
Zolo points and coincide. Thus g = 1. oe ~- 

If x is not the characteristic of a Bertini L-curve, the reasoning goes a3 
follows. Since ¿is proper, according to (10) there exists an Se $p such that 
i= §(1) = {0;0,-- 2g Qc} From the fact that « is not the charac- 
teristic of a Bertini L-curve, it is clear from (12) that Z= S(s) has Žo > Q 
The invariance of the bilinear form Yoo — Yita — Yols,—* * *—Yptp unde 


oa implies that 


b 


‘non-negative satisfies loto — he, — lto —' + -— lptp 0 for all proper 
. characteristics | of p = d = 0 and lo < 2, including in particular the special 


wa 


» 


leza = lit SN Lean Lo@p peace loo S AEA SEa A SE lpp TE tp, 
and Zp is negative, say Tp = — k, k > 0. Thus ë may be written in the form. 
B= + UL, 


where * is Z with Zp replaced by zero and k is a positive integer. Consider 
now the image of @ under S~. 


S- (2) = $4(a* +l) = S (2*) + ES- (D, 
or | | 


ge (ÈY + kl. 


By (11), @ has p*+d*=p+td+k#>0 and by (12), (ZV > 0. 
From nE 
E = (5#) + kh, 
it follows that 
To > lo. 


This result is put into the following form to make it more usable in the next 
proof. i 

(14) If lis @ proper characteristic of p = d = 0, and æ is any other l 
characteristic of property A and to SS lo, then lot — ha, — let. — ` > -— p&p 
= 0, 


Any characteristic that satisfies the inequalities (3’) and has a, %2,°+*, Xp 
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proper characteristics of type {0;0,0.:--,0,—1}. For such an æ the 
following statement may be made.* 7 


THEOREM I. Jf x has property A and -f 


lata m Lay au its oe. Se lpp = 0 


hias 


for all proper l of p = d = 0 and lo < Zos and T is the image of x under any ~~ 
Se Go, then either £y > 0 and t; = 0; or a’ is of type {0;0,0,---,0,—1} 


Suppose that æ is not a proper cheracteristic of p = d = 0. The hypo- 
thesis of the theorem and (14) assure us thet loto — la, — lta —: + -—Ipap 
= 0 for all proper J. . Now the set {1} is merely permuted by any Se 4p and 
the bilinear relation Iya) — hz, —> - ‘—-l-@p is invariant under S. Thus 
loto — Lay’ —' - -—Ipap’ = 0 for all proper 1. Since these include those 
of type {0;0,0,-. -,0,—1}, it follows that z; = 0. By (12), a’ > 0. 

If x is indeed a proper characteristic of p == d == 0, its image under 
any Se %p is proper and must have a’ >> 0, z? = 0 or must be of type 
{0;0,0,: > :,0,— 1}. | 


3. Arithmetic criteria for proper characteristics. 


t 


In this section it will be shown taat simple arithmetic conditions exist 
which assure the properness of characteristizs for eleven values of p, d. Two 
of the cases are somewhat different from the others and are treated separately. 


THEorEM II. If x is a non-negative characteristic of p= d =Q; 
such that Ia) —lwi—- ` +-—Uptp = 0 fer all proper characteristics l of 
p = d = 0 and lo < To, then s is proper. 


By Theorem (7), x is not of minimal order. Let p be the permutation 
that sends the three highest multiplicities irto #1, T2, £a and let s” = Aresp (T). 
_ It is clear that zo > 2%’. By Theorem I, either 20’ is of type {0;0,0,--:°,9, 
— 1} or it is non-negative. In the firet case-#’ is proper and in the second 2’ 
is not of minimal order and the process may be continued. Since a > ae , 
> £” D>- + + is a sequence of non-negative integers, there must finally result 
some image x«* of type {0;0,0,---,0,—1}. Thus æ is proper.’ 


An entirely similar argument yields: 


* The author is indebted to R. J. Walker for the conjecture that this théorem might -7 
be valid. 


“ 
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y Txeorem HI. If x ts a non- „negative characteristié of Po d = 1,0 such 
hat the g: c.d. of Tos Tı, °° *, Ep 18-1 and loto — ha, — lata —: + > — lezp Z 0 
or all pone l of p==d=0 and lo < To, then xis p oper, 


Now by na (8), æ is of 2 {35 p®,0,° © +, 0} or is not of minimal 
it rder. In the first case u == 1 and s is ‘proper. As before let p be a vermu- 
ation such that p(x) does not satisfy To — zı — Tə — t = 0 and consider 
; =— Aip (T). “Again To > To and either z’ = {8u; u’, 0,- < -,0} or it is not 
i; minimal order. Thus a ene of characteristics z,2’,: + -,7* can be 
ret up so that To > Xo >" ++ D> t”, where ¢* = Se --,0}. But 
he g.e. d. of a" ‘oy es ae is 1, and hence «* = {3;1°,0,-- -,0} and 
4 is proper. : ao 


yie et 


7 These arguments indicate clearly the method of proof to be used in 
ftablishing: 


a THeEorEM IV, If x is a characteristic of p,d=0,1; 0,2; 1,d (€=1, 
A `+, 7) such that lt) —la:— —Iptp == 0 for all proper l -of 
= d== 0 and ly < To, then x is proper. 


~- These theorems are all actually necessary and sufficient concition 
theorems, since proper positive ordered characteristics of these sorts must 
satisfy the inequalities (3). However, the interesting thing is the sufficiency 
part of the taeorems. 


Conclusion. The question raised in the introduction must then be 
answered in the affirmative for the values of p,d considered in Section 3. 
Any characteristic 2 which satisfies (2) and (3°) for those values of p, d raust 
be proper. Indeed, it is sufficient that « satisfy (3’) for the characteristics 
of Bertini -L-zurves. This result was already known [5] for p= 0, d= 2, 
but was, in a sense, vacuous since there existed no arithmetic criterion for 


p= d= 0. Thus the validity of Theorem II adds to the significance of the: 


other results. 

To construct arithmetically a table of proper characteristics of Bertini 
'L-curves (p = d = 0), classified according to order vo, one might proceed as 
follows. Suppose that the table has been computed up to zo =n— 1. Then 
ifor the order n, there is a finite number of solutions of (2) in non-negative 
Bintegers. All these could be tested in terms of the earlier ones. The process 
cul be carried as far as desired with (a) certainty of getting all proper 
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characteristics of each order and (b) no danger of including improper chi 
teristics. This table could then be used to cheek construction of tabh 

. other values of p, d. 
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